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The Key to Algebra for the Use of Colleges wnd Schools has 
been published in consequence of applications from teachers and 
students. It is hoped that the Key will be acceptable to teachers 
by saving much of the time and trouble which they have. to 
employ in correcting the mistakes of their pupils ; and that it will 
be serviceable to those who enter on the study of Algebra without 
assistance^ by affording them guidance and encouragement. The 
examples have been solved in the most simple and natural manner, 
in order to meet the difficulties which are most likely to occur ; 
and the processes are given with sufficient detail to render them 
easily intelligible. 
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KEY 

TO 

ALGEBRA FOR COLLEGES AND SCHOOLS. 

I. 

1. 1 + 6+16=23. 2. 9 + 80-4=36. 

3. 3+24+36=63. 4. 4+96-12=88. 

6. 12+72+8-0-92. 6. 1+9+16 + 0=26. 

24 24 24 

7. -5- + -0— Hi=8 + B-l=16. 8. 266-266+12-6=6. 

Q 9+16 25 ^ ,. 216-64 162 . 

^" 8T8—T;==^- ^^' 36+24+ 16 —76 =^- 

11. ^/8I- ^8+^4=9-2+2=9. 

12. ^/36 + .J/2i6-4^8=6+6-2=10. 

13. {9-6)(3+l) + (8 + 6)(5+7)-112=4x4+8xl2-112 

= 16+96-112=0. 

14. 6>/(25-24)+3V(26+24)=6Vl+8V49=6+3x7=6+21=26. 

15. 8 V(25-24)+6V(25+24)=8Vl+6 ^/49=8+6x 7=8 + 35=43. 

16. 10+8j(12+4)-(10-8){/(12-4)=10+8v^-2y8 

= 10 + 8x4-2x2=10+32-4=38. 

17. (10-6)(Vi6+10) + J{(16-10)(6+l)}=5(4 + 10) + ^{6x6} 

=5x14+6 = 70+6=76. 

(16 - 1) {*/ 100 + 26} + V{(16 - 6) (10+ 1)} 

=15(10+25) + ^/{llxll}=15x35 + ll=626 + ll=636. 

18. y{(2 + 3)«x5}+ s/{(2+6)(5-4)}+«/{(5-3)»x2} 

= /i^{6»x5}+y8 + y{2«x2} = 5 + 2+2=9. 

n. 

5. 4a6-«?+3iB^-2a5+2aaj+26a;=2a6+2a?+2aa!+2Sa5. 

6. 5a-35+4c-7i-{2a-26 + 8c-rf}=5a-3&+4c-7<i-2a+26-3c+rf 

=3a-6+c-6d. 

7- aj*+4a?-2a^+7a;-l-{«*+2a!»-2a:»+6aj-l} 
=«*+4a?-2«^+7x-l-aB*-2ai?+2«*-6aj+l=2a?+a5. 

8. 3a»-2aa5+a5^-{a'-afl5+«^}=3a*-2aa5+««-o*+aaj-a5'=2a»-aa!. 

9. 2(a-6)-c+d-{a-6-2(c-<i)}=2a-2&-c+<i-{a-6-2c+2d} 

=2a-26-c+d-a+6+2c-2<i=a-6+«-d. 

T. K. B 

2 y 



4 TV. DIVISION. 

43. It wiU be found that (aj'-3a! + 2)*=«*-6a:» + 13a:«-12« + 4. 

44. When we arrange the expressions suitably we find we have to 
multiply acP - ox* - o^B + a' by o^ - ckc* - a^ + o'. 

45. (o + 6)'=a«+2a6 + 6«; (a-6)»=a»-3a»6 + 3afi«-6». 

46. «(«-26)(»-2c) = «»-2<«(6+<;) + 46c8, 

8{s- 2c)(8 - 2a) =«* - 2*3 (c +a) +4aM, 
«(«-2a)(a-26)=:«»-2«2(a+6) + 4a6«; 

by addition we obtain 

3«'-4a« (a+6 + c) + 4« (&c+ca + o6), 
that is diP-4t^+is{hc+ca+ab), 

that is -«'+4»(6c+ca+a6). 

Agam (a - 2a)(a - 26)(< - 2c) + Sdbe 

x=«'-2a^(a+6+c) + 4«(6c+ca+a6)-8aJc+8c6c 
that 18 -^+is{be-\-ca+db). 

IV. 

18. The product is a5» - 24aj* + 144a;« - 266. 

19. The product is a5« - 6aj*+8aB»+ 6x^- 7a;+2. 

20. Theproductis2x'-8a:^-3aj5 + 12a*-7a5' + 28a!"+3a;-12. 

21. See Art. 70 for the factors of a?+a^ and of o*+oV+aj*. 

22. The product is jb« - 2»'a - jc*o^ + 4a;»a' - »^a* - 2a»« + a«. 

23. o'-6c \a* + a«(6+c)-a5c-6'c-6c*/ a+6+c 

y^^l -aJc V 

a*(6 + c) -5«c-6c* 

a*{b+c) -hc(b + c) 

26. The product is a^ - 6ar' + 16a* - 20aj' + le*' - 6a5 + 1. 

27. ac+y-l )«" +3ya:+y'-l/ «*-a;(y-l) + y«+y+l 

y a^+ac»(y-l) V 

-aJ»(y-l) + 3yaj + y»-l 
-«»(y-l)-aj(y«-22^ + l) 



a5(3^*+y+l)+y«-l 
aj&'+y+l)+y*-l 



28. a+b-e \a» +3a6c+6'-c8/ a«-o(6-.c) + 6«+ 6c + c* 

J a*+a^{b-c) V 

-a«(&-c) + 3a6c+63-c8 
-a«(6-c)-a(6«-25c + cg) 

a(&^+6c+c«) + y-c» 

30. a{6+c)-6c \ a« (&«-<?«) + 2a6c2 - 6V / a(b~c) + bc 

y a^b^-'C^)'-abc{b-c) \ 

a{bc^ + b^-b^c* 
a(6<^+6«c)-6«c« 



IV. Dl\aSION. 
31- (a+&-c)(tf-6+c)=a«-5"-c?»+26c 

32. The dividend arranged according to powem of a is 

a^(h+e) + a{h^+2bc + <^ + hc{b+c) 

a+h \a»(6 + c) + a(6«+26c+<j«)+6c(6 + c)( a{b-¥e) + bc+(P 
y a^(b + c) + aiJ^ + ba) \ 

a(b€+c^) + bc(b + c) 
a{bc+c^) + bc{b+c) 

33. The dividend arranged according to powers of a is 

-4a*6c+8a«6M 
-4a*6c-4a262c* 



7a«6«c«+76«c> 
7a«6«c«+768c8 

34. It is convenient here first to divide by as - a, and then to divide the 
qnoident by a +6. 

I>iTiding by aj - a we have by Art. 70 

b (as^ + ooj+a*) +005 (ac+a) +a', 
that is a«+a«(6 + a;)+a(6a;+fl;^ ^6a* 

0+6 \o' + a2(6 + a;) + a(6a;+aj*) + 6-?^/ a« + aa;+a;» 

J a^ + a^b V 

a^+a[bx+a^)-\-bgi? 

aa^ + bai^ 
as^ + bs^ 

35 «-a5+a \j^(x+22)-yaar^fy(-x»+flB?-22»)+a«2!-jr88/ y2(aH-2a)+y(x2-22»)-az(a:+2) 

y y8(g + 2z)+y«(-a^-gs+2g^) V 

y8(a^-22»)+y(-a^+as2-223) + iB32_a523 

y«(a:«-2g»)+y(~g» + ar'z+2a8«-2z3) 

36. a-b + c \a^(b + c)+a{-b* + c^+bc)-V^c-\-d^bl a{b-\-c) + bc 

ahc-b^c + <^b 
abc-b^c + c^b 

37. The divisor is {a-b){x+a+b); so we first divide the dividend by 
a — bi iidBg^Yea afi-x{a^ + db + i^ + ab{a+b) 

x + a + h W -x{a^ + ab + ¥) + db{a+b) I x^-x(a + b) + ab 
y a?-\-x^{a+b) V 

-jc2(a + 6)_a;(a« + a6+6«) + a6(a+6) 
-a^(a + 5)-g(g» + 2a5 + y) 

xab + ab(a-{-b) 
xab+<ibla-\-b) 



4 TV. DIVISION. 

43. It wiU be found that (a;«-3aj + 2)«=iB*-6a^4-13a!^-12a; + 4. 

44. When we arrange the expressions snitably we find we have to 
multiply a^-aflB*-flrfK+a' by oc'-aac'-a^s + a'. 

46. (o + &)«=a»+2o6+6«; (a-6)»=a»-3o«6 + 3aJ»-&«. 

46. »(«-26)(»-2c)=«»-2<»(6+c)+4ft<», 

«(«~2c)(«-2a)=«»-2«3(c+a) + 4o(W, 
«(«-2a)(«-26)=«»-2»2(a+5) + 4a5«; 

by addition we obtain 

3«'-4«' (a+ 6+ c) + 4« (&c + ca + o6), 
that is St^-4t^+4s{hc+ca+db), 

that is -«'+4«(6c+ca+a6). 

Again (s - 2a){8 - 2b){t - 2e) + Sdbe 

=«* - 2«^ (a + 6+ c) + 4« (6c+ ca+ ah) - Sdbc+Bcbe 
that 18 ><*+4«(&6+ca+a&). 

IV. 

18. The product is aJ« - 24a5* + 144a;« - 256. 

19. The product is aJ«- 6«*+3aj»+ 6x^- 7aj+2. 

20. The product is 2aF'Safi-Sxf^ + 12jb* - Ta;" + 28aj« + 3x - 12. 

21. See Art. 70 for the factors of cfi+a^ and of o*+aV+a5*. 

22. The product is «« - 2afia - x^a^ + 4aj»a« - of^o* - 2fl5a'' + a«. 

23. a'-6c \o»+a*(6+c)-adc-6'c-6c»/ o+6+c 

/ a^ -dbe \ 

a*{b+c) -bc{b + c) 

25. The product is aJ8-6ar'+15«*-20aj'+16iB^-6«+l. 

27. x+y-l \a? +3ya;+y«-l/ aj»-aj(y-l) + y* + y+l 

-a53(y-l) + 8ya; + y»-l 
-g»^-l)-a;(y«-2y + l) 



aj&'+y+l)+y*-l 



28. a+h-e \a» +3a5c+6»-c» / a«-a(6- c) + 6«+6c+c* 

80. a(6+c)-6c \a«(5«-c») + 2a6c2-6V/ a(6-c)+ftc 

y a^{b^-d^)-abc{b-c) \ 

a(bc' + bh)-h^<^ 



IV. DIVISION. 

31. (a+6-c)(<i-.6+c)=a«-6«-c"+26c 

(a«-62-c«+26c)(& + c-a)-r(a»-6*-c»+26c)=:6+c-a. 

32. The dividend arranged aooording to powera of a is 

a^(b+c) + a{i^+2hc + <^ + be{b+c) 
a+6 \a*(6 + c) + a(6*+26c+c*)+6c(6 + c)/ a{b'¥c)+b€-i-e' 

a(bc+(^ + bc(b + c) 
a{bc+e'^) + b€{b + c) 

33. The dividend arranged according to powers of a is 

a« - 3a*bc + 3a«6M + 76«c» 
a»+Jc \a^-3o*6c+3a«6V+7J»c»/ o*-4a«6c+76V 



J \a^-3o*6c+3a«6V+7J»c»/ « 



-4o*6c+3a«62c« 

7a«6«c»+76»c» 
7o«6V+76»c» 

34. It is convenient here first to divide by » -a, and then to divide the 
quotient "bj a+b. 

Dividing by ob - a we have by Art. 70 

6 (0^4- oac+a*) +ax{x+a) 4-o', 
that is a'+a*(6 + a;)+a(6a;+a;«, ^6a5* 

a+6 \a^-\-a^(b + x) + a{bx+s^ + b^ t a'+ooc+a^ 
J a^ + a^b V 

35. y-aj+a \3^(aH-22)-y^a52^fy(-sc»+as«-22»)+aB^2-a»8/ j^'(aH-22)+y(aj*-22?)-az(aH-z) 
y y»(a;+22)+y«(-g»-gs+2z») V 

y*(»»-22>)+y(-a^+aRs8-2z8) + a;3z-as» 
y»(a^-2g^+y(-ar> + g'z+2a8«-223) 

— y(»*z + az^ +0^2-02? 
-y(a^z+aez^ -fg^z-gg* 

36. 0-6 + C \a«(6 + c)+a(-6*+c« + 6c)-ft^c+cSj/ a(6+c) + 6c 

37. The divisor is (a-ft^as+a+ft); so we first divide the dividend by 
a-6: this gives sr^-a5(a* + ai+i^ + a6(a+6) 

-ar»(a + 6)-a;(o« + o6+6') + a6(a+6) 
-ar^(a + 6)--ag(a«4-2a6 + y) 



6 V. MISCELLANEOUS EXAMPLES. , 

38. The dividend 

=a(a;«-6»)-a;(a:?-6«) = (a-a;)(a?-6') = (a-aj)(a;+6){a5-6). 

89. a«-o(&+c)+6c \a'(6-c) +a (-»'+c»)+fi»<J-6c' / a(6-c)+6*-c' 

J gs (6-.c)-a«(6«-c«)+a(6«c-ftc«) V 

40. The diYidend=(a«+6«+c«)aj»+(a«+63+c')y«. 

41. The dividend 

= 6(a8-a5^+a5(a«-a!=) = (6+a;)(a«-a;«) = (6+x)(a-aj)(a+aj). 

42. The expression =i (a - d)* - (6 - c)«. See Arti 70. 

43. First divide by a; + a : this gives 

6 (aj* - oa; + a*) + ofl! (flf - a) + a*, 
that is ft(a^-da5+a«) + a(a?-aa;+a^, 

that is (6 + a) («» - (JKC + a^). 

44. The dividend = 2 (««+6iC*jr' + 6jcV+y*) J ^^ i* °i*y ^® P^* "i *!» 
form 2 (x-* + y^)' + eo^y^ (a^ +2^2). 

45. The dividend=7a^+21a:^y» + 35aV + 85jr»y*+21iB2y« + 7a:y«; the di- 
visor =ic*+ 2i«3y+ 3a;V+ 2a^3 + y4, 

47. a^* - sc^^ = (a* + ac^) (a^ - o^) ; then resolve the second factor, and so on. 

48. 4a26a - (a« + 6^ _ c^)^ = (2a6 + a" + ft" _ cS)(2a6 - o» - 6« + c«) 

= {(a + 6)« - c2> {c3 - (o - hf\ = &c. 

49. 4(ad + 6c)2-(a«-6«-c'» + i9)* 

50. It will be found that the proposed expression 

V. 

1 . E ach expression becomes 4 (a + z) ". 

2. 6(l-|)4/{8x8«}-|v{8x8Kl=|x8-|x8 + l=9. 

=■ {f"VK-^)^!-T7Ji4('-»!4 
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6. Each expression 

=4{a*+6*+c*-2a8(6 + c)-2&»6i+c)-2c»(flH-6) + 3a»6«+36«c»+3c»«s^ 



VI. GREATEST COMMON MEASURE. 

7. («-a)«+(«-6)>+(«-c)«+»»«4f»-2«(a+6+c)+a«+B«+<^ 

8. 2(u-a)(«-6)+2(«-&)(«-c) + 2(»-c)(«-o) 

= 6«»-4#(a+6 + c) + 2a&+26c+2ca 

= -2«*+2o6 + 25<j+2ca=-2(«+*+<^)'+2«* + 2&c+2ca 

1 
= -« (a'+6'+c') + a6+6c+«». 

9. a(«-6)(«-c)=a{a'-«(&+c)+&<;K 

By addition we get 

2ifl~2s{ah+he^ea) + 3abe. 

And 2(»-o)(»-6)(*-c)=2{«'-«*(a+ft + c)+«(o6+&(j + ca)-oJc} 

=2 { - ««+« (oft +&<?+(») -a&c}. 

The smn of these two results is aibe. 
'lO. See Art. 55. 

Ih (8 - Oi)' = »■ - 28a i + Oi*, (» - a,)* = «* - 2*0, + o,', &o. ; 

then by adding the n expressions we obtain 

n«'-2»{(»i + aj + ...+o„} + ai'' + aj|' + ...+a,»; 

and 2«{a,+aj + .. . + «,}=»»*: 

80 we have the required result. 

12. ((r«-a«)((r«-&2) + ((r«-6»)(<r«-c«) + (<r«-c»)((ra-a») 

4 
= J |2a26?+ 2&»<j» + 2cV - a* - 6* - (J*| . 

And 4s(s-a)(.^5)(.-c)=-<"-^^+^>(^+^-y-^^-^)<^+^-^); 
then see Ex. 82 of Chapter in. 



VI. 

1. »*-«-2 \s^-3aE;+2 / 1 Divide by 2 and change signs ; 

y ^- «-2 V aj-.2 )«*- aj-2/ a+l 

-2aj+4 y ag«-2a; V 

fl?-2 
a;-2 



8 VI. GBEATEST COMMON MEASURE.. 

2. a^+8aE^-l-4dE^12 \a^+4x^+4x+ 8/1 

y gs + 3g«+4g+12 V 

«* - 9 \ar»+8{B»+ 4a;+12 






- 9x 



/ « + 



3 



Pivide by 13 ; x + B \a^ 



8aj« + 13aj+12 
3a;« -27 

13aj+39 
-9 / x-B 



a^+Bx 



-3x-9 
-3a;-9 



c 



y g»+ g«+ x-B V 

2a:2+4a5+6 

DiYid6by2; aB» + 2a+8 \ aj»+ aj»+ a;-3 / aj-1 

y a? + 2jfi+Bx V 

- ar»-2aj-3 

- »2-2aj-8 



4. «■+! \aj»+wiaj»+WM!+l / 1 



wut^+mx 



Divide by mo;; 
x + l\afi +l^a!«-aj + l 



^- 



-«« +1 
as+1 

05+1 



5. Diyide the first expression by x ; 



8a^ + aaj-4a« \ 6a!«-7aaj-20a* / 2 
y6g« + 2aa;- 8a« V * 



-9aa?-12a« 



Di7ideby--3a; 3a5+4a ) 3a5«+ aaj-4a« / «- a 

y 3a^+4aaj V 



-3awj-4a* 
-3aaj-4a» 



6. 









Divide by y*; 
aJ-y )JB« -y« / a; + y 

y g'-ay V 

{By-y* 

scy-y* 



VL GREATEST COMMON MEASUBE. 

7. 8ai?-13«* + 23«-21 \6a!?+ a!^-44fl!+21 ( 2 

/ 6g»->26g»4-46a?-42 \ 

27aj»-90a5+63 
Divide by9; 8««-10»+7 \ 8iBP-13aj»+23aj-21 / «-l 

- 8a:« + 16a;-21 

- 8a?+10»- 7 



6a;- 14 
Divide by 2; &B-7 \ 8aJ»-10aj+7 / aj-1 

y sg"- 7g \ 

- 305+7 

- 3ag+7 

8. a!»-a!"-2iK+2 \ a?*-3fl5» + 2af»+ oc-l / x-2 

y g^- {g»-2g«+2a; V 

-2a:» + 4««- x-1 
-2g»+2a^+4a;-4 

2aj»-6aj+3 

Multiply the new dividend by 2 ; 

2«a-6a;+3 \ 2a!?-2iB»-4aj+4 / ai; 
y 2a?'-5x^+9x V 

3aj»-7«+4 
Multiply by 2, and continue the division; 

6a:»-14aj + 8/ 3 
6a^~1 6a;+9 V 

2a«-6ai+3/ 2«-3 



»-l \2a«-6ai+3/ S 
y2aj«-2aj \ 



-3a5+3 
-3g+3 

9. aj»-8a;» + 19«-14 \ {B*-7«'+ 8»^+28aj-48 / aj+1 

y g*-8g» + 19ai«-14a? V 

»8- 110:8+ 4205 -48 
g8- 8g»4-19o6--14 

- 8iB?+23aj-34 

Multiply the new dividend by 3, and change the signs of the divisor ; 

3sc^-23aj + 34 \ 3a?-24a;« + 57aj-42 / x 



t \3a?-24a;« + 57aJ-42 / a 
y 3sc?-23a;« + 34o5 \ 



- x»+23«-42 

Multiply by - 3, and continue the division ; 

Divide by -46; 
3aa_69a.+126 / 1 a8-2 \ 3o5*-23a5+34 / 3a5-17 

3g'-23a;+ 34 V y 3fl^-_te__V 

-46a;+ 92 -17aj + 34 

-17»+34 
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10. ««+2fl^-0^2 \aB*- at^+2aB*+ aj+8 






-8a5» + 2aB*+2aj+6 

Multiply the new dividend by 8, and change the sigiiB of the dxnBor ; 
8a!»-2»«-a»-5 \ 3a?<+6a* -8«-6 / « 

8a!»+2as^+2flJ-6 

Multiply by 8, divide by 2, and eontinae the division ; 

12aj»+ 3a^+ Bx- 9 / 4 
1 2a?- 8g«- 8a;-20 V 

lliB» + lla;+ll 

Divide by 11; «"+a5+l \ 8«»-2a?-2«-6 ( 8«-5 

/ 8g»+8g*+8a; V 

-6a:*-6a5-6 
— 6a5*-6aj-6 

11. Multiply the first expression by 8 ; 

3a!?+6a5^-«+2 \ 12iB*+27aj»+ 605*- 6»-12/ 4aj 



I \ 12iB*+27aj»+ 6fl5«- 6»-12 / ^ 
/ 12aj* + 20x"- 4a;«+ 8a! V 



7a5« + 10a5»-14aj-12 

Multiply by 3, and continue the division ; 

21aj» + 80aj»-42aj-86/ 7 



21«" + 36«»- 7aj+14 



c 



- 6aj»-36x-60 

Divide by -6; a5»+7a5+10 \ 3aJ»+ 6«»- «+ 2 / 8a:-l6 

/ 3ar» + 21ai«+ 80aj V 



-16a5«- 81aj+ 2 
-16{B«-112aj-160 



81a; +162 
Divide by 81; flj+2 \ai«+7aj+10/ aj+5 



6a;+ 10 
6a;+10 



12. Multiply the first expression by 2 ; 

4a»-18aj» + 19aj-8 \ 4ic*-24a*+88aj»-12«+18 / a 

y 4a?*-18a;^-fl9a^~ 3ag V 

- 6a^+19aB»- 9aj+18 

Multiply lyy - 2, and continue the division ; 

12aj"-88aj"+18aj-36/ 8 
12g»-64flr'+67g- 9 V 
16a^-89a!-27 
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Mxiltiply the new dividend by 4 ; 

16a*-89«-27 \ 16a?-72aj»+ 76«-12 / % 
JlW-^M- 27« V 



-330^ + 10306-12 

Multiply by — 16| and oontinne the dlYision ; 

528a^-164ar+ 192 / 38 
528a!»- 1287a;- 891 V 



- 361d; + 1083 

DiTidoby -861; «-8 ) 16a^ - 89a5 - 27 / 16aj+9 

y i6g>-48a? V 

9a;-27 
9g-27 

13. Divide the first expression by as, and multiply the second by 3 ; 

6a8+«»-l \ 12a*-18a:«-12a;+ 9 / 2 



L \12a*-18a;«-12a;+ 9 / S 
J 12a!3+ 2«« - 2 V 



-20aj»-12a;+ll 

Multiply the new dividend by 10, and change the signs of the divisor \ 
20a»+12a;-ll \ eOo' + lOflB^ -10/ 3aj 



L \60a:8 + 10flBa .XO / \ 

y 60!c« + 36aj»-33aj V 



-26a8 + 33aj-10 

Multiply by - 10, and continne the division ; 

260aj« - 830a! + 100 / 13 
260a;«+ 156a? -143 V 

- 486a5 + 243 

Divide by -243; 2«-l \ 20*2 + 12a5 - 11 / 10x4- 11 

J 20g;»-10a! V 

22a; -11 
22a; -11 

14. Multiply the second expression by 2 ; 

12sB»-15^+3y« \12aJ»-12ya;« + 43^-42/8/ of 

J 127? - ISya-g 4- 3y^ V 

Dividobyyj 8«^+SPe-4y* \ 12a;9 - 15yaj + Sy'l 4 

y i2a^+ 4yx-Uy ^\ 

-19yx+19y« 

Divide by -19y; «-y )8a;»+ ya;-4y«( 3a;+4y 

/ 3a?*-3yc V 

4ya:-4^' 
4yar-4y» 
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15. 2«»-lla!"-9 \4aj5+llaj* +81/ 2 



) \4aj5+llaj* +81/ 5 

y4a?» -22x»-18\ 



lliB* + 22a:» + 99 

Dindebyll; a?*+2a?+9 \2aj» -llir« -9/2* 

y 2a;B+4g» +18g V 

-4iB»-ll««-18a;-9 

Multiply the new di^dend by 4, and change the signs of the divisor ; 

4ic8+lla«+18aj+9 \4aj* + 8aj» +S6 / « 

/ 4g* + llg»+18a:«+9a; V 

-lla?-10a;?-9aj+36 

Multiply by - 4, and continue the diTiBlon ; 

4Aa?+ 40a;>+ 36a;~144/ 11 
44g:»+121ar' + 198g!+ 99 V 

- 81x»-162«-243 

Divide by -81; aB»+2a;+8 \4a?+ll««+18aj+9 / 4a;+3 

y 4a:8+ 8g?» + 12 a; V 

8a:*+ 6a; + 9 
3ae»+ &e+9 

16. Divide the first expression by a', and the second by a»; as the 
factor a is common to these it will be a factor of the o.cm.; 

2a«+8a«-9»* JGa'-lTa^aj+lioa^- Ba? [ 3a-13a: ' 
y 6a»+ 9ah:-27aa? \ 

-26a8a;+41aar»- 3a» 

--26a^-39ate^ + 1 17g» 

80aa5«-120a:» 

Divide by 4035* ; 2a-3a5 \2a« + 8aaj-9aB? / a + Sa; 

y2a«-8aa__\ 

6aaj-9{B« 
6aa;-9ig« 

17. 2a!»-13«+18 \2a»+(2a- 9)a^-( 9a+ 6)a;+27 / a+a + 2 

y 2g8 -13 g « +18 a; V 

(§^rr4)«*-( 9a+24)x+27 
(2g+ 4)a^-(13a+26)a; + 18a + 3 6 

( 4a+ 2)aj-18a-9 

DiTideby2a+l; 2«-9 \2aj«-13aj+18 / x-2 

y 2a^- 9a? V 

- 4a;+18 

- 4a5+18 



VI. GREATEST COMMON MEASUBE. 1?{ 

18. Multiply the first expression by 2, and divide the second by by; 

2aV-o6xy-6>y« \2ah?^2a^ha^+2ah'^*~2f^ i cat 

y 2a»g»- a* b sthf- db ^ m/' \ 

- a^6fl5V+3aW!ry»-26y 

Divide by 5y, multiply by - 2, and continue the division ; 

2ah^-eabx^+ihVl 1 
2aV- dbyy- b^^ \ 

Divide by - Sby ; ax-hy \ 2aV - o&ty — 6y / 2ax+hy 

J 2aV - 2o6a?y \ 

abxy — V^ 
abxy-lnj^ 

19. a^+acfi-asey-y' ]«*+2aj«y+»'(y'-a«)-2aary»-y*/ a;+2y-a 

(2y^a) 7?-\^ iy^'\^y-a^)-{<ii (y^-2ay*)-y* 
(2y-a) g»-HB» (2ay-a«)+g (-2gy«+o«y)-y» (2y- a) 
jB«(y» - ay) +aj (y« - a«y) +y* - a^ 

Divide by y'-oy; 

flB^+«(y+a)+y« )«»+aaj» -aojy -y8/a._y 
y g^+ g^(y+o)+ ay* V 

- ocV - xy(a+y)'y^ 

- xhf -. xy{a+y)-y' 

20. «" + 8**-8«*-9a5-8 ) «»-2fl!*-6x»+ 4a^+18a;+6/ 1 
• y x» + 3a^ ~ Sa^- 9a;- 8 V 

-6«*-6«« + 12aj» + 22a;+9 

Multiply the new dividend by 6, and change the signs of the divisor ; 

5««+6a^-12a^-22«-9 ) 5a;B + 15ie« - 40x3 - 45a; - 15 ( x 

y 6afi+ 6a;*-12a;»~22a^- 9a; V 

9a;* + 12a;» - 18a? - 36aj - 15 

Multiply by 5, and continue the division; 

45a;*+60a;?- 90a;» - 180« - 75 / 9 
45g;*+54a;y- 108a? -198a; -81 V 

6a?+ 18a?+ 18a;-|' 6 

Divide by 6; a?+3a? + 8« + l \5x^+ 6a?-12a?-22a;-9 ( 6«-9 

y 5a;« + 15a? + 15a?+ 6a; V 

- 9a?-27a?-27a;-9 

- 9a?-27«»-27a;-9 
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21. Multiply the first expression by 2; 

4aJ*+2aB»-18aB« + 3aj-6 U2iB»- 8a?*-22aj»- 6a:«- 6flj-2 / 3a; 



) il2iB5^ 8a?*-22«»- 6a:«- 6flj-2 / S 
/12«5+ 6aj*-64a!?+ 9a;«-15a: V 



-14x* + 32aJ'-16x»+ 9a;-2 

Multiply by -2, and continue the division; 

28x*-64jc»+ 30a?-l8a;+ 4/ 7 
28«4+14a!?-126fl5« + 21aj-35 V 



-78«*+166fiB«-39a;+39 

Divide by -39; 2a?-4a?+fl8-l \ 4i?5*+ 2a;»-18iB«+3aj-6 / 2aj+5 

>/ 4a;*~ 8g»4- 2ar'-2ig V 

10a:5-20ic8 + 5aj-6 
10g8-20x8 + 6a!-5 

22. Multiply the first expression by 3 ; 

3aJ»-7a««+3a«a;-.2a» \ 3jC«-3aa!?-3aV-3a'a5-6a* / » 

y 3g* - 7aa^ +3oV - 2a8a; V 

Divide lyy a, multiply by 3, and continue the division; 

12«» - 18aa;« - Sa^x - ISa^ I 4 
12a;»-28aar' + 12a%- 8a» y 

10aa« - 15a^x - 10a» 
Divide by 5a, and multiply the new dividend by 2; 

y 6ae»- 9(Kg»- 6a^a; V 

- 6aa« + 12a8a;-4a» 

Divide l^ a, multiply by - 2, and continue the division ; ^ 

lOajS - 24aaj + Sa^ ( 6 
10«*-15aa;-10a2 V^ 





- 9aa;+18a* 


Divide by - 9a; 


a;-2a \ 2x'*3a«>2a' / 2aB + a 
y2a;a-4aaj V 




aa;-2a^ 
a{c-2a* 


23. a5»-9a^ + 26«- 


-24 iaj»-10a;' + 31aj-30/ 1 
/aj«- 9«2 + 26aj-24V 




- «2+ 6x- 6 )a:'-9«»+26«-24 
ya?-5««+ 6a; 




-4a;«+20a;-24 
-4a;'» + 20a;-24 



c 



Thus 9fi - 5c+ 6 is the a.c.M. of the first two expressions. 
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J a?^ 6ap»+ 6a; V 

- 6«» + 32aj-40 
~ 6{g»+30a;-36 

2a;- 4 
Divide by 2; «-2 j«»-6a5+6 / «-8 

-8a5+6 
-8ag+6 

24. a«-l(te*+9 \aj*+10a;»+20ai*-10aj-21 / I 

/ a;* -10a;« + 9 V 

10ai»+30ai>-10a;-30 

DiTidebylO: a^+ft^-oc- S \«* -lOa;* +9/a;-3 

yg*+3a^- fl:^-8a; V 
-3a;8_ 9x2+3aj-h9 
>3a;8-' 9a;^+3a; + 9 

Thus «" + 3i^-«-8iBtlie o.cm. of the first two expressions. 

a;3+3iB»-a;-8 J a;*+4a;»-22a?-4a;+21 / a;+l 
y g^ + Sg^- a;«-3a; V 
a;?-21aj>- fl;+21 
g»+ 3a;*- a;- 8 

-24a;^ +24 
Divide by -24; x^- 1 \ai»+8a?-a5-8 / a; + 3 

3^ ^ 
-3 



vn. 

1. a^+8«-2 \6a;»- »-l/8 Divideby-6; 

y 6a^+ 9a;-6 V 2«-l )2a^ + 3a;-2( x+2 

-l(te+5 >/^^-_g_V 

4a;-2 
4a;-2 

3^nB the a.o.M. is 2aB— 1. 

2. a?+«-2 \a? -l/«-l DividebyS; 

-aia+2a;-l >^ "^- '^^ V 

-flj»- a;+2 2as-2 

3^38 ^Ll? 

Thus the a*o*K. is 0- 1. 



16 Vn. LEAST COMMON MULTIPLE. 

3. a^-te+T \a*-ftr»+23aj-16/ «-l DiTidel^S; 



r \a»-ftr»+23aj-16/ «-l DiTidel^S; 

- »"+16aj-16 y/ g^- g V 

- a^+ Sg- 7 -7g+7 

gg- 8 "7g+7 

Thus the g.o.h. is g- 1. 

4. Multiply the seeond expression by S ; 

&i^>5g+2 \12g>-12g*- 8«+8/4g 
>/ l2g«^20g«+ ag V 

8gS-llg+8 

Multiply by 8, and continue the diyision ; 

24g«-83g+9/8 Diyideby7; 

24g«-.40g+16 V g-1 )8g»-6g+2/ 8g-2 

7g- 7 • y 8g«-8g V 

-2g+2 
-2g-H2 

Thns the o.o.x. is g-1. 

6. g»-l )g»+««-«-l/ 1 Divide by «; 

Jufi -IV g-1 la* *l/flii>+e+l 

yg?-«« V 



g^-g 



a5« -1 

g-1 
g-1 

Thus the o.o.u. is g - 1. 



6. 



g»-2a!V-ay'+2y" \g»+2gV-gy*-2y»/ 1 

y g»-2gV-ay«+V V 

4gV '^ 

Di7ideby4y; g»-y* )a:?»-2a:»y-«y'+2y*( «--2y 

y g» -ay* V 

-2gV +2y» 

-205^ +2y» 

Thns the g.ch. is g^ -^. 

7. 2g-l divides ^g'-l, so that 4a^-l is the l.o.v. of the first two 
expressions. Then it will be found that 4g? - 1 and 4a^ + 1 have no oommon 
measure greater than unity; so their l.o.m. is their product. 

8. The L.O.M. of the second and third expressions is their product 
(a?+l)(g'-l) that is g'-l; the first expression s=a!(a!«-l)= as (g + 1) («— 1): 
now g+1 divides g?+l and g-1 divides g'-l: thus g^— 1 divides a:^ — 1, 
and is the o.o.m. of g (g* - 1) and g* - 1 ; and therefore their l.o.m. iAxipfi— 1). 

9. The L.O.U. of the seoond and third expressions is their product ; axid 
this is divisible by the first expressiosu 
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10. a5»-6a;« + llaj-6 )x8-9a:* + 26aj-24/ 1 

J ^- 6g^ + lla;- 6 V 

-8xH15«-l8 
Divide l^ -3; a?-5ar+6 )a:'-6a;«+lla5-6 / x-\ 

- a:^+ 6x-6 

- a*+ 5aB-6 



Thus a^ — 5as+6 is the o.c.m. of the first two expressiooR ; and tneir L.c.st. 
is («» - 9«» + 2605 - 24) (« - 1), that is «* - lOaB^ + 36a!» - 50x + 24. 

«»-8a;« + 19a;-12 \aJ*-10«« + 85«*-50a; + 24 / a;-2 

y g*~ 8a:3 + 19x'~12g V 

- 2ir» + 16a:«-88a; + 24 

- 2g» + 16g«-38g+24 

Thus aj»-8a;«+19aj- 12 is the o.o.m.; the l.o.m. is {^- 9x«+26aj-24) to- 1) : 
it wiU be found that this = (a;-l)(a;-2)(x-3)(a;-4). 

11. The G.c.M. of the first two expressions is a!'-5a: + 6, by Ex. 23 
of Chapter VI.; and their l.c.m. is (a:*- 10a;* + 31aj-30)(a;- 4), that is 
«*-14a:8 + 71««- 164a; +120: it will be found that this is divisible by the 
third expression, and so it is the l.c.m. of the three. And it may be ^ewn 
to be = (aj- 2)(a;- 3)(aj-4)(aj- 6). 

12. The o.CM. of the first two expressions is oc* + 3«' - a: - 3 by Ex. 24 
of Chapter VI. ; and their l.cm. is (a:*+ lOa:^ + 20x*^ - 10a; - 21)(x - 3), that is 
ar5 + 7x* - 10a;? - 70a;« + 9a; + 63 : it will be found that this is divisible by the 
third expression, and so it is the l.c.m. of the three. And it may be shewn 
to be= (x* - l)(a? - 9)(a! + 7). 

13. flj»-4a" \a;»+2aa;'+4a»a;+ 8a»/a;+2a 



» ] a;»+2aa;'+4a»a;+ 8a» / a 
J 0^ - 4o^ \ 



2aa« + 8a^x+ 8a' 
2aa:« - ^a^ 

8a'^a;+ 16a» 

Divide by 8a* ; »+2a\a;" -4a» / a5-2a 

y g* + 2ag \ 

-2aa;-4a* 
- 2ag - 4a « 

Thus a; + 2a is the o.o.m. of the first two expressions ; and their l.c.m. is 
(«» + lam? + 4a«a; + 8a») (a; - 2a), that is a;* - 16a*. Then it will be found that 
this is divisible by the third expression, and so it is the l.c.m. of the three. 

14. The three expressions are obviously 

(a!-o)(a5-6), (a!-6)(a!-c), (a; - c) (ai - a) ; 
and their L.0.1C. is (as - a) (a; - h) {x - c). 

T. K. 
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KEY 

TO 

ALGEBRA FOR COLLEGES AND SCHOOLS. 

I. 

1. 1+6+16=23. 2. 9 + 30-4=86. 

3. 3+24+36=63. 4. 4+96-12=88. 

6. 12+72+8-0-92. 6. 1+9 + 16+0=26. 

24 24 24_^8 + 8-l=16. 8. 266-266+12-6=6. 

'• 8 + 3 24"* 

a »+l^ 25 , 10 .^^^-^,,=^^=2. 

9. STT^T'^ 36+24+16 76 

It ^^-^8+^4=9-2+8=9. 

12. V86+-y2i6-^8=6+6-2=10. 

13. (9-6)(3 + l) + (3 + 6)(5+7)-112=4x4+^^^^^^^^ 

14. 6>/{25-24)+3V(26+24)=6V1+8n/S=6 + 8>c7=6+21=26. 

15. 8 V(26-24)+6V(26+24)=8V1+6 ^/49=8+5x 7=8 + 35=43. 

i« ift-LR /n24.4^-a0-8)i/{12-4)=10+8>/l6-2y8 

16. 10+8^(12+4) iiu °^YoV8x4-2x2=10+32-4=88. 

17. (10-6)(Vi6+10) + J{(16-10)(5+l)}=6(4 + 10) + ^{6x6J 
=6x14+6 = 70+6=76. 
(16 - 1) {1^100+ 25} +>/{(16- 5)0-0+1)} 
=15 (10+25) + s/{ll X 111=15 X 35 + 11=625 + 11=636. 

18. ^/{(2 + 3)»x6}+^/{(2+6)(6-4)}+«/{(6-3)•x2} 
*^^ ' ^ =^{5«x6}+y8 + y{2«x2} = 5 + 2+2=9. 

n. 

5. 4a6-««+3a?-2a6+2aa;+25«=2a6+2a?+2<i«+2&t. 

6. 6a-35+4c-7(i-{2a-26 + 8c-ci}=5a-3&+4c-7d-2a+26-3o+d 

=3a-o+c-oa. 

7 j84+4a?-2a?+7»-l-{«*+2a?-2«» + 6aj-l} 

=^;S-2c«+7«-l-i*-2a?+2^-6«+l=2a?+«- 
8. 3a*-2a«+a?-{a«-<w+a?}=3a*-2<MJ+«'-a«+aa;-«^=2a«-aaB. 

9 2(a-M-c+d-{a-&-2(c-<«)}=2a-25-c+d-{a-6-2«+2d} 
y. j^a o; cfc» \ «lJ^.26.c+d-a+5+2c-2(i=o-6 + «-d. 

T. K. ^ 

1 V 



2 m. MULTIPLICATION. 

10. (o+5)a5+(6+c)y-{(o-6)a;-(6-c)y} 

s= ods + &e+ 6^ + cy - {(MS - fee - 6y + cy } 
=aa5+ftaj+^+cy - aaj + 6aj + iy - cy=:2&B + 2Jy. 

11. o-{6-(c-rf)}=a-{6-c+4«a-6 + c-d. 

12. a-{(6-c)-d}=a-{6-c-d}=a-6+c+d. 

18. a + 26-6a-.{8&-(6a-65)}»a+2&-6a-{3i-6a-h66t 
=o+26-6a-86 + 6a-66=o-76. 

14. 7a - {3a - [4a - (5a - 2a)] }= 7a - {3a - [4a - (8a)]} 
= 7a-{3a-[4a-3a]} = 7a-{3a-[a]} = 7a-{3a-a} 
= 7a - {2a} = 7a - 2a % 5a. 

16. 8a-[a + 6-{a+6+c-(a + 6+c + d)}] 
= 8a-[a + 6-{a+6+c-a-6-c-d}] 
=3a-[a+6-{-d}]=3a-[a+6 + cr| 
=Sa— a - & > cl=2a - 6 - d. 

16. 2aj-[3y-{4fl5-(6y-6a5)}]=2»-[3y-{4aj-5y+6aj}] 
= 205- [3y- {lOaj - 6y}]=2a;- [3^- 10a5+5y] 

= 2a;-[8y-10a;] = 2a5-8y+10a;=12a5-8y. 

17. a-L2ft + {3c-3a-(a + 6)} + 2a-(6 + Bc)] 
=a-[26 + {3c-3a-a-6} + 2a-6-8c] 

= a- [26 + 3c- 8a- a -6+ 2a- 6 -8c] 
=a- 2&-3C + 8a + a + 5 - 2a-f & -h 8c=8a. 

18. a-[56-{a-(3c-36)+2c-(a-26-c)}] 
=a - [66 - {a-3c + 86 + 2c-a + 26 + c}] 
=a-[56-{+66}]=a-[56-56] = a. 

19. a + 2a;-{6 + y-[a-aj-(6-2y)]} 
= a + 2* - {6 + y - [a - 05 - 6 + 2y]} 
=a + 2aj - {6 +y - a + aj + 6 - 2y} 

=a + 2a5-6-y + a-a5- 6 + 2y=2a + a!-26 + y 
=4 + 6-6 + 5=9. 

20. 4a!^-2aj« + aj+l-(8a^-««-«-7)-(aj»-4a5» + 2« + 8) 
=4a;»-2»« + a5+l-8flB? + a;^ + » + 7-«'^+4aj«-2«-8 
= 8a!«. 

in. 

29. Each ezpresBion will be foiind= «* + 6«' + Ihi? + 6as+ 1. 
SO. a+« 

6 + flB 

a6+^ 

+ 035 + 0^ 



o6 + (o+6)a;+ai^ 
c + x 



a6c + (a+6) cx+ca^ 

+ o6ag + ( g + 6) a;^ + g» 

a&;+(o6+6c + ca)«+(a + 6 + c)a5*+«'. 



til. MULTIPLICATION. 3 



31. 



X - 
X - 


-a 
-b 

-act 

-bx +ab 




X - 


-{a+b)x+ab 
-c 




X - 


- ex* +c(a+6)aj-a6c 
-{a+b+e)a^ + {ab + be+ea)x- 


-dbe 



«* - (a+6+c) 0^+ {ab+ 6c+ ca)a5* - obex 

-da^ + (a+ft + c)cto' -{ah+bc+ea)dx-^aibcd 

a^-{a+b-tc+d)a^-\-x^((ib+bc+ca-bad+bd+cd)-&e, 

32. We multiply together the first and second factors, then the third and 
fourth factors ; and then multiply together the two Tesults : and we use the 
method of Art. 56. Thus 

(a4 6-c)(a+c-6)=(a+6-c)ja-(6-c}[=a«-(6-c)*=a«-69-c»+26c, 

(6 + c-a)(ff + 6 + c)= (&+c)»-a*=6* + c«+26c-a*; 

(j2 + c« + 26c-a»)(a«-6«-c« + 26c) = (26c + 6* + c«-a«){2ftc-(5«+.c«-a*)} 

=46V - (6«+ c« - o«)«=46V - (6* +c*+ o*+ 26V - 2c«a« - 2o«6«) 

=26V+2c«a«+2a«6»-a*-6*-c*. 

33. (a + 6)(6 + c)=6'+a5 + ft«+oc, 

(a + c)(6 - d) =a6+ 6c - od - cd ; 
6'+a6 + 6c+ac-(cP+«i + a<j+arf) - (db+bc-ad-cd) 
= l^+ab'\-be+ac-d''-cd-ae-<id—ab-be+ad+cd 
=1^-d^. 

34. (a + 6 + <:+d)*=o'+6' + c» + cP+2a6 + 2ac+2ad + 26c+26<i+2cci, 
(a-6-c+c?)*=a*+6* + c2 + <i«-2o6-2ac+2a<i + 26c-26d-2cd, 
(a-6 + c-d)2 = a' + 6« + c' + d'-2a6+2ac-2orf-26c + 2W-2cd. 
(a + 6-c-d)2=o« + 6« + c> + d2 + 2a6-2ac-2ad-26c-26(i + 2cd. 

Thus the sum is 4 (a« + 6* + c* + d«) . 

35. See Art. 55. 

36. (a + 6 + c)>-(a6+ac-a«)-(6a + 6c-6*)-(ca + c6-c») 
= (a + 6 +c)* - a6 - ac + a* - 6a- 6c + 6* - ca - c6 + c'=&c. 

3(a;-y)«(« + y) = 3(a*-2ay + v«)(x + y)=3(a58-a»y-fl^» + y»), 
3(aj + y)«(a;-y) = 8(««+2ajy+y»)(«-y)=8(a^+«»y-ay*-2?'); 
and see Art. 55 for (as - y)' and (x + y)'. 

38. Use the result of Example 82. 

39. Use the result of Example 82. 

40. It will he found that 

(x + y)8 rsas^ + fteS^y + 28aV + 66«»y' + 70«jy + 66»»y« + 28a:y + 8xy' + y8. 

41. («» + a3^ + y^«-(aj'-a?y + y«)«=(2a?+2y«)(2a;y)=4ry(a:» + y3); 
see Arts. 55 and 56. 

42. See the preoedi|3g solution. 

b2 



37. 



k 



4 IV. DIVISION. 

43. It wiU be found that («»-3aj + 2)«=x*-6aj8 + 13a^-12a; + 4. 

44. When we arrange the expressions snitably we find we Jhave to 
mnltiply ajP-ooj^-o^+a' by ac* - oac" - a%B + a*. 

46. (a+6)«=o« + 2a6 + 6»; (a-6)»=a»-8a»6 + 3a6»-&«. 

46. »(«-26)(»-2c)=«»-2««(6+c)+4&(», 

a(s-2c)(«-2o)=<«-2«3(c+o) + 4aM, 
«(«-2a)(»-2J)=*»-2«3(a+6) + 4a5«; 

by addition we obtain 

3«>-4«' (a+ 6+ c) + 4« (6c+ ca + a5), 
that is 3ifi-4iP+48{bc+ca+ah), 

that is -a'+4«(6c+ca+aft). 

Agam {8 - 2a){8 - 26)(« - 2e) + 8a&e 

=«" - 2«^ (a+ 6+ c) +4« (6c+ ca+ a6) - 8a&;+ 8c6c 
that is -i^+isibc+ca+aJb), 

IV. 

18. The product is aJ» - 24a5* + 144x« - 266. 

19. The product is aJ«- 6aj*+3aB'+ 6a*- 7aj+2. 

20. The product is 2a^-8aJ«-8a?» + 12«*-7a5» + 28se* + 805 -12. 

21. See Art. 70 for the factors of a?+ a^ and of a*+aV+a5*. 

22. The product is ac* - 2sc5a - sd^a^ + 4aj»a» - sficH^ - 2xa« + o«. 

23. o'-6c )a*+a«(6+c)-a5c-6'c-6c*/ a+6+c 

y g^ -cibc \ 

a*{b+c) -heih+c) 

26. The product is x^ - ear^ + ISo* - 20aj» + 16a!* - 6aj + 1. 

27. a;+y-l \a? +3ya;+y»-l/ aj«-aj(y-l) + y« + y+l 

-ar'(y-l) + 33^+y»-l 
-g»fe(-l)-a;(y«-2y + l) 

a:(y'+y + l)+y»-l 
g &*+y-fl)+y»~l 

28. a+6-c \a» +3o6c+6'-c8/ a*-a(6-c) + 6«+6c + c» 

-a«(6-c)-g(6«-26c-t-c') 

30. a(J>J^e)'^lc \ o« (&« - c«) + 2a6c3 - 6V / a(6-c)+6c 

a(6c^ + 62c)-6V 



IV. DIVISION. 

31. (a+6-c)((»-6+c)=a«-B«-c?+26c 

(aa_62_c«+26c)(6 + c-o)-r(a«-&*-c»+26c)=6 + c-a. 

32. The dividend arranged acooxding to powera of a la 

a^{b+e) + a{b^ + 2hc + (^ + bc(b+c) 

a + b \a'»(6 + c) + a(6«+26c+c*)+6c(6 + c)/ a(b'¥c) + bc + e^ 
J a^{b + c) + a(f^ + b(^) \ 

a(bc+c^) + bc(b + c) 

33. The dividend arranged according to powers of a is 

a« - 3a*6c + 3a«6>c> + 76 V 

a«+6c \a^-3o*6c+3o«6V+76V/ a*-4a«6c+76V 
/ o«+ o^6c \ 

-4a*&c+3o«68c» 
-4a*6c-4a«6V 



7a«6"c«+76«c» 
7a«6«c'+76«c8 

34. It is convenient here first to divide by as - a, and then to divide the 
quotient by a + 6. 

Dividing by a? - a we have by Ait. 70 

b {{j^ + ax+a^) +ax (x+a) +a', 
that is a^+a^(b-\-x) + a{bx + x^, ^6«» 

a+b \a^ + a^{b-{-x) + a(bx+{X^ + bui' I a^ + ax+s? 

J a^ + a^b V 

ahi+a{bx+ix?)-\-ba^ 

aay^ + bo^ 

35. v-aH-a \3^(a4-2«)-y«a»4l^(-x8+a»S-2z»)+a:^a-a»8/ y«(aH-2z)+y(flB'-2z»)-az(aH-2) 

/ y8(g+2g)+y«(-g»-gg+2z«) V 

/(aj»-22a)+y(-a? + aBs'»-2z3) + «82-a2» 
y'(a^-22^+y(-g8 + a^2+2ag«-2z») 

-y(«*2+a5Z*) +0^2 -x^ 
-y{xh+xz^ +3i^z-x^ 

36. a-6 + c \a«(6 + c)+a(-6« + c«+6c)-62c+c»6( a(6+c) + 6c 

/ a«(6 + c) + a(~y + c^) V 

ahc-b^c-^(^b 
abc-b^c+c^b 

37. The divisor is {a-b){x+a+b); so we first divide the dividend by 
a-6: this gives {x?-x(a^ + ab + l^ + ah{a-\-b) 

x+a+b W -x{a^ + ab+b^) + db{a+b) I x^'X{a + b)+db 

y gg + g»(a+ft) V 

-x2(a + 6)-a;(o*^ + a6+6«) + a6(a + 6) 
--gg(CT + 6)-g(a^ + 2a6 + fe«) 

aca5+o6(o + &) 



24 VIII. FRACTIONS. 

^n m- J * L- 6c (a - 1) + ca{b - 1) + ah(e - 1) . 

67. The second fraction = — i ^—. ^ ^ — ^ < = &c 

6c + ca - ao 



68. 



a + ft «* + &' _ Og + 6)* + a^ + ft' _2 (a' + a ftH-ft^) ^ 

g-ft a8-fe3 q.ft (a-ft )(a« + a 5+ft»)^a-ft / a« + aft+y \ 
Oi-ft~a^+6'-""o + 6"(a + 6)(o2-aft + ft*)~a + 6 V ^a^-ab^h^J 



a - 6 - 2aft - 2aft (a - ft) 

X — 



72. 



73. 



a + ft ''a^-oft + ft9""(o + 6)(a«-aft+ft«)' 

2(a« + aft + ft^) (a+ft)(a^-oft + ft^) _ (a«+aft + ft*)(a«-oft4-ft«) 
a^-fts ^ -2aft(a-ft) aft(a-ft)« * 

«i' + n^ m' - mn + w' 

w n m{m'-TOn+«')^ 

1 1 ~" m-n " fft-» * 

9ft 971 inn 

m'-n*__ (m + n)(»i-n) _ __^~.^^_ 
m^ + »'~ (m + n)(m* — mn + n^ w'-mn + n*' 

aj + a x-a (x-\-a)* - (g -- a)* _ 4ax 

X 
X 

4:ttx . 2 (as* + a*) _^ 4ag __ 2ax ^ 
¥^^'^~s^^l^ 2^+o5)""?To*' 

X X 2ax 2ax 2ax An^x 

x-a^ x + a x^ + a^"^ x^-a* x*-\-a^ a^ - a* ' 

1 1 _a + ft + c^l 1_ _ ft+c-g ^ 

g'*'ftTc~'g(6 + c) * o ~ft + c~ a^ft+c) * 
g+ft + c ft + c-g g + ft-fc 
g(ft + c) ' g(ft+c) ft + c-g* 

ft« + c»_-g^ _ (^ + g)'-«* _ (ft + c + g) (ft + c-g) 
"•" 2ftc " 2ftc ~ 2ftc 

„^ , , a; + l B-x + x + 1 4 
76. 1 + 



76. 



i + g «-g _ (g + a)» + (ae-g)« _ 2(g* + g*) ^ 
i-g ae+g"" «*-g* ""ar^-g** 



a-aj" 3-aj "d-x* 
4 _3-fl5 3-g _ 4a; + 3--ag _ 8ag43 

•^■^r:^ " "4" » * "*■ "T" "■ 4 - 4 



1-7 



3x + 3 4 



3a; + 3* 



c/ _ ft<y+ftg + c/ , ftd/+ftg + c/ _ g<f/+gc 
***"d/ + «" d/+e • "• d/+« "ft<i/+ft« + c/* 



DL EQUATIONS OF THE FIRST DEGREE, 25 

K. 

1. Multiply by 8; 4(2a;+l)=7a;+6,&c. 

2. Multiplyby20; 10a!-40=6a; + 4aj-20, &o. 

8. Multiply by 40 ; 20 (»+!) + 8 (3a; -4) +6 =6 (6a? +7), &o. 

4. Multiply by 60 ; 16(5a;-ll)-6(jJ-l)=5(llx-l), &o. 

6. Multiply by 12 ; 6a; + 4iE - 3a;=s 6, &o. 

6. Multiply by 12 ; 6(a; + l) + 4(a;+2) = 192-8(a;+3), &o. 

7. Multiply by 6 ; 6a; +2 (11 -a) = 3(26 -a), &0.. ' 

8. Multiply by 2 ; 38a; + 7« - 2 = 8a: + 35, &c. 

9. Multiply by 24 ; 6(a;-3) + 8(a;-4) = 12(x-5) + 3 (a;+l), &o. 

10. Multiply by 6; 3(6aj-7)-2 (2a;+7)=6(3a;-14), &o. 

11. Multiply by 60 ; 15(«-3)-10(2aj-6)=:41+12(3«-8)-4(5a;+6),&o. 

12. Multiplyby6; 2(5a; + 3)-3(3aj-7) = 6(6x-10), &o. 

13. Multiplyby6; 8-a;+6a;-10 = 3(«+6)-2a;, &c. 

14. Multiply by 12 ; 6 (a;+ 3) -4 (a;-2) = 3aj- 6+ 3, &o. 

15. Multiply by 30 ; 6 (3aj - 1) - 15 (13 - x) = 70a5 - 56 («+ 3), &c. 

16. Multiply by 42 ; 6 (Sa;- 3) -14 (9 -a;) = 105* +133 fee -4), &o. 

17. Multiply by6x7xll; 65(5aj-l)+36(9a;-5)=77(9a;-7), &c. 

18. Multiply by3x5x7; 15 (3a; +5) -35 (2a; +7) + 1050- 63a; =0, Arc, 

19. Multiplybyl2; 3a;-2(5a;+8)=4(2a;-9), &o. 

20. Multiply by 6; 12aj-3(19-2x) = 2{2a5-ll), &o. 

21. ^^-«+?^=7; multiply by 36, &c. 

22. ^^- 1+ ?^=: 7a; ; multiply by 36, &o. 

23. Multiply by 12 ; 6(a;+l)-3(6-a;) = 168-4(a;+2), &c. 

24. Multiplyby22; 2(7a;-8)+?^^?^±2U66aj-ll(31-a;); 

thatig 14a;-16+??i^|^=66«-341 + lla;; 

thewfore 22(15g+8) ^ ^^ _ ^^5 . multiply by 13, &o. 

25. Multiply by8; 2(3a:-ll)-28+9a;=32«-118, &o. 

26. Multiply by 12 ; 4(2a;-l)-3(3x-2) = 2(5a;-4)-7a;-6, &o. 

27. Multiply by 108 ; 4(2a5-9)H 6a; -27 (a; -3) =900 -108a;, &o. 

28. Multiply by 120 ; 

40(a;-l) + 24^4a;-|^-16(7a;-6)=240+60(«-2) + 12(3aj-9), Sse. 



26 IX. EQUATIONS OF THE FIRST DEGREE. 

29. Multiply b75x9xl3; 117(2«-6)-65 («-4)-135a;=0, &o 

SO. MnltiplybyG; 6x= 1806-8(4 -») + 2, &c. 

81. Multiply by 45 ; 9 (3a; - 7) + 5 (25- 4a;) =» 16 (5a; -14), &o. 

82. Multiply by 8x 13x 19; 152(2a;+6)+247(40-a;)=104(10x-427), Ac 

83. |-^ + 5=»-^-l; inultiplyby77, &o. 

84. Multiplybyl2; 6(a;-l)+4(a;-2)=8(a;+3) + 2(a;+4) + 12. &o. 

(a;-l)(a;-8)-(x-2)« (a;-5)(a;-7)-(a;-6)« . 
(«-2)(a;-8) (x-6)(a;-7) 

that is 7 — SV7 — 5v *= 7 — Sw — W\ ; clear of fractions ; 

(05-2) (»-3) (x-6)(a;-7) 

(«-6)(a;-7) = (»-2)(x-3); a;»-13aj+42=x«-5x+6, &0. 
86. i;^-7«+10-(2a;»-15x+25)+aB*+5a;-14=0, &o. 

37. 8-«-2(ai* + «-2)=-2a?+ila;-15. &o. 

38. »-8-(3+2»-««)=x*-2a5-8 + 8-a;, &o. 

89. Multiplyby80; 10(« + 10)-18(3aj-4) + 5(3a;-2)(2«-3)«8Oac«- 16; 
10x+100-54a8+72+6(6a;>-18a; + 6) = 30x«-16, &o. 

40. «»+x-^-(«^+2x-15)+|=0; 
therefore a^+x-(x«+2x-15)=3, &o. 

41. x>-x-^-(sB«-2x-15)-??=0; 
therefore x»-«-(a5*-2x-15)=27, &o. 

42. Multiply by 56; 4(9x+5)+^^5|^^=36x+15+41; 

,^ , 28(8x-7) «^ ^^ , 7(8x-7) ^ 

therefore — « — =-^=36; therefore -3 — =-' =9 ; 

8x+l • 3x+l 

therefore 7(8x-7)=9(3x+l), Ac. 

43. Multiply by 15; 6x+7--^-^~^=8(2x+l); 

therefore ^^ 15(2x- 2) therefore 28x-24=30x-80, &c, 

7x-6 

44. Multiply by 15; 6x+l-i^^=3(2x-l); 

therefore 4 = ^l^^^j/^ ; therefore 28x - 64 = 80x - 60. &o. 

7x-16 

4(x+3) + 7(x + 2) _ 37 . therefort llx+26-37 *.. 
*^- a;»+5x+6 ~ x« + 6x+6 * "^^refort llx + 26 - 37, &c. 



IX. EQUATIONS OF THE FIB3T DEGREE. 27 

46. a^+2x+la(6-l + ie)aB-2; therefore 96*+ 2d6+ls5a;+»' -2, ^^o. 

a?-4-(ac-2) _ flg-8-(ag-6) -2 --2 

^' (a;-2)(»-4) "(aj-6)(aj-8) ' (a:-2)(»-4)~(a:-6) («-8) * 
therefoie (a:-6)(«-8)s(»-2) (x-4}; x*-14x+48=fl^-6x+8, &o. 

48. Clear of fraetions; 

2(«-3)(3aj-l) + (2aj-6)(3aj-l)=6(2»-6)(aj-S); 
2(3aj«-10»+8) + 6a!»-17a;+6=6(2aj«-lla;+15), &o. 

(«+l)(l6x+5) 

49. Multiply by a!+l; 25-5»+ o .o ^ =23+5g-h6; 



(aj + l)ri6aj+^) 



8«+2 ^ 8 • 

(«+l)(lto+^) = (3a5+2)(3 + ^); 

60. Multiply 1^60; Zo(x'^-2o(x'^+15(x^^\=:0; 
80aj-10a-20ap+5a+16«-8o=0; 25as=8a, &o. 

62. Multiply by a (6«-a«); a5(6*-a«) + aa;(6 + o)=a*(6-o), &o. 

63. Multiply by a&; a'&a;+a5*=6a;+a, &c 

54, Multiply by aftc; oc(a5-o) + a6(«-6)+6c(«-<;)=:a5-a-6-c, &c. 

65. a^+(a+6)»+aft-a6-ac=-T-+a5*; 

6 

(a+o)a5=-.- +ac= — ^-^ — -' ; divide by a+6. 

66. Clear of fractions; 

(a+J)(a!-o)(aj-6)=a(a8-6)(x-c) + 6(aj-c)(ac-a); 
(a+6)x»-(a+ft)»aj + aA(a + 5) = (a+6)a^-{c(a+6) + 2a5}aj+2aftc; 
Iherefore «{a*+6»-c(a+6)}=a5(a+6)-2a5c. 

67. dear of fractions; (ax*+5x+c) (jp«+ 2) = Q)a!'+ ja+r) {ax+ 5) ; 

lHHB? + (p6 + 2a)aJ»+(i)c + g6)» + gc=i)ax'+(^+ja)«« + (26+ra)» + r6; 
tterefore {pc-ra)x=^rb-q€. 



28 



X. PPwOBLEMS. 



58. Multiply by o (a + ft)'; 

8a*6c(a + 6) + — j+(2a + 6)6«a5=3a<?(a+6)«a!+6(a+6)«x; 

Za'hc{a + 6) + — ^=3ac(€i + h)*x + a*bx ; 



therefore 
therefore 



a«6?^M!i^=a^{3c(a+5)« + a5}, &o. 



69. Clear of fractions ; m (« + a)* + n (x + 5)» = (m + w) (« + a) (x + 5) ; 
(TO + n)«*+2(wa+n6)x + ma* + n&« = (m + n)x'+(7» + n)(flH-6)x + (m + n)a6; 
therefore' (m-n)(a-6)x=»i(a6-a^) + n(o6-6^) = (n6-ma)(a-6), «fco. 

60. Clear of fractions ; (x - a)' (« + o + 26) = (x + 6)' (x - 2a — 6) ; 

x*+(26-2a)x»-6a6x«+2(o» + 3a«6)x-a8(a + 26) 
=x*+(26-2a)x»-6afix«-2(6»+8a6«)x-63(5 + 2a); 
therefore 2 (a + 6)5x = a* - 6* + 2o6 (a« - 6«) = (a« - 6«) (a + 6)«, &c. 

61. 3x'-8(a + 6+c)x»+3(a« + 6» + c*)x-o»-6»-c» 
= 3 {X* - (a + 6 + c)x^ + (a6+ Jc+co)x-o6c} ; 

therefore 8 (a' + 6* + c* - oft - 6c - <»)x= a' + &' + c* - 8a6^ 

= (a»+6* + c'-(i5-6c-ca)(o + 6 + c), &c. 

1675 875x 625x 



62. ^ 



100 "*" 1000 



1000 "" 10000 ' 



1500x+ 15750 -8750x=> 626.1^ &o. 



1?? ^/y*_J\-^ 89, 12x 86x J^_^ 90 
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48x 144x _1 _16x 89 

10 " 100 ■*'io"" 10 ■*'io' ^ 



X. 

1. Suppose the property of the poorer person to be x pounds, then i\ 
of the richer person is 2x pounds : thus x+2x=8870. 

2. Let m denote the number of shillings which one receives, and 

X X 

number of half-crowns which the .other receives : thus ^ + ^=420. 

8. Let OB denote the number of shillings in the money of the purse : thi 

X X 
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4. Let X denote the nnmber of pounds in the amount of the bill : thus 

5. Let X denote the first part ; then 46 - x denotes the other part : thus 
X 46-a; ^. 

6. liet X denote the nnmber of children ; then 4x denotes the number of 
men, and 2x the number of women : thus x+4x+2x=266. 

7. Xiot X denote the number of pounds in the person's income : thus 

XX X .«. 

8. liot X denote the nxunber of pounds which B contributes ; then A 

eontributes -=- pounds, and C contributes -^ pounds : thus x + -=- + -z, =694 
o o o o 

9. liet X denote the number of pounds which A has ; then B has x+ 100 
pounds, and C has x+ 100+ 270 pounds : thus 

x+x+100+x + 100 + 270=1620. 

10. Iiet X denote the nnmber of pounds in the sum ; then A has 5 - 30 

X X 

potmdSf jB has ^ - 10 pounds, and C has 7+8 pounds : thus 

o 4 

|-30 + |-10 + | + 8=x. 

11. Ijet X denote the greater number, then 5760 -x denotes the less 

nomber : thus x- (5760 - x) »- . 

o 

12. Ziei X denote the number of quarts which each cask originally con- 
;tained: ihus x-34=r2(x-80). 

13. Let X denote the number of shillings in the cost of the print : thus 

14. Iiet X denote the number of pounds in the yalue-of a sheep : thus 
72»+35 — 92X-S5. 

15. liet X denote the number of pounds in the price of the house ; then 
850 '2E denotes the number of pounds in the price of the garden : thus 

5x=12(850-x). 

16. Xiet X denote the number of inches in the length of the rod : thus 

X X X X X X ^_. 

10 + 20 +30 +40 "^60 + 60"^^^ ''*• 
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2x 

17. Let X denote the number of persons; then -^ persons receiyed 

o 

S X S 

shillings each, and ^ persons received ^ shillings each : thus 

^ o Jt 

2ac 3 05 5 -. 

18. Let X denote the number : thus ^ + ^=20. 

o 7 

19. Let X denote the less number, then x+1 denotes the other : thus 

(«+!)•-«• =15. 

20. Let X denote the whole number of kings : thus 

X X X ^ X g 

21. Let X denote the number of miles per hour at which the stream flows : 
then frith the stream the boat moves over 9+ a; miles an hour, and agairut 
the stream ihe boat moves over 9 - « miles an hour : thus 9 + a; = 2 (9 - x). 

22. Let X denote the number of shillings each had at the commoice- 

X X 

meni After the first game A has x+^ + 1 shillings, and B has as-^-l 

9x X 

shillings, that is A has q- +1 shillings and B has ^ - 1. After the second 

isvMAha»^+l-\(^+iyi, and5ha8?-l+i(^+l)+ls thai 
|-l4(5.l).X»3«H.2-(?+l)-a. I 

23. Let X denote the number of pounds in the cost of the house ; then 
12000 - X denotes the remainder : thus 

12000-* 4 2(12000-«) 6 

8 ^100+ 3 ^100^^^- 

24. Let X denote the number of oxen, and therefore 35 -as the ntunber of 

25. Let X denote the number of shillings in the purse : then A takei 
2 + ~, and B takes 3 + g|x-2-^-3|: thus 
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26. Lei X denote the number of leaps the hare takes ; then the grey- 
hound takes -^ leaps, which are equivalent to -^ leaps of the hare : thus 

27. Let X denote the number of yards in the breadth of the first field, 
and therefore 2x the number of yards in the length ; then this field contains 
2aB^ square yards. Similarly the second field contains (2x+ 60) («+ 10) square 
yards. Thus {2x + 50) (x + 10) = 2aj» + 6800. 

28. Let X denote the number of minutes. Then, as in Art. 171, 

X_ X_ X _^ 

80"^200'*'300~ 

29. Let X denote the number of pounds in the sum of the incomes below 

£100 a year, and therefore 500000— x the number in the sum of the incomes 

7x 
aboye £100 a ^ear. Then ^j^ is the number of pounds raised by the tax on 

the f<«ner ineon^es. ..d 520^ ie the nun^ber of ponndB raised .,, t^ 

x^ , XX . XI. 7aj 600000 -« -«„^^ 
tax on the latter mcomes: thus ^tttl + ^rx =18750. 

30. Let X denote the number of pounds of the inferior tea ; the cost in 

44 
shillings of the tea which is mixed is 805+6, and it is sold for ^(x+1) 

flhillings : thus -5- (ac+l) = 3a;+6+ ,„ . 

31. lict X denote the number of oranges, and therefore «+ 180 the num- 

3 
lier of apples. Each apple is sold for ? of a penny ; thus 35 apples are sold 

for 21 pence, and therefore 15 oranges are sold for 22} pence. Therefore 

leach orange is sold for ^ pence, that is for - pence. Thus 

y + g(aj+180)=234. 

82. Ziet X denote the number of gallons drawn from A, and therefore 
14 -X the number drawn from B. Two-fifths of what is drawn from A 
otmsists of wine, and three-fourths of what is drawn from B : thus 

2x 3{U-x) 

T"*"~~4 "~^- 

83. liet Zx denote the number of days in which C could dig the trench ; 
Ihen B could dig it in 2x days, and Ainx days ; therefore in 6 days C7 cUgs 

X- of the trench, B digs ;r- of it, and A digs - of it : thus ;r- + a- + -— 1* 

9X JSX X oX TiX X 

84. Iiet X denote the number of pounds the person had at first : thus 
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35. Let X denote the number of minntes after one o'clock. In x 
minutes the long hand will move oyer x divisions, and as the long hand 
moves twelve times faster thim the short hand, the short hand wiU move 

over ^ divisions in x minutes. At one o'clock the short hand is 5 divisions 

^_ X 

in advance of the long hand. Thns 5 + :rn—x- 1. 

86. Let X denote the number of miles the person can ride in the ooach ; 

X XXX 

then this takes r- hours : and to walk back takes - hours : thus , + -=a. 
b e be 

37. Let X shillings per owt. denote the duty after reduction. Since the 

3x 
consumption increases one-half -^ shillings is now obtained for eyeiy 6 shil- 
lings formerly obtained. As the revenue falls one-third what is now obtained 

3x 2 
is two-thirds of what was formerly obtained. Thus -^r- = ^ x 6. 

38. Let X denote the number of men. Then the ship sails with 60xlbs. 

of biscuit. In 20 days 20a; lbs. are consumed. Then in the remaining 64 

6 5(2-5)64 

days = (» - 5) 64 lbs. are consumed. Thus 60a5 = 20« -i- — ^ — ~ — . 

XI. 

15. Simplify the equations ; thus x + 5y = 48, 7a! -f- y = 132. 

16. From the first equation 143x=91y; therefore ll«=7y. 

17. Multiply the first equation by 12 ; 

8a5-484.6y+12a5=96-9y + l, that is 20a;-|-15y=145; 
therefore 4af-|-3y = 29. Multiply the second equation by 6 ; 

y-3a8-hl2 = l-12a;-f36, that is 9a; -I- yt= 25. 
Then multiply the latter by 3, and subtract the former. 

18. 4a; -I- 8y = jTT , -r— - - 6y = r^ : multiply the first equation by 3, and 
the second by 4, and add. 

19. Substitute the value of x from the first equation in the second : thus 

^(8y + 7y)-l=?(8y-6y + l), 

4i/ 2 
thatia 3y_i=_iL+ Then multiply by 8. 

20. Multiply the first equation by 4 ; 

4a:+ 6aj- 2y - 2 = 1 -H 3y - 3, that is lOa? - 5y=0; therefore y =2x. 
Multiply the second equation by 10 ; 

8a;+6y=7y-l-20, that is y=8«-20. 
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21. Multiply the first equation by 10 ; 

16«-55y+30=4a;+2y, that ifl ll«-27y+ 30=0. 
Multiply the becond equation by 12 ; , 

m-3x+^=Qx+iy, that is aB-2y=96. 

22. Multiply the first equation by 180 ; 

54a;-12y-80=15a;-10y, that is 89a;-2ys80. 
Multiply the second equation by 60; 

120a;-160=5a;-4y+66» that is 115a; +4y= 226. 
Then multiply the former by 2 and add to the latter. 

23. Multiply the first equation by 30; 

24x'lBy'-^2=9x-^-25, that is l&e- 14^=17. 
Multiply the second equation by 60; 

20y~20+3aB-%=i43^-4x + 10x+66, that is 24«+7y=86. 
Then multiply the latter by 2, and add to the former. 

24. The first equation is 

4/2« 5y\ 2f^ y\ 
7\S "Uj" 23\2 "sy" ' 
8* 6tf 3jc 2v ^ 
'"^^ 2l-21-23 + J='»- 

Multiply by 3x21x23: thus 662a: -3452(-189x+ 42^=2898, that is 
363«-303y=2898; divide by3: thus 121x- 1013^=966. The second equation 
gives 5 (x-y)=-x+yt that is 4x = Gy ; therefore 2ai = 3y. 

25. Multiply the first equation by 8x6x7x8; 

d40» - 6603^ + 840 + 11562^ - 1060 = 480aE - 360^ + 600 + 7660 - 168«, 
that is 528x+ 956^=8370. Multiply the second equation by 18; 
810- 24aj+12=66aj+71y+l, that is 79aj+71y=821. 
Then multiply the former by 71, and the latter by 966, and subtract 

26. The first equation is 

24g 8^ _ 10/3^ J\ 8fl5 100/26 6y \ 
10 "*" 100 6 UOO " 100 j ~ 10 ■*" 25 \10 "** 1000/ * 

., . .^ 24«j ^ 32y 72aj 10 8* 104 20y 

"^ 10 ^100 100^ 100 "10^ 10 ^1000' 

multiply by 100; 240x + 32^-729 +10 =809;+ 1040 +2y, 

that is 88x + dOy = 1030. The second equation ifl 

l^/^ir +iV^/'^-lV therefore2r^ + l^--^.Ji 
3 UOO 10 j " 6 VlOO lOy ' *"*'^*'*"'^" ^ ^100 ^ loy ""100 10 • 

Multiply by 100 ; 8y + 20 = 7x - 10, that is 7« - 8y = 30. Then multiply the 
former by 4, and the latter by 15, and add* 

T. K. D 

i 
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27. Multiply the first equation by 6, and the second by 11, and add. 

28. Multiply the first equation by m, and the second by n, and subtract: 

thus =TO-n; therefore x= =i»+n. Again multiply the first 

equation by n, and the second by m, and subtract: thus we obtain y=m+ii. 

29. Multiply the second equation by 6; -^ + |=4: then subtract the 

a 

first equation. 

30. Multiply the first equation by n, and the second by &, and add : thus 
{na+mb)x=fu: -{-bd. Again multiply the first equation by m, and the second 
by a, and subtract : thus {na + mb) y = mc- ad. 

81. fl5(a + c)+y(6 + c) = 2(o+c)(6 + c), ax-by={a-h)c. Multiply the 
first equation by 6, and the second by (6 + c) and add: thus 

x{c{a + h) + 2ab}=^c^{a + b) + {Sdb+b^e+2ab^; 

hence, by division, x=c+&. Substitute this value in the first equation: 
thus y(6 + c) = (a+c)(6 + c); therefore 3/= a + c. 

32. x{a-b)+y[a+b)=2a{a*—b^y x-y=iab. Multiply the second 
equation by a + 2), and add it to the first ; thus 

2ax= 2a (a* - 6«) + 4a6 (a + 6) ; 

therefore a? = a* - 6* + 2ab + 26* = (a + &)*. Substitute this value in the second, 
equation : thus y = (a + 6)* - iab = (a - 6)'. 

xn. 

2 11 

10. Add the first and second eqiiations; -+-+-=3: subtract the 

x y z 

2 3 4 

third; - = 27: therefore x=x. Substitute the value of oc in the first and 
X 2 8 

second equations. 

11. Multiply the first equation by 2, and add to the second; 

-+-=-+2, tiiatis =2: 

X z z X z 

7 7 

multiply the third equation by 8 and add to this; -=6: therefore a;= ^ . 

Then find z from the third equation, and y from the second. 

17 fi 78S 

12. Add the second and third equations ; Tc" + ~ = "ao * tl^eJ^^^r® 

17 90 

— +—=394. Multiply the first equation by 5, and the second by 8, and 

X z 

add; ^+ — = -5—: therefore — + — =358. Multiply the former result 

ox 2 O X Z 

411 1 

by 7 and the latter by 10, and subtract ; — =822 : therefore »=2 • 
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13. Mnlidply the first equation by 20, the second by 12, the third by 42, 
and simplify ; 

10aj+15y-242=41, 15a!-12y+16sf=10, 18aj-14y- 72= -13. 

14. Clear of fractions, and simplify ; 

35a5+8y - 16a=0, 3a;-y-2= -4, 125a;+ 129y - 105z=0. 

15. Multiply the second equation by 8, ahd the fourth by 7, and subtract ; 
133a!-d3z=4. Multiply the first equation by 7, and the third by 3, and 
subtract ; 42x - 12^=4. Hence find x and z, 

16. Find as, y, and z from the last three equations ; and then find u 
from the first. 

17. Multiply the third equation by 3, and the fourth by 4, and subtract ; 
6x-(-20y=38 : use this and the first two equations. 

18. Find ie, x, and z from the first, third, and fourth equations ; and then 
find y from the second. 

19. Multiply the second equation by 2, and subtract the fourth; 
4y-42+3u = 18. Multiply the first equation by 3, and the third by 7, and 
add; 35y-60-6M=3lO7. From these two and the fifth equation find y, z, 
andtt. 

20. Find v from the third equation; substitute in the others; clear of 
fractions and simplify: thus we eliminate v and obtain 

6x+22y-3z-3tt=28, 

3fl5- 6y+2a-4it=ll, 

-2a5+10y+2«+7tt= 6, 

8x-34y + 9z+8i*= 6. 

Next we eliminate ti from these equations; we find u from the first equa- 
tion, substitute in tiie others, and simplify; thus we obtain 

15x+103y-18«=79, 36x+184y-16a=211, 7«-6y+32=17. 

21. Add the first and second equations, and subtract the third. 

22. From the first equation y=— - — ; from the second z= ; sub- 
stitute in the third; ^Jtz^ + l^iZ^^) =«: multiply by a and simplify. 

a a 

23. Add the first and second equations, and subtract the third. 

24. Substitute the value of z from the first equation in the second; 
(Hc)a5+((j+a)y-(a+6)(«+y)=0, that is (c-a)«=(6-c)y. 

Again substitute the value of y from the first equation in the second; 
thus we get (6 - a) x = (c - &) z. ^hen from the third equation 



, eaie-ayx ah(p-a)x - 

oca5+ — r + — - — r~~"=*-»-> 

o-c c-o 



D2 
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that 18 bcx+ — ^ T — — ^ ^»=1, 

O-'C 

thatis aj{6c+a'-a{6+c)} = l, that is a5(a-&)(a-<j)=3l. 

25. Multiply the first equation by e and sabtraot the second; 

Multiply the .second equation by e and subtract the third; 

a'(c-o)x+6»(c-6)y=-4«(c-^). 
Multiply the former by b and subtract the latter; 

a{b-a)(c-a)x=A{h^A)(C'A). 
Similarly for y and 2. 

1111 

26. sca/z=a{yz-zx-xy). Divide by ojcyz: thus -ss-- , ftJTpi . 

a X y s 

larly we get - = , and - = . Add the second and tliird 

b y X z c z X y 

of these. 

27. a5+y+2=a+6 + c, 

&c + cy + oa = a* + 6* + c', 

SubBtitute the value of z from the first in the others ; 

(6-a)a5+(c-a)y=6*+c'-o(6+(;), 

(c-6)a5+(a- 6) y=a*+c*-6 (a+c). 
Multiply the former by & - a, and the latter by c - a, and add ; 

a5{(6-o)«+(c-a)((j-6)}=(6-o)(6»+c»-a6-a(;) + (c-a)(a8+c»-6a-6c), 
that is x{a^ + l^ + i^-ab-bc-ca) 

= -o» + 62 + c8+2a«6+2a«c-268a-2<Ai-aJc, 
therefore by division ac«= & + c - a. Similarly for y and 2. 

28. Subtract the second equation from the first, 

divide by a- 6, -y + (a+6)2=a' + a6+6^. 

Subtract the third equation from the second, 

divide by 6-c, -y+(6 + c)«=6*+6c+e'. 

Subtract the latter from the former, 

(a^ ^ z=a^ - i^ ■\-b{a^ e); 

divide by a -c, «=a+c+6. 

Hence y=(6 + c)(a+c+6) -6'-&c-c*; from which we get y=a5+&e+ai. 

Substitute the values of y and 2 in any of the three given equations, and we 
obtain the value of ow 
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XIIL 

1. Let X denote the numerator, and y the denominator of the fraction : 
,, aj+8 - X 1 

y * y+2 2 

2. Let X denote the number of potmds in A^b money, and y the num- 
ber in B's: thus aj+y=670, 8a;+6y=2860. 

3. Let X denote the numerator, and y the denominator of the fraction : 

^ y ""3' y + 1 4* 

4. Let X denote the first number, and y the second: thus 

a5 + 4y=29, 6« + y=86. 

5. Let X denote the number of shillings in il*s money, and y the num- 

X 

berin5*B: thus aj+86=3y, y-6 = x. 

6. Let X denote the number of shillings in J 's money, and y the num- 
berin^'s: thus »-10=2(y+10)-25, y-10 = ~ (a;+10). 

7. Let X denote the first number, and y the second: thus 

2aj+y=17, 2y-«-aB=19. 

8. Let X denote the first number, and y the second : thus 

^+^=3aj-y, 3a;-y=ll. 

9. Suppose that tea costs x shillings a pound and coffee y shillings a 
pound: thus 32x+15y=106, 86a;+9y=105. 

10. Let Xt y, and z denote the first, second, and third numbers reppeot- 
iTdy: thus a5 + y + 2=9, aD+2y+3z=22, a5+4y+9«=68. 

11. Let X shillings denote the price of a pound of tea, and y shillings 
the price of a pound of sugar: thus 

11a* 3 

«+3y=6, -jQ+2^%=7- 

12. Let X denote the number of pounds invested in consols, and y the 
ntimber in railway shares: thus x+y=2550. The annual income from con- 

Bolg is — ; and that from the railway shares is ~ : thus ^rr = Jr • We shall 

find that y= 1200, so that the number of railway shares =50. 

13. Let X denote the number of pounds in the capital of the first per- 
son, and y the rate per cent, at which it is invested: thus 

?^(,+iooo)=£+8o. y^-^.+im)=^^m; 

therefore »+1000y+ 1000 =8000, 2aj+1600y+ 8000 =16000. 
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14. Suppose that there are x persons and each receiyes y Bhillingg : thtu 
(a5+4)(y-l)==«y, {x-5)(y+2)=xy. 

15. Let X denote the number of gallons which the first plug hole would 
discharge in an hour, and y the number the second would discharge: thoB 
3x+3y + lly=192, 6aj+6y+6y=192. 

16. Suppose the original income to be sp pounds, and the poor-rate to 
be y pence per pound: thus 

* 240 240"*^^' 240 -240^ ^^5' 

therefore by addition, *- oin ~ slo"*"^^®^ ' *^^ ^^ ** ^"^^ ^^ substituting 
the value of x in either equation we obtain y, 

17. Let Xy y, and z 4enote the nun^bers in the first, second, and third 
claBses respectively: thus 

a5+y~2=4(y+«-a;)-10, 

a; + 30=y + z-29 + l, 

»+y + 2=x8(«-y) + 34. 

18. Suppose that the farmer has x pounds, that an ox costs y pounds, 

and a lamb z pounds. Thus a:=« 4y + 822, x=Ay-\-l^-\-~(^+ 16) + 9. Each 

I62 
ox cost y shillings foj convey^mce, and each lamb -^ shillings ; so that the 

whole cost of conveyance was 4^+— 3— shillings, and as 20 animals were 

conveyed at an average cost of 6 shillings per head we have 4y + -^— =120. 

19. Suppose that A won x games and B won y games. Then A has 
received 2ac shillings and paid 8y shillings. Thus 22-3^=3. Similarly we 
obtain 2(a;-l)-6(y+l)= -30. 

20. Suppose that originally A, B, C, i>, and E had as, y, z, u, v 
shillings respectively: thus x-\'^y=ZOy y-ny + 52=30, z~^z-\--^u=^^y 

tt~-t«4.-i;=30, v--v=30. From the last equation find v; then u from 
4 6 6 

the prteeding equation; and so on. 

21. Suppose that the distance is x miles, and that the coach goes at the 
rate of y miles an hour ; then the railway train goes at the rate of 2y miles 

2^ 2x 

an hour. Thus -^^^ — =s-+3, — =5--+3. 

y 2y ' y 2y 

22. Suppose that A could do the work in x days, and ^ in y days : thus 

SO 30 . 80+5J-8 . 80 + 6J-4 - 
X y ' X y 
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23. Suppose that A could run a mile in a? minutes and that B could ran 
a mile in y minutes. At forst B runs 1760 - 44 yards in 61 seconds more 

time than A takes to run a mile : thus — ^7=^75 — y^«+5A • ^^ *^® second 

17oU oU 

heat A runs 1760 - 88 yards in 1 minute 15 seconds less time than B takes to 

., ., 1760-88 ,. 

run a mile: thus — ^.-^- x=y-lL 

lYoO ^ 

24. Suppose that the distance from the foot to the summit of the 
mountain is x miles, that A walks y miles per hour, and B walks 2 miles 

per hour. Therefore - is the time in which A would reach the summit : 

y 

thus - = — TT . And tt- is the time A takes over the needless mile and 
y z 2 2y 

back : thus - + «- = - - st? • Also rr = - + S7% - ttx • Suhtract the second 
y 2y z &) 2f 2 60 60 

equation from the firdt and we find y ; then subtract the third from the first 

and we find x. 

25. Suppose that the length of the line is x miles, and that the train 
originally goes y miles an hour. When the accident liappens the train has 



X'" tt 

x-y miles still to go, and at the diminished rate this will take ^-^ hours. 

o 

X ^ V X 

Then 2+«---i^ = -+3. If the accident had happened 50 miles further on 
3 y . 

the time taken before the accident would have been 1 +— hours ; and there 

y 

would have been »-50-y miles still to go. Thus 2+ — + ^~„ "^ = - + 3 - 14. 

y 8 y * 

py 

• 5^ 

Multiply each equation by 3y ; 

6y+6(x-y)=3a5+9y, 6y+150+5(aj-50-y) = 3a;+5y. 

26. Suppose that originally A has x shillings, B has y shillings, 
and has z shillings. After the first game A has x-y-z shillings; 
^ has 2y ; and O has 2z, After the second game A has 2x-2y- 2z shil- 
lings; B has 2y— (a6-y-2)-22, that is 3y-as-z; and O has 42. After 
the third game A has 4x— 4y-42 shillings; B has 6y-2as~22; and C7has 
4a-(2a5-2y-22)-(3y-aj-2), that is 7a-y-«. Thus 4a; - 4y - 42 = 16, 
*- 2a; -22= 16, 7z-y-«=16. 



27. Suppose that A could do it in a; days, and fi in y days : thus 

-+-=1, - + -11^=1. 
X y x y 



40 Xni. PROBLEMa 

2^. Suppose that the original rate of the train is x miles per hour, and 
that the accident happens y miles from Cambridge. By the diminishing of thB 

speed the time taken over these y miles is ^ hours instead of - hours: thus 

1 « 

n 

-2—= ? + a ; therefore ny = y+ax. Similarly ??— = ^-^ + e ; therefore 
I X ^ " ^ 1 X 

-X -X 

n n 

n. (y-h)=y-b+ex. Subtract the second equation from the first, and we find x. 

29. Suppose the circumference of the fore-wheel to be x yards, and 

*i A * *!, v J I, 1 * V ji *!, 120 120 ^ 120 120 , 

that of the hind- wheel to be y yards : thus =6, --— - -—-=4, 

^ "^ X y 5x ^y 

T 5 

80. Let X denote the digit in the tens' place, and y the digit in the 
units' place; then the number is lOx+y : thus 

10x+y=d{x+y)t 10a;+y+45 = 10y + aJ. 

81. Let X denote the digit in the tens* place, and y the digit in the nnits* 

place; then the number is lOac+y: thus 10aj+y=7(x+y), 10a:+y-27=10^+a;. 

• 

82. Suppose that the distance from A to B isx miles, from A to Cia y 
miles, and &om C to J? is s miles ; and that the coach goes u miles an 
hour, and therefore the train 3ii miles. Then 

X y z 1l 

- = £- + - -; therefore 3a;=y +2 - u ; 



2a; __^ 

1 



2a; y z z , 
— =~ +K- + K-; therefore ^=y+2z ; 
u 6u Bu Su a 1 



- + l = i?- + — ■ ■■ ; therefore 6a;+6tt=2w+82; 
u 3tt dtt ^ 

a5+y+2=76i. • 

83. Suppose that the course is x yards, that A'*& original rate is y yards 
per minute and ^'s original rate z yards per minute. A goes twice round 

the course and 150 yards more while B goes twice round : thus = — , 

y z 

In the second race A goes round four times at the rate of -~ yards pair 

3 

minute ; B goes round once at the rate of -^ yards per minute, once at the 

8 

rate of z yards per minute, and once round all but 180 yards at the rate of — 

yards per minute : thus 

Ax X X ^ a;-180 ,, . . 3a; 1 (9>x , 10(a;-180)) 
^9£« ^ y z\^ 9 ) 

3 8 10 



' J 
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Diyide the tenns of this equation by the terms of the first : thus 

8as _ 8a; x^ 10 (g- 180) 
2a;+150'"18aj ■*'2»"*" 18» * 

,, ^ . 8aj 4 1 5 100 

^, ^ 100 3 Sa; 460 

therefore _ = _ .^-^ =.-___ . 

therefore 400a; + 80000 =450x; therefore a =600. 

84. Supi>ose the original rate of the coaoh to be as miles per hour, and 
that of the man y miles. Suppose that the coach goes z hours before it 
oyertakes the man; then as the man started jp hours before the coach, 

(p + z)y=«B (1). 

6s 
At the increased rates the coach goes -7-(2+9) miles in z+q hours, and 



6d6 6v 

the man goes -7^(2+3') miles: thus -=-(2 + 5)--;^ (2 +3) =92, 

that is . (t - t) («+«) = ^2 (2)- 

Also (a5-y)(z+g)=80 (3). 

6a; 5y 

Divide (2) by (8); ^'m" 

from this we get a;=2y (4). 

Then from (1) we get z=p. Therefore from (8) if p+(|f=16, we get 
80 
«— ys iA~^ * ^^^ ^^^ '^^ (^) ^^^ ^ ^^^ ^* 

XIV. 

1. 3a-[6+{2a-(&-c)}]=3a-[6 + {2a-6 + c}]=8a-[&+2a-6 + c] 
=3a-[2a+c]=8a-2a-c=a-c, 

2c»-l 

2 4c»-l 2c -1 



2c + l 2(2c + l) 



I 



. 1 2c-l 1 . 1 

2. 8x»+14a!«+22aj+21 \ 6«*+10a»+ 2a:^- 20a;- 28 / 2a;-6 



L \ 6a;*+10a*+ 2a:^- 20a;- 28 / 5 
J 6g *+28g» + 44a^+ 42a; V 

-18a;»-42a;«- 62a;- 28 
-18g»-84a:«- 182a; -126 

42a;>+ 70a;+ 98 



42 XIV. MISCELLANEOUS EXAMPLES. 

Diyide»by 14; 8««+^+7 \ 8«» + 14aj«+22«+21 / aj+3 

y 3g»+ 6g«+ 7x V 

9a^ + 16a;+21 
9iB* + 16a; + 21 



Thii4 3a^ + &( + 7 is the G.o. M. 



a» a« 



d. 



b a b{a-b) a{a^b) 



a6 o*--o5+y _ o*~(a*~a5-f &*) _ a5~6* 6 



b(a-b) a(a~'b) a(a-b) 0(0- b) a 

J mu ' e-b + a—e + b-a ^ 
i. The expression =» - — tttt — tt r 5= 0. 

5. First take 111= 1. Mnltiply ont the factors in the nnmerator and in 
the denominator: some of the terms cancel, and we shall then have 

(b-d){ac-b d) 

{a-c){ac~bdj* 

Next take m—% Multiply ont, and we shall then have 

(ft- d) (cibc + cLcd - ahd - bed) 
(a - c) {abc + acd - abd — bed) * 



6. 



7. 



a*+l^+<»^Zdbe _ (a^+l^ + t^-db-'be-ea)(a+b+c) 



X 



g(l-y«)(l-0+y(l-g»)(l-g«)+z(l-g«)(l-y«) 
(l-a^)(l-y«)(l-i») 

The numerator of the last expression 

=a5+y +«-« (y»+«') - y (z*+ «^ -2 (as'+y*) +a^ (yss+tBC+Jcy) ; 
and since yz+gx+xy=l,7fe may write this 

(fl5 +y +«) (ys + MS + a?y) -« (y* + s^ - y (a^ + as*) -«(«?+ y^ + ayz, 
which gives by multiplying out Zxyz+xyz, that is 4xyz. 

8. «»-6aaj»+12a««-8a'+aj»-66x='+126«a}-86" 

=2{a!?-8(a+6)«*+3(a+5)«aJ-(a+5)«}, 
therefore x {12a« + 12ft» - 6 (a + 6)'} = 8a» + 86» - 2 (o + 6)», 

that is 6a;(a>-2a(+&^ = 6aS+66S-6a<&-6a6>, 

therefore a;(a«-2a6+6')=(a+6)(a»-2a6+6*), 

therefore x=a+&« 
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9. fls+y+«=a+6+«, 

hx+cy-\-az=cib+'bc-{-oat 
cx+ayi-hz=sab+hc-\-ea. 

Multiply the first equation by a, and subtract the second; 

(a - 6) as + (a - e) y= a*-^c. 

Multiply the first equation by 5, and subtract the third; 

(6 - c) «+ (6 - a) ysft* - ac. 

Multiply the former by a - &, and the latter by a - c, and add; 

aj{(a-6)« + (a-c)(6-c)}=(a-5)(a»-6c) + (a-c)(J«--oc); 

that is a5(a*+6'+c'-a5-6c-ca)=a(a'+6'+c'-a6-6c-c(i), 
therefore x=^a. 



10. a!» + 6a:>+lla;+6 ) «»+7a:»+14«+8 / 1 

y a;» + 6aj« + ll«+6 V 



a!?+8a;+2 \ a5* + 6a^+llaj+6 / x + 

Sa^+ 9a;+6 
8a»+ 9a!+6 



Thus the o.o.m. of the first two expressions is a^+Sas+2; and their 
L.C.M. is (a;+3)(ar'+7x^+14a5+8), that is aj*+10»> + 36aj»+50a;+24. 

It will be found that this is divisible by the other two expressions, and is 
therefore the l. cm. of the four. It may be shewn that it 

= («+l)(«+2)(»+3)(aj+4). 

XV. 

1. «4+2«3-10x«-ll«-12 \aj*+3a:>- 7a^-21a5-.86 



I \aj*+3a:>- 7a^-21a5-.86 / 1 
y a^+2gy-lQg8--lla;~12 V 

05*+ 8aj»-10!r-24 

a» + 3a!^-l0«-24 \a?*+2a!^-l(te«-ll«-12 / aj-1 

y ac*+3g»~10a:'-24a; V 

- 05* +13aj-12 

- (g»- 3a^+10g;+24 

3x*+ 8»-36 
DiTidebyS; a^+«-12 laj«+8«»-.10aj-24/ »+2 



2iK^+ 2x-24 
2iB>+ 2a;-24 

- ■ " 

Thns aB^+aB-12 is the a.c.ic. 



44 Xy. WSCEaXAKBOUS EXAKPLEa 

2 2 2(2-x) 2-« 



3. 



2-y o _?_ *-2aJ-2 l-as' 
2-i» 



2 2 2(l-g) 2(1-4 

2-« 2-a; 2-2aj-2+«'" -« * 

2 2 2ag 2a? 

2-w'^o 2(l-a5)"2a;+2-2«*" 2 "*" 

^"*" — ;;; — 

4. Bednce the expression to a oommon denominator ; then the nmnerator 
=« (» - 6) (« - c) +« (a- a) (»-c) +«(« - a) («- 6) - (»- a) (« - h) (s-c) 
=»{3«*-2«(a+6+c)+6c+ca+a6}-{«»-«*(a+6+c) + »(a6+6(;+ca)-a6c} 
=2«' - «■ (a + 6 + c) + oJc = a6c. 

6. It is shewn in Art. 110 that eveiy expression which is a measure of 
A and B divides 2> : thus D is a common multiple of all the common mea- 
sures. But no expression lower than 2> can be divided by J), Thus D is 
the least common multiple of all the divisors. 

6. Multiply out ; thus «* - 2205* + 164ie» - 468a! + 315 

=aj* - 22«? + 164iB» - 488aj+ 480. 

7. Multiply the first equation by c, and subtract the second ; 

(<?-«)«+ (c- 6) y=0; 

therefore y=^ — ^» Multiply the first equation by h, and subtract the 
o — c 

second; (6-a)ic+(&-c)2=0; therefore «=^-t — —• Substitute the values 
of ff and 2 in the third equation ; 

_- . x(a-h)(b-c)(c-a) , .. ., ., . 
Thus we get — ^^ ^-j- i-i ^=(a- J) (6-c) (c-a). 

9. Suppose that x potincUi ore left to a child, and y poimds to a brother; 
thus 5a;+8y=12670, »-^=2 (y-i^)- 

10. Gleeur of fractions ; 

{x - 3a) (»+ 2a) (a;+ a) + 2 («+ 6a) («+ 24) (aj+ o) + 3 («+ 6a) (« - 3a) (a5+o) 

= 6(aj+6a)(aj-3a)(«+2(t); 

a" - Ta^JB - 6a» + 2 (it? + 9a«2 + 20a*aj + 12a») + 8 (a? + 4aaj« - 15a*« - 18a?) 

= 6 (or* + 5ax8 - 12a«aj - 36a«) ; 

therefore - 12a«» - 3ea»= - 72a«a;- 216a' ; 

therefore 60sB=-180a; therefore a a -3a. 
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XYI. 

All these examples may be worked by ordinaiy multiplication. 

xvn. 

1. fl5*-2ac»+3a!?-2aj+l/ a?-»+l 



«* 



c 



c 



2. ««-4a^ +8qp+4/ s^-2a;-2 

2aj»-4aj-2 ) -.4^+8»+4 

3. 4u*+12aj»+6aj^-6a;+l/ 2a^ + 8aj-l 

4a^ V 



4a^+6«-l \ -4aj"-6a5+l 

6x+l 



12{e8 + 9x« 



4. 4aj*-4aB'+6«»-2aj+l / 2a^-aB+l 

4a^ V 

4a?-.ap \ -4ar»+5«"-2a;+l 

4a!»-2x+l \4aj«-2a;fl 

y4««-2«+i 

6. 4aj*-12aa?+26a*aj*-24a^+16a* / 2*»-3a«+4a' 
4ic* \ 

4a?-3(W ) -12a«3+26aV-24o»«+16a* 
y -12a{e8+ 9a V 

y 16aV-24a«a;+16a* 



6. 26a;*-30afl?+49aV-24o8aj+16a* / 5aB»-3a»+4a* 
25g* 

102^ - Soaj \ - 30aa}» + 49aV - 24a3« + 16a* 



V 



V: 



30aai»+ 9a*iJ* 



10^ - 6a» + -ia" \ 40a V - 24a»a? + 16a* 
y40aV-24a'« + 16c^ 



46 XVn. EVOLUTION. 

7. a!«-6a»"+15aV-20a»x' + 16aV-6a»a?+o« / (x?-Sax*+^a*x-c^ 
afi _\ 

2{r»-3a«^ \-6aaj»+16aV-20a3a5»+16aV-6a?x+a« 

2jE»-6a»* + 3a^ \ 6a«a;*-20a»x» + 16o^-6a««+o« 
2aj»-6aa!'+6aV;-a?» ) - 2a»«»+ 6aV-6o»x+a» 

8. Multiplying ont we find thai ^e proposed expression becomes 
a* + 2a'6' + 6^ : tiie square root is a' -f 5'. 

9. Multiplying out we find that the proposed expression becomes 

tf*(c*+<i«)»+2aW(c» + cP)»+ft*(c*+(P)*: 
the sqnare root is o« (c* + <P) + 6' (c* + cP), 



10. a* - 2a«(6« - c*+(P)f 6* - 26«(c* - d«)+ c«- 2c«(i«+d*( o»-(6»-c*+<P) 

a* 



V 



J - 2a«(y > c»-He») + (6« - c* + <y)« 

11, flJ»-4aj+2 + -+~(«-2-- 

^ 

2aj-2 \ . „ 4 1 

^-.4x + 2+-+^ 

-4x+4 



2aj-4-- ) -2+- + i 



-^4^h 



12. «._,?+ J+4*-2 + i(^,?-| + J 



2 \ 4 

2aj*-»+--y 4aj-2+-^ 
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Q^ ci^ €fl ^ flB* / d' a X 

13. _+_+^_«,_2 + -,(^-+?_- 



4 








xy X 

X 




-oos- 


■< 


, 2a 


i;- 


-ox- 

-005- 


■'4 



U. o*+2(26-c)a»-h (46«-46c+8c«)a« + 2c«(2J-c)a+c* / a»+(26-c)a+c» 



o* 



c 



2a»+ (26-<?) a J 2 (26 - e)<^ + (46« - 46c + Sc-'ja* + 2c2(26 - c)a + c* 
y 2(26-c)a»+(26-c)«a« 

2a*-h2(26-c)a+c» ) 2c»o»+ 2(^(26 -c)a+c* 

y 2c«a« + 2c«(26-c)g+c* 

15. For shortness pnt A for a* + 4a6 - 6a - 86' + 126, B iot 4a6 - 6a, and 
Cfor4i«-126 + 9. 

(a-26)V-2a(a-26)a?+^a^-5a5 + C7/ (a-26)ai«-aa;+26-S 
(a-26)^ V 

2 (a-26)ap«-aaj ) -2aTa-26)«» + -4a:?-^a!+(7 

y -2a(a-26)«» + a««> ^_^ 



2(a-26)x?-2aaj+26-3 \ (4a6-6a-86»-|-126)a?-Sx+C'' 

J (4a6-6a-86«+126)xy-Jgx+6^ 

16. The sum of the squares is 1*2996. 



17. 8x»-8x) 3x* 

-6xi 



-3x(3x?-3x) 



3»*-9x+2 8x*- 9x»+ 9as« 

9x» 



} 



3aJ*-18«3 + 27x» 
+2(3ac«-9x+2) 

3x*-18x8 + 33»2_i8aj+4 



^ 



x«-9x' + 33x*-63x» + 66a;»-36x+8 / x'-3x+2 

«« 

- 9x« + 38x* - 63x8 + 66a;^ - 36x+ 8 
~9xS+27x*~27x» 

6x*-36a5? + 66x«-86x+8 
■ 6«*-36x8 + 66x2-36x + 8 



48 XVII. EVOLUTION. 

18. 6a^+ 4ex) 12a^ 

Sex) 4ce(6fle»+4cg;) | 

16^J 

I2:f*+48ca5»+48c»ftj* 

-18cV-36c^+9c* 

la^ + 48c«* + 80<W - 86c»aj + 9c* 

8a!8+48<»«+60c»{p*- 80<:V-90c*aj"+108c'a!-27<J^ ( 2»«+4c«-8c* 

1^1 V 

48c3fi+G0ch*- 80<r»a?-90c^+108c"a;-27c« 
• 48cg»+96<fa*+ 64g»g» 

■"^ - 86c«»* - 144c8aj» - 90c^ + 108c5« - 27<j« 
- d6<M - 144<^a:» - 90^*a?» + 108c»y - 27c« 

19. 6(«?-8ck) 12a?* 

-6ca;{ ~8c!g(6{>y-8cae) | 

6aJ»-9cx+4<i* 12{U*-18«i^+ 9<Ab* > 

^_wJ 

^a^-36caj»+27c*8" 
+24c'g«-86Ap+16c* 

12;j:* - 86ca' + 51cV - 36Ab + 16(r* 
8«^-86<j»»+102cV-17lAj»+204<r*a?-144c*^aj+64c« / 2a!»-.-8<»+4c* 

8«« V 

- BQcgfi + 102(Ab4 - 171c3a« + 204c*si;* - 144c'«+ 64c^ 

-86cx»+ 64cV- 27c»ap^ 

48cV - 144c»{b' + 204c*a:^ - 144c«aj + 64<j« 
48c%* ~ lUi^s^ + 204<?*ac^ •> 144c»g + 64c« 

20. 155) 75.. 167-28416i ( 6-61 

10 5 _776) 126 V 

"l66l 8275 \ 42281 

25 I 41875 



9075.. 909161 

1651 909161 

909161 

21. 27009 2480000.. 78ll8§18f 72ft / 9009 



24Si081 729 



(^ 



248243081 2189187729 

2189187729 



22. 62 ) 12. . 10976-646048 / 22-22 

_4^| J24) _8 V 

662 ) 1824 \ 2970 

4t 4) 2648 



6662 1452 . . 822645 

1324 ) 293048 






146524 ( 29597048 

4 ) 29597048 



147852 . . 

133 24 

147QftK5!4. 



•^ 
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23. 8X) 

831 I 

2) 

8331) 

_i] 
83331 ) 

M 

333331 ) 

2j 

8333331 ) 

2J 

83333331 
2^ 

833333331 

i37i74Jl0&36f62S89626d6dl / 111111111 
1 

371 
331 



a 



40742 
36631 



4111108 
3699631 

411477367 
370329631 

41147736626 
87036629631 

4111106996890 
3703699629631 

407407866259260 
370370329629631 

37037036629629631 
37037036629629631 




8^877 
881 

86631 
1_ 

86963 . . 
8331 

8699631 
1^ 

8702963.. 
883 31 

870829631 
1^ 

870862968.. 
833831 

87086629681 
1_ 

87036962968.. 
8333331 

8703699629631 
1 

3703702962963.. 
33333331 ) 

870370329629631 [ 

870370362962963 . . 
833333331 

87037086629629631 



24. 



aj*-4x«+6-i+;i(a;«-2 + -. 



2«»-2 ) -4a;» + 6-4+-4 



jB^ a^ 



-4a? + 4: 



2ic»-4+ii2-i+i 
The square root of 3^-2 + -^iBx — . 



T. K. 



E 



60 XVni. INDICES. j 

i 

25. First suppose n an even number, say = 2m; then there are m dlg^ta I 
in the square root : and ^ J2»+l-(-l)"| =2 |*'» + l-l|=''*- 

Next suppose n an odd number, 8a7=2m+l; then there are m+1 digits ' 
in the square root: and j |2n+l -(-!)*{ =2 |4m+2+l+l|=ni+l. 



xvni. 






16. The numerator = a (a3 - a;9) + x (as - asJ) = (« +05) (as - x^) ; the 
denominator = o^ (a^ - xi) + Soac (a^ - «^ ) + a;'-' (a^ - 05 J) = (a* + Sou + 05*) (ai - ac^ ) : 
then remove the conmion factor a^ - x^. 



17. 



y« 2^ .?! + ^( y^ + yU-^ 

?! 

05 



x'i 



xi 2yK "^ ^»yi 4y 



18. 4a - 4a^ (36t - ici) + 96^ - 246^ + 16c^ / 2ai - (36^ - 4ci) 

4a \ 



4a^-(36J. 4c^) \ -4a^(36^-4c^) + 96^-246^cT+16ci 
v' - 4a^ (36* - 4cT) + 96^ - 246*0^ + led 



XIX. SURDS, 



51 



». 256a;*-512aj+640a5l-512a;J+304-128flri+40aj-5-8aj-i-f«-*/ leal-ieajs+ia ^ 



256x7 



82xl-16a;i \ -.512a;+640a;^-512a;i+304-128a5-i+40x-^-8a;-i+ari 
>^ -512x4-256x1 

32x*- 32x^+12 \ 384x^-612x^+304- 128x-T+40x-*-8x-i+x-i 

8 . 1 



'; 



384x^-384xTf+144 



I2x?-32xi+24-4x-^ ) -128x^+160-128x-i+40x-^-8x-i+x-^ 

^ -128x^+128- 96x-y+16x-T 

32xi-32xi+24-8x-*+x-* J 32- 32x-i+24x-T-8x-^x-^ 

9 ^ , 4 



r \ 32- 32x-Ti 
y 39- 8235-4 



32- 32x-T+24x-T-8x-'+a!rT 



20. a* =6*; extract the 11^ root; thus a=6» : and 

(a\T 1 — - --1 



If a— 2b we have (26)*=62»; extract the 6«»root; 26=6': divide by b; 
fhea2=&. 



XIX. 



X 



W3 2p^^2-V3. 



5. 



2+V3 ""2+^/3 2-V3 4-3 

(3+V3)(3+ V5)(V5 -2) _ V3 (3+V5)( V5 -2) 
(5-V5)(l + V3) 6-V5 

V3(V5-1) _V3^V3XV5_V15 
°^ 6-V5 ""VS^V^xV^ 6 

6. VlO=v'5xV2;V20=2V5; V^0=2V5xV2;V80=4v5. Thus the 

iraction ^ ,^ ,_ 

15 3V5XV5 

"■V5{\/2 + 2 + 2V2-l-4}"V5{3V2-3} 

V5 _ V5(V2 + 1) _ ...,o..x 
"V2^=^(V2^1)(V2 + l)-^^(^^^^'- 

8k Hnltiply out: then the expression becomes 

a« - 4a^6T + 2a6 + 40^6^ + 6«, 

K2 



52 XIX. SUBDS. 

16. Assume s/{ab+^+ t^{a*-<^){b*-e^))=y/x+y/y\ then 
x+y=ab+<^, VCa" - c«)(6« - c«) = 2 V(«y) ; 

therefore sc-y = c (a + 6), &c. 

16. V27+V16=V3(3+V5); therefore V{V27+>/16}=^3V{3+>/5}; Ac 

17. - 9 + 6V3 = V3 (6 - 3 V3) ; therefore V{- 9 + 6V3} =<4'3V{6 - 3V3} ; &c. 

18. U(W)-i^^^^; therefore VU+(l-c^-^^ 

19. V(1+«) = a/(i+'^-); we find this z^y^"*"^ 



V(l -«)= ;V(l - y) ; ^e fiad this = 



2 

V3-1 
2 



1 + N^ 1_N^ 

2 2 ^ 2 + V8 2-V8 2 + V3 2^/3-3 

- , V3 + 1 1 , V8-l~3+V3"^l+>/3*3 + V3 V3+"3~ 
^ + ""2- ^ + -2~ 

^ 3>/3-l ^ (3V3-l)(3-V3) -12+10V3 _ 6v3-6 
8 + V3 (3 + V3)(3-V3) " 6 "" 3 * 

i+^i 1-^ 

20 ^2^2 2+V3 2-V3 

, ,V3 + 1"*"^ V3-l ~3 + V3'*'3-V3 
^'*'~2 ^ 2~ 

_ (2 + V3)(3-V3) + (2-V3)(3 + V3) _6 

9-3 ""6"" 

23. We observe that four of the radicals have the negative sign, and two 
the positive sign: this leads us to assume for the square root \/x-\^y-\Jz-\Ji. 
Square; thus, a;+y+2+«=15; also we may put 2y(«y)=6V2, 2V(2<)=2V5; 
then we must try to adjust the remaining quantities. Thus 2 \/(x£) will be 
equal to one of the other four radical expressions, and 2y/{xt) to another of 
them. After trial we take 2V(a») = 2V30, and 2V(Jrf)=2V6. Hence by 
multiplication a;V(2<)=V30 x V6=6's/5. But y/{a)=yJ5. Thus aj=6. Pro- 
ceeding in this way we obtain the required square root. 

24. Proceed as in Art. 310: we have a=7, 6=60; thus 0*= -1, c= -1; 
the cubic equation is 4x^ + 3a;=:7; and a root is a;= 1. 

25. Here a=16, 6=320; c= -4: a root of 408+ 12a;=16 is x=l. 

26. 9V3-llV2=3V3r3-y ^|V Take a=3, V6=y A/|;tiien 
e^^: a root of 4flE^*j6=8 isdB=l* 



f 



2X QI7iJ>BA.TIC3. 53 

1 X 7 

then c=s : a root of 408^ - x = r is 05=1, 
2 2 

28. We first find '^(2+>/5). Here a=2, 5=5, c=-l: a root of 
4x"+3a5=2 is aj=^. Thus ^/(V6+2)=^!^^. Then ^(V5-2)=^^^. 

29. Transpose and square ; a;+ll=:a5 + 2^a;+l; 10=2 Vo?* &o> 

30. Transpose and square ; 3a5+4=3a8-5-18 V(3« - 6) 4 81 ; 

18V(3«-6) = 72; V(3a'-6)=4; square, &c. 

31. Square; a«(6-»)=6«(a-aj); (a«-6*)«=o5(a-6), (fco. 

32. Transpose and square ; x+a^x+h-^ ijc{x+h) + e; 

2Vc(«+6)=6+c-a; 4c(«+6) = (6+c-a)*, &o. 



XX. 

10. 4a!^-4«-8=0, &0. 11. 6a'-'l8=a5-3, &c. 

16. aj'-8aj+2=6, Ac. 16. 8aj"-5a!+2=14, &c. 

20. 2x^-905+10=1208-30, &c. 21. 4aB^-12aj+9=8a5, &c. 

24. 100a;* + 196o5 +73=0, &o. 

26. MultiBJybyea!; 8a!»+12=2a!»+18, &o. 

27. 25»(aj+l)-15(2iB»+»-l) = 12(a?+l), &o. 

30. aj(«+5) + 147=23(aj+6), &o. 31. 147-a;(5-a5)=28(6-ac), &c. 

32. Multiply by 4 (aj« - 1) ; 2 (a;+l) + 12=a»-l, &c. 

33. Multiply by 8 (a;«-l); 12+2«(aj-l)=3 («»-l), &c. 

34. 19aj(10-a;)+40x95=9(100-flB*), &o. 

35. 76x(10+aj)+190(3»-60)=3(10+a;)(12aj+70), Ac. 

36. a (aj«-5o5) =« (aj" - 9) +05+ 3; therefore - 5oc^= - 805+ 3, &c. 

37. 6a:(a;+2)-8(aJ-.l)(4-«)=l4aj(«-l), &c. 



54 XX. jQUADRATICa 

88. 2a?=3»(a5-l)+2(aj-l)', &o. Or we may proceed thus: pnt y for 

ft SIB 

, then the equation becomes y=- + - ; therefore y'=Q y+1. By solTing 



a;- 1 ' ^ ' 2 y ' ^ 2 

this quadratic equation in the usual way we obtain y =2 or - ^ . Taking the 

X 

former value we have —^=2, which glverf x=2; taking the latter value we 

0/1 1 

have — r = - o 1 which gives «=o . This method may be applied to other 

examples, as for instance to 39, 40, 41, 42, 46, and 47: it will in some cases 
diminish the work. 

43. 6 {x+2) - 10 (a5- 2) = 3 (»» -4), &o. 

44. 4(aj+2)(a;+3)+6(«+l)(a;+3) = 12(aj+l)(«+2), &o. 

45. 6a;(aj+4)+3(«+2)(aj+4)=14x(aj+2), &o. 

48. (a: + 3)(aj-2)(a5-l) + (aj-3)(a;+2)(aj-l) = (aj+2)(aj-2)(2«-3),&0. Or 

thus — ;r = ;r-=l+ — -] aud treating the other fractions similarly 

x+2 x+2 x+2 ^ ' 

we have l+-i-2+l--i^=2-^^; therefore ^^'^^'^V^' 
60. 49a;* -28a5- 21=0, &c. 
51. «^ +■= — T — — x= ■= — J— 7^ ; that is, making the denominators rational, 

Complete the square by adding ( — ~ j to both sides ; thus 

/ 2+V3V 63 + 36V3 ., , 2+V3 6+3V3 ^ 

U+— ^J = ^-^; therefore x+ ^^ =J. ^ ^ , &c. 

62. a?-2(za;+o*=63, that is (a5-a)*=&8, &o. 

63. aj« - 2aa:= - 6« ; therefore (a? - a)«= a^ - h\ &o. 

64. 2(a»-6«)ai»-4(a« + 6«)aj=2(5«-a«); therefore x«-il^l±|5=-l; 

therefore »--5— t« = ~; — TaJ therefore as = = — is — = \ ,i . 

With the upper sign ac= — j ; with the lower sign x= — ^ . 

0-0 a fo 



XX. QXTADRATICS. 55 

65. (a!-6)(aj-c) + (x-a)(aj-c) + (flJ-a)(sB-6)=0; therefore 

8a:»-?aj(« + 6 + c) + 6c + (»+a6=0, 
2(af5 + c)^ fa^h + c.^^ / a + h + c Y he+ea + ah ^^^ 

56. (a+c)(a + 6) + (a!-6)(a;-c) = (a + 6)(aJ-6)+(a+c)(a;-c), 

a:«-2a;(a+6 + c) + a2 + 6Hc^ + 25c + 2ca+2a5=0; 
tiierefore (a;-a-6-c)«=0; therefore a;=a+ 6 + c. 

57. ahx=hx{a + h + x) + ax{a + h + x) + ah{a + h+x); 

(a+6)«' + (aH2a& + 6*)aj + aJ(a + t)=0; 

therefore »« + (<* + &)«= -«&; 

therefore V'^^J " V TJ " «*= ~4 » *°' 

„ o' + b" c'-a& 

59. o(a;-6)(a;-c) + 6(a;-a)(a;-c)=2c(a;-a)(aj-6), 

- 2a6 - ac - &c 
(a+6-2c)«?-{2a5-c(a+6)}aJ=0; therefore aj=0 or -^^5_2T * 

6o.a&c»+?^^^ic=5^if-^; therefore «H-^j^x= -^, ; 

/ 3a«+-6V 6a«+ a6 -2^ /3fl^+6,Y 
therefore \^* + ""2^6rJ "" ^c« "*" V 2a6c >/ 

= 4a«6V ' 

8a« + 6a 3a«+4a6-6«. . 
therefore *+ -2^6r= "^ 2^ ' 

61. Clear of fractions and simplify ; then 

a?(a+5+c)-2x(6c+c<»+aJ) + 3aJc=0, &c. 

The process may with advantage be conducted thus: 

therefore a(a!-6)(«-c) + 6(«-c)(aJ-a) + c(a:-a)(a?-6)=0. &c. 



56 XXI. EQUATIONS REDUCIBLE TO QUADRATICS. 

62. Clear of fraetions and reduce ; thoB we shall get 

(2c*+ 3c) aj^+ a«(2o"+ 2c-l) -a«(l+ c) =0; 

J o(2c«+2g-l) )« <i«(l + c) a«(2c « + 2c-l )« ««(4c*4-16c»+20e*+8c4-l) 
r"** 4c*+6<? i~2c« + 3c'*' 4(2c« + 3c)« " 4(2c» + 3c)» " 

therefore x+-4^^^=i-i_^, &o. 



XXL 



2v« 111^ 
1. «+-^+g = 3+5.&o. 



2. aji*+31ar'+f 2^j =32+ (- j =s-^, &0. 

3. «»+14a;i+49=1107 + 49=1166, &o. 

-* 111 1Q*1Q 

6. a^-x»=2;a^-ajn+^=2 + i=|; :c»- |=. ±?, ^fco. 

7. aB+2 V»V*=-c, «+2V«V«+»=a-c; V*+>/«==*»V(»-c), &o. 

Q -4 7 .49 43076 49 516961 ^ 

®- '^-3*+36 = ^- + 86^ 36-'**'- 

9. aJ*-14a«+49= -40+49, Ac. 

13. ,+6-V(«+5)+J=6+| = ?^; Vl'+S)-^'*!'*"' 
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14. 2a;-5V«=-2; x-^y/x^-l; «-2V»+ ];g= -l+jg = jg, &o. 

*«448 7 i4a474 26^ 

17. 4a:+2V(^+8)=7; 4«+8+2 V(4aj+8)=16, 

{V(4a;+8) + l}»=15 + l=16, &o. 

to J . 6 S i « i 25 , 25 9 ^ 

18. *-+i=2*«, ^•-a^'^+ie'-i+ie^ie'*^- 

19. Square; 2a;+7 + 3aj-18 + 2V{(2a;+7)(3jj-18)}=7aj+l; therefore 
V{(2a: + 7)(3a!-18)}=a:+6; therefore (2a5+7)(3a5-18) = (x + 6)«, &o. 

20. y/{Q^ - 16) + V(a^ - 9) = 7 ; transpose and square ; thus 
aJ»-16=a?-9-14V(a5"-9) + 49; simplify V(a?- 9)= 4, &o. 

21. Square; a +» +2 Via' -«*) + »-«= 5; therefore 2 >/{«*-«")=& -2a; 
therefore 4(o^-a5»)=6*-4aft+4a*, &c. 

22. Square; x+9=4x-12\/x+9; x=iy/x; x'=16aj; a;=0orl6. 

23. Transpose and square ; BxH- 10 = (8 - a;)^ &o. 

24. 2*+i + 2**=a 80 ; put y for 2', thus 2y + y« = 80 : solye this quadratic in y. 

25. Performing the divisions x (a; + 2) + as - 1 = 89, &c, 

26. Clear of fractions V(a* + oa;) - V(«* - ac^) = V(a' - ««) + V(a' - «*) ; 
therefore V(«'+<w5)-V(»'-a«)=2>/(«*"-*^; square 

2a* - 2 V(a* - aV) = 4 (a* - as') ; therefore 2a5^ - a* = V{a* - a^*) ; square, &c. 

27. Clear of fractions a^ (a; +l)2+a5« (a; -l)«=n(n-l) (»«-!)«; 
therefore a:*{»(»-l)-2}-2a:«{»(n-l) + l} + n(n-l)=0; therefore 

n(n-l)~2 (»(»-l)-2) 

_ w(n-l) C n(n-1) + 1 )« .4n«-4n+l 

'*»(n-l)-2'^(w(»-l)-2J ^{n(»-.l)-2}«' 

., - . n(»-l) + l . 2w-l 

therefore a? — ) — rf— « = * -r~i\— o» ^o. 

n (n - 1) - 2 n (n - 1) - 2 

28. (a+6)«(o'+6»+«*) + (a-5)«(a* + 6»-aB^)-2(a«-ft«)v{{a« + 5^«-a;n 
= {a«+6'»)«; therefore 4aia;« + (a»+6«)«=2(a'-6') V{(a«+6«)»-aj*}; 

therefore 16a«6V + 8a6 (a« +6«) V + (a* + 6«)*= 4 (o« - 6»)* {(a' + 6«)« - a?*} ; 
Ijy simplifying, 4x*+ 8o&ij'=3a*+36*- 10a«6«. 

Diyide by 4, and then add a^6' to both sides, Arc. 



58 XXI. EQUATIONS REDUCIBLE TO QUADRATICS. 

29. V(»+2)+V(«'+2«) = a-a5-V«; square 

aj+2+a^+2a;+2V{(a5 + 2)(ar» + 2a;)} = a«- 2a (a; + V«) + («+%/«)*» 

therefore Bx+2-\-2{x+2)^yx=a^-2a («+ V«) +2a5 V«+» i 

therefore 2(a+l)x+2(a + 2)y/x=a^-2; therefore 

a+2 f a + 2 y_ a^-2 (« + 2) « _ 2a8 + 3a« 

*"^irfl^*'^\,2^2j -2^T2'*"(2a + 2)«"(2a + 2)a' ***' 

30. 2+2a!={<;-(2+c)a;p; simplifying (c+2)«»«-2(c+l)«aj=2-c»: divide by 
(c.2)^ andadd (i±|)* to both sides; ^x-(^^^Y^^±^, &c 

31. Clear of fractions, 2a^+a {\/{a +x)+ y/{a — «)} + a; {\/{a - «) - ^(a + »)} 

= o^ + a {V(« +35) + V(a - a)} + V* V(*^ ~ ^) » therefore 

oj {V(a - a?) - V(a + a?)} = V» {\/(a* — «*) - «}• 
Square; al^{2a-2^{a^-it^} = a{2a^-x^-2a^y(a*-'a^]; 
3aa;«-2a«= -2 (a8-.a;2)^(a«-ic2) . 

square and simplify, 4a:^-3aV=0; therefore aj=0 or ±^^^. 

32. -j: — 5—. = 5 ; see Algebra^ page 182 : therefore 

(af+2a)(2a-aj)«=(2a+a;)«(a;-2a); (2a + aj) (2a-K){2(i-a;+2a + a:}=0; 
therefore (2a + a;) (2a - jc) = 0, &o. 

33. Transpose and square^ a;+8=a;+a;+3 + 2 \/(«' + 8af) ; 
transpose and square again ; (5 - a;)^=4 {x^ + 3a;), &c. 

34. Transpose and square, a; + 8 = 25aj - 10 i/(a^ + 3a;) + a? + 3 ; 
transpose and simplify, 6a; - 1 = 2 vC** + 3a;) ; square, &c. 

36. Put y for -5 « ; thus y +- = t? J bence we get y = = or ^ , &c* 

* aj-' + a^ ' y 16 '^ ' 6 3 

36. Transpose and square ; a + 6af» = o + 2c yj{abx^) + ftc'aJ* ; 
therefore 6 (1 - c^) a:* = 2c \/{aita:?*) ; square, &c. 

87. Square; aj+4+a;-2V(a^+4a;)=a;+5; therefore 
x+-^=2 y/(x^ + 4a;) ; square again, &o. 
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38. {B*-a:2/'^2+_.^=,.l. therefore 

--("■*^-)-K-4)--'*K-4r-K"'-«^)''^ 

Orthns: aj?-a»=^-i; = ^^; (a^^a^fl — i-,Vo. &o. See Art. 332. 

40. Multiply each term of the first fraction by its nnxnerator, and each 
term of the second fraction by its numerator : thus 

{V(a:»4-1)4-V(a?«-1)}« ^ M^^' + 1) - V(a?' - 1)1' _ ^ ^^^ 1)^ 
A 2 

tberefore 2a;«=4V(»'-l); therefore ic*= 4 (a;«-l), &o. 

41. Raise both sidec to the sixth power ; (ai +a;3) = (aJ+xs) ; therefore 
a + 2ai ac^ + as = a + 30^05^^ + 3a^ jb? + a; ; therefore 2a2 aca = 3o^ xv + 3a^ a;?. 
This is satisfied by a!= ; dividing by x^ we have 2a2 a;T= Ba^ + Ba^x^ ; 

1 2a^x^ 1 1 2aTa;T f aA i ^t 8a^ , 

j 42. — ^^ + a+a;=4a; a'+x'+ (a+ a?)' =4a (a+a?) ; therefore a^- ax-a^, &(i. 
a+x 

! 43. Square 2+2x^-2\/{(l + a^^-a?]=m^; therefore 

I (2+2a?-m*)«=4(l+a:a+aj*); therefore 4a;«-4m'»(l + a^) + m*=0, &c. 

44. Proceed as in Example 40 ; {a;+V(»'-l)}'+{«-V(«'-l)}'=3^ = 
thus 4aj»-2=34, &o. 

45. Square, 2(a^+a«)+2 V{(a' +«*)'- 9a'«*}=2a« +26"; 
' therefore (a« +»«)» - 9aV= (6» - «»)S &c 

46. x'(''X^= 0+^ . ti^eref ore 6«« - «* = (1 + «V» &c. 

\a5 y X 
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47. a;'^-2^(«'+!r»)=0; this ia satisfied by a5=0; diyide by »• ; 

a;^ = 2^(«'*+l); » *• - 2cx^=a - 1 ; add c» to both sides, &o. 

48. Transpose and square; aB-^(l-«) = (l-\/*)'i -V(l-«)=l-2>/«j 

square, l~as = l-4V^+4a;; 5x=4\/a;; &c. 

49. 2 {5«*a + 10fl5"a» + a^} = 242a" ; therefore «* + 2xV = 24a*, &c. 
oc'-ac + l 



60. 



ri — *~\/i* ^^^'^^'^^^ i3i~ v i' ^^^'^®» *<'• 



61. Transpose andsquare; aB?+aaj+6'=(a+6)'-2(o+6)V(«'+&«+«')-Hc*+6«+a'» 
(6-a)x+2a(a+6)=2(a+6)V(«'+&e+a«); square 
(6-o)«a:»+4a(6«-a«)a;=4(a+6)9«»+4(a+6)«&c, &0. 

^„ 25aj»-16 3(a;«-4)a} 6aj+4 3, ^, ^ 

63. Square; 2a;+9+3flj-16+2V{(2a5+9)(3»-16)}=7a;+8; 
therefore >/{(2a5 + 9) (3a; - 16)} = aj + 7 ; square, &o. 

64. Transpose and square; \ ^ =1 - 2 . /- + - , 

aoc '^ a a 

therefore -^ 05=1-2 ./- + -; therefore 2 . /-+ ,=0; 

ac Voa ac ^ a b 

that is ]\/~"' K/hS ~^» therefore V*=-^» 

55. Transpose and square; 

»»+2«-l = 6 + 2V6+ai'+aj + l-2(V2 + s/3)V(«'+«+l); 

therefore {x - 7 -2 V6)'=4 (5 + 2 V6)(aj* +«+!); 

therefore (19 + 8V6)a^ + (34+12V6)aj=:63 + 20V6; 

,^ , , 34 + 12 V6 63+20V6 

therefore x«+ ig^gve"*^ T9T8VG ' 

fW«fnr« ,, , (34 + 12V6)( 8v/6-.19)« _ (53+20V6)(8V 6-19). 
tnereiore x' ■{ ^o = 23 ' * 

^, - , . 44V6-70 44^/6-47 , 

that 18 ««+ 23 *= 23 • ' 
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Completing the square we hare 

/ 44V6-70 V 12192-2112V6 _ /44 V6-24 V 

56. Transpose and square; 

a?+aaj-l = (>/<»+Vft)'+«'+&»-l-2(Va+Vi)V(«' + ^«-l)» 
tiierefore 2 VC** + Jo! - 1) = Va + V& - (n/« - VQ «• 

Square; iB*J4-(Va- V6)*( + 2(a+6)x=4 + (Va+V^'. 
DiTide by the coefficient of x^, and complete the square ; 

r'*'4--(Va-V2')') ~4-(Va-VV 14-(Va-Wt"~"<4-(Va-V6rJ ' 

57. a? + 2a^+af=0; therefore 05=0 or a;^ + 2a;+l=0, &0. 
68. as? +&»•+ 005=0; therefore »=0 or a;'+6a5+a=0, &c. 

59. si^-a?{a + h+c) + x{hc+ca + db) = 0; 
therefore a!=0 or »' - jc (a+ 6 + c) = - (6c + ca + o6) ; 

therefore Ix — j = -(bc+ca+ab)+ 7 =&c. 

60. T^^=. •; therefore a5(l+a5*)=2x(l-ai^; therefore x=0 or 

l+a!2=2(l-a;2), &c. 

61. =.+ r+ r + 1 = 0; therefore 

a;+a+6 «-a-6 a;-a+6 aj+a-6 

flr — (a + o)' a5''-(a-o)'' 
therefore «=0 or 2ic"=(a+6)» + (a-6)«. 

62. {a-x){x+m)(X'-n)={a+x)(x+n)(x-m); 
therefore - a? +05' (a+ n - m) + x (toto +ma - na) - am» 

=flB^+x'(a+»-m)+aj(rM»-iiia-m»)-amn; 
therefore aj= or a^= m» + (m - ») a. 

Ao /g+xy ftg, therefore -i^^ = ^- 

fherefozo 4a*&aBs<»(a-x}'; therefore «a0 or 4a'&=c(a-d5)'; &c« 



60 XXI. EQUATIONS EEDXTCIBLB TO QUADRATICS. 

47. aj^-g^Ca^+ac'l^O; thiB is satisfied by «=^0; diyideby**; 
a5'" = 2-g(»'*+l); »''-2cx^=a-l; add c» to both rides, &«. 



48. Transpose and square ; «- V(l -») = {!- V*)'; - y/0- - «)= 1 - 2 >/*! 

sqimre, l-x = l-4V2+4x; 5x=siy/z; &o. 

49. 2{5aj*a+10fl5"a»+a5}=242o»; therefore «* + 2xV=24a*, &o. 
60. — —J — 05=8 / - ; therefore — j = a/ ~ J s^^iwe, &c. 

51. Transposeaiidsquare; a?+a»+6'==(a+6)'-2(a+t)\/(a5^+^+«')+«'+tefa'i 
(6-a)a!+2a(a + 6)=2(a+6)^(a5*+6a5+a'); square 

(ft-o)«a:»+4a(6«-o«)x=4(a+6)««*+4(a+6)«te, &o. 

63. Square; 2a;+9 + 3a5-16+2V{(2a5+9)(3»-16)}=7a;+8; 
therefore V{ (2» + 9) (3a; - 15) } = a; + 7 ; square, &c. 

r.1 m J (6-c)(ac-Ja;) , _ /x x 

64. Transpose and square; ^ ^^ ^ =1 - 2 . / - + - , 

therefore -7; ^a;=l-2 /_ + -; therefore 2 . /-+ ,=0: 

b ac \ a a ac ^ a b 

that is ]\/'~^ \/h\ ~^* therefore V3f=-^« 

55. Transpose and square; 

a«+2aj -1 = 5 + 2 V6+flc'+aJ + l -2 (V2 + V3) >/(«'+«+ 1); 

therefore (a;-7-2V6)»=4(5 + 2v6)(«»+a;+l); 

therefore (19 + 8V6)a;« + (34 + 12V6)««63 + 20V6; 

.V. 4 „, . 34 + 12V6 _53H-20V6. 

therefore x«+ ^^^3^^ ^= igTsvO ' 

, , , (34 + 12V6)(8N/6-19)a; (63+20V6)(8V6-19) 
therefore x^ ■{ aq = 23 "" » 

, . , 44V6-70 44^/6-47 
that IS «'+ — ^ «=» 23 • 
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Compleidng the square we have 

/ 44V6 -70 V 12192 -2112 V6 _ /i4 V6>-24 V 

56. Transpose and square; 

ai»+aa5- 1= (>/a+N/6)'+«'+&B- 1 - 2 (Va+ V6) V(«^+^ - 1) » 
therefore 2 V(ac' + 6» - 1) = Va + V6 - (Va - V^ «• 

Square; a? j4 -(v'a->/J)»(+ 2 (a+6)a;= 4 + (>/«+%/*)*. 
Divide hy the coefficient of x^, and complete the square ; 

L. «+S )«_ -^+(Va+V6)« . (a+6)' _( 4.1-2 V(a5) )«, 

r"^4-(Va-V^)'' '"4-(Va-V6)' i4-(V»->/V("""<4-(Va-V&)'l ' 

67. a?+2aj^+a5=0; therefore 05=0 or a:^ + 2a5+l=0, &o. 

58. «' + 6«'+oa;=0; therefore aj=0 or a5*+6jB+a=0, &c. 

59. s^~a?{a+h+c)+x(bc-^ca + db)=0; 
therefore x^O or a!'-sB(a+6 + <:)= -(6c + ca+aft); 

therefore Ix — J = -(6c+ca+a6)+ 7 =&c. 

<3>^ Ax I 

60. = 5=- — -j; therefore «(l+«')=2a;(l-«2); therefore x=0 or 

l+aj2=2(l-»2), &c. 

gl, _+ _+ - + -=0; therefore 

ac+a+o oj-a-o a-a + 6 x+a-o 



therefore «=0 or 2oiy^={a+h)^-^{a-h)^. 

62. (a -a?) («+ w) (x—n)={a +x){x+ n)(x-m) ; 

therefore -a?+a^(a+n-OT)+aj(mn+ma-«a)-amn 

s= a? + as' (a + » - m) + 05 (na - ma - mn) - amn ; 

therefore «= or 0^= mn + (m - ») a. 

fto /'«+*V-l-?^. therefore -^^=~- 

^^- Vi3^; ^"od* *^®'®*^'® (a-aj)«- 06' 

therefore 4a'&B=(a(a-a5)«; therefore «*0 or 4a*6=c((»-«)'; &c. 
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64. Transpose and square; 

{2a5 + l)2+2a;(2x+l)V(»'+2)+a:*(«» + 2) = (aj+l)*(flr» + 2a;+3); 
therefore 2x(2a;+l)v'(x»+2)=4a* + 2x«+4a;+2=2(iB>+l)(2x + l); 
therefore (2a;+l) \xs/{x^+2) - (x»+ 1) [ =0; 

therefore either 2* + 1 = or oc \/(«' + 2) - («' + 1) = 0. 

The former gives «= - ^ ; from the latter we have jc* (jc' + 2) = (as* + 1)*, 

that is, a:* + 2a^ = a!* + 2x' + 1, which is impossible. 

65. a^-2x+2-2V(a^-2x+2)+l = 0; 

that is, ] y/{x* -2aj+2)-l|'=0; therefore Jx^-2x+2 - 1 ; square, &c. 

66. a:' + 5a;+28-5V(«' + 5a;+28)=24; therefore 

|v(a5' + 5a;+28)-||"=^+24=^; therefore V(a;« + 5x+28)=2=fc y . &Q. 

67. «"-2a;+9-2V(aj'-2x+9) = 3; therefore {V(x'-2x+9)-l}5=4; &o, 

68. 3(x''+6a;+l)-2V(a^+oa;+l)=5, 

V(aj' + 3a;)+2|- =;|+10; «fco. ' 

70. 2a?-3x+2-2V(2a'-3aH-2)+l=0; that is, {V(2x*-3a;+2)-l}2 = Q, &o. 

71. 2a?+6«+5+6V(2«'+6a;+5) = 55; therefore {V(2x*+6«+5H3}»=:64, Ao, 

72. 3x»-2ax+4-6V(3a;'-2aa!+4)=a'+2a-8; 
therefore {V(3a^-2aa;+4)-3}»=(a+l)«, &c. 

73. 2x»-3x+2+6\/(2x'-3a;+2)=16; therefore {V(2x*-3x+2)+3}«=25, &Q. 

74. 9=5+4(x+x«)-(x+aj^*. Pntyforx+x?; 
thus ^'-4^+4=0; therefore y=2; thns x^+fl?=2v &c. 

4 

75. (x+a) (x+4a) (x+ 2a) (x+3a) = c*; 

that is, (x* + 5ax+4a«)(x"+6ax+6a*) = c*. Put y for x'+Sox; 
therefore (y+4a«)(y+6o»)=<?*; therefore y"+10ciV+26a*=c*+a*, Ao, 
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76. 16a;(»+3)(a;+l)(a; + 2) = 9; that is, 16(x« + 3aj)(x« + 3a5+2)=9; 
put y f or a? + 3a! ; therefore 16y (y + 2) = 9, &o. 

' 77. ^±^=^±^1 see Algebra, ]p&gelS2: (a»+««) (a«-a5?-ax)=0; 
Bierefore a'+aj*=0 or a'-«'-aa;=0. The former gives impossible yalues to x. 

a^+ax=a*; therefore «*+aa:+-7 = -7-; &o, 

4 4 

78. a=(x^i+^y+(aJ-i-|y;putyfor«-|; 

therefore (^+2) "*" (^"2) ~"' therefore 2y* + 3y»+Q =a; 

^3y«9al 9al- 
therefore 3^+-2" "'■i6"2 "l6 "^16 "2 "^2' ^^' 

79. a:*-2a?+fl;'-a;' + a;=o; that is, (x^-a)«-(aB« -«)=«; put y for 
«^ - X ; therefore y^-y=a; &c. 

80. (x« -«)*-(«» -a;) = 132; therefore (»»-«- gj =132+ ;j = -^; 

1 23 
therefore {B»-aj-2= iy ; &o. 

81. 2aj+7 + 2V(a;* + 7x) + Va;+V(«+7) = 42; 
therefore {Vfl5+V(a!+W + %/«+%/(«+ 7) =42; 

therefore | v'a:+V(«+7)+|| =^2 + ~-^; V« + V(«-k7) + 2 = ±-3 . 
Take the upper sign y/(x + 7) = 6 - V« ; sqtiare, &o. Then take the lower sign. 

82. (a?-4Va5)'+2(«-4V«) + l=0; therefore (aj- 4 V»+1)'=0; 
iherefofo a5-4\/a5=— 1, &o. 

83. {VaJ+N/(a+«)J' + V«+V(a+«)=5+»; 
therefore | V«+V(«+«) + 2 | =5+a+4=c«8ay2 

therefore Va5+V(«+«) + 2= *^» 

therefore >/(«+*)= *<J- 2"'^*' square, &o, 

84. (»«+»)'+4(«»+aj)+4=16«?; therefore a^ +»+ 2 =±4aj, &o. 



64 
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85. («^+a')«=2a"(a!-a)'; therefore aB^+a'=s Aov/2(a;-a). Tlie upper 
sign gives impossible values ; take the lower sign x^-^aai\/2= -a^-\- a,^y/2 ; 

therefore (,+^)'=-.H.V2 + |'=aV2^|';«-^,.?^^<^i:i). 

86. DividebyoB*; («+— ) +a ( «+--) + 6=—; 

•^ \ axj \ axj a 

(a a\' 2c a' c 

«+ — + ^ ) = & + T ; &0' From this we could find 05+ - ; 
ox 2/ a 4 ' ax 

suppose that asH — = m ; clear of fractions and we have a quadratic in as. 

4_4?=C?+«Y_2Cf + ?Vl: therefore 
X \a xj \a xj 

(^^z\ _ 2 (-- -1 + 1=0; therefore - --=1; therefore as*- aa;= a'; &c. 
\a xJ \a xJ ax 



square 



88. 



(.4)V»(..i).i£.,, 



,, ^ /'I ,\' 142 o 169 ^, , 1 - 13 ^ 

therefore ( »+- + l ) = -jr +3=-7r- ; therefore a;+-+l= ± -^ ; &c. 
\ X / y y x o 

«»• ^^-^5i^'=^' therefore V(«-l)Wl)-l-^^^}=0; 
therefore either V(« - 1) = or V(« + 1) - 1 = 7 ; square 

05 — 1 1 

{B+1+1-2V(«+1)= ; therefore x+l +-=2 V(«+l); square 

aj X 

(« + -] +2(x + -j + l = ix+4:; therefore fa; — J -2f^a;-- j +1=0. 

90. 2(a^ + l) = (aj+l)*; therefore «*- 4a:' -6a* -4a; + 1=0: 
divide by a^ ; 

fx+-\ -4r«+-)=8; therefore fx+ — 2j =12; therefore 
a!+i=2±Vi2»2±2V3. Take the upper sign ; aB*-2a;(l+V8)= -1; 

X 

therefore (i»-(l+V8)}'«-l + {l+V3)'=»3+2V3; &o« 



1 4 

a^+-r-4« 6=0; therefore 

{Kr X 
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91. (aj+l) (05^-05+ 1)=0; therefore »+ 1=0 or ac' -05+ 1=0, &c. 

92. n(cc' + l)+aj+l=0; therefore (a; + 1) {»(»»- a? + 1) + 1} = 0, &c. 

93. It is obyious that x=6 is a solution; multiplying out we get 
«'-9sc»+26a;-30=0; and we know that 53 -.9x6^+26x5-30 = 0; sub- 
tract; a?-5»-9(«2-52) + 26(«-6) = 0; divide by jc - 6 ; 

a:"+5a!+25^9(a;+5) + 26=0; this gives impossible values for sc. 

94. It is obvious that a; = 6 is a solution ; multiplying out we get 
a:5-6a;« + llaj-66 = 0; that is a;2(a; - 6) + 11 (x- 6) = 0. Divide by a;-6; 
a^ + 11 — 0; this gives impossible values for x. 

95. It is obvious that a; =5 is a solution; multiplying out we get 
a? - 6flc»+ lla;-30 = U ; and we know that 6» - 6 x 5* + 11 x 6 - 30 =t 0; 

subtract; a^-5'-6(a:a-5«) + ll(a:-6) = 0; divide by a;-5; 

a;2 +5a; +25 - 6 (a; + 5) + 11 = ; this gives impossible values for «. 

96. a;(6x«-5a;+l)=0; either a;=0 or 6aj»-5a;+l=0, &c. 

97. icM»+l)-4(«+l)=0; (a~»-4)(aji-l)=0; either a;+l=0 or aj«-4=0, &c. 

98. It is obvious that x=a is a solution; > — 1+ - ^ - + - — 6=0 ; 

(x-a) J Va =0j divide by a;-a; Vq ■•=Q> 

^ . \a ttx aV ) a ax aV ' 

therefore asx^-abx-l)^x-h'*a=0; therefore 

--S— "^+1-2^1 =^+l~2^1 = 4^ ' *°- 

99. 8ar»-l + 8(2a;-l) = 0; therefore (2a;- 1) {4a:2+2x+9} = 0; 
either 2x-l=0or4a;*+2a;+9=0; the latter gives impossible values for x, 

«+|=0 



X* 



100. «'-|=^(«+|); (-+|)j«-i-il=0! a^e^for* 

1 2a5 / 1\' 1 

-=0; the latter gives a:*--5-=l; therefore («-?) =1+^; ^c* 



2 

orx-- 



101. 3 (x8 - 1) + 8ar»(«2- 1) =0 ; therefore (x? - 1) {3 (x* 4^ + 1) + Sx^} = 0; 
therefore either x* - 1 = or 3x* + llx" +3=0; &o. 

102. It is obvious that x= - m is a solution ; 

x9-«nx'»-2(m«+l)x-2»i=0; 
and we know that -m'-m'+2(m'*+l)m-2j»=0; 
subtract; x8+m'-m(x'-m«)-2(mHl) (x+to) = 0; 

divide by x+m ; a^-mx +m* - m (x - m) - 2 (m*+ 1) = ; 
therefore x'-2mx=2; therefore (x-^)2=w^+2; &c. ' 

T. K. F 
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103. It is obTioufl that x-a Ib a solntion; multiply oat, and divide by 
b-a; thus a:'-(o*+a5+6*)a5+a6(a + 6)=0; and we know that 

a'-(a* + a6 + 6*)a + o6(a + 6) = 0; subtract; a:»-a»-(a'+ai+6«) (x — a)=0; 

divide by as-o; «'+aa! + o"-(a'+a6+6^) = 0; &o. 

104. a;(a!«+|a+p-l)+^^±^=0; a!{x«-l+i)(ar+l)}+?^±^:=-?:=0; 

Z' X ir ^~ • 



a;(aj+l)(aj-l+|>)+^?i^=0; (»+l>-l) |x(x+l)+^|=0; 

therefore either »+p-l==0 or »* + » + 5=0, &o. 

^ U-1 

106. a;|(p-l)V+ia+~i3| + (i>-l)« + l=0; 

therefore op Up- 1)V- 1 + 2X6 + 1 + ^-= | + (j>- 1) « + 1=0 ; 
therefore «|(i>-l)'«'-l + ^^"^^*"'"^ | +(l)-l)g + l=0; 
therefore |(i»-l)«+l||a;[(jp-l)aj- l]+^+l|=0; 

therefore either (p-l)«+l=0 or a:[(|)-l){p_l]+-^^4.1=s0, &c. 

XXII, 
10. For equal roots 8'=!4 x 2 xn* j therefore «i=8. 
11 « /3 a«+i3* _ (a + i3)«-2aj3 ^ j)«-2g . 

o^+j3»=(o+i9)»-3aj8(a+i8)=23'-3pg. 

^.11 o+fl 6.C 6 Ilia XI- ^n. 

^2- S + ^ = ^=-S-a=-c' -x^ = ^ = j; thus the required 

equation isa6^+-a;+-=0. 

13. The roots are "^'^V^P'-^g) ; and p>-4g=r*+?y-4g 
•si'+Sg+p-ij = ( *-|) , which is a perfect square. 



i 
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14. Suppose that a; is a valne which satisfies both (u^ + 5a;+c=0, and 
a'^^+ 6'aj+c'=0 ; nmltiply the first by <f and the second by c, and subtract ; 

(a(/-a'c)a!i'+(6c'-6'c)a;=0; therefore (ac'-a'c)a5=6'c— 6c' (1). 

Again, multiply the first by a' and the second by a, and subtract ; 

(a'6-a6')aj+o'<j-ac'=0; therefore {a'h^ab')x=-ad -a'c (2). 

Multiply (1) and (2) crosswise ; thus (oc'- o'c)' = (a'6 - ah') (6'c - W). 

iR P^t 2g-7 ^,. ..^ ^^ . ^ l+yJ=VUy-l)(liy-i)} 

as in Art. 345. This shews that y must not lie between 1 and ^ . 

16. Put ^-f^^l^y; then ^^^ft^iWlMLl^feL^} . 
ar+ 2a5+|)' ^ y-1 

Sere the expression under the radical sign will be found to be 

fl — p*) { y-- — r \ly -^ — ] ; and as 1 -|?' is negative, o/ne of the other factors 

1) — 1 - p4- X 

must be negatiye to make x re^ : thus y must lie between '^-— ^ and ^-— ^ • 



XXIII. 

1. Multiply the second equation by 7, and add to the first, &e. 

2. From the first equation y = 100 - 9 ; substitute in the second, &e. 

8. The second equation gives sp+y^xy; therefore 4=a^; substitute 
4 — oc for y, &c. 

4. From the first equation y=7-x; substitute in the second, &c. 

5. From the first equation y=:x-12-f substitute in the second, &c. 

6. x+y^8j yx-y=2 + 2as; from the first equation y=: 8 -as; substitute 
ia tlie second, &c. 

7. a?+2«^+y3=65 + 56; that is (a;i-y)« = 121; also 
x^-2a;y + y«=s65-56; that is (a;-y)«=9, &p. 

2 + 5i/ 

8. From the second equation x= i substitute in the first, &c. 

3 

9. x+y^ 2acy ; therefore 1 = o^ ; substitute ^S - gs for y, &G. 

10. Multiply the first equation by 2, ^nd subtract the second, &o. 

11. 2a; + 3y=37, 45(ac+y) = 14fl^; from the first equation aj= — ^— ^i 
substitute in ihe second} See. 

F2 
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in -D X XT, 4t»'+t? lis , 6 23 . , 

12. Put y=vx; tnus-^ — q~ = "FT» J^^^^e t;=5or -«hi &<5- 

Or, add the equations, extract the square root, &c, 

v-v^ 2 2 1 

13. Put y=vx; thus :; =ti^; hence v=^ or ■=. &o. 

" ' 1 + v 15 3 5 

14. Put y=vx; thus —5-= — 5— =t7J Hence v=-r or -2, &o. 

15. Put y=:vx; thus =--r ; hence v=;r or -, &c. 

^ l+r 12' 3 8 

ic -o,* XT, v^-v+1 2l , 5 1 ■ 

16. Put y=vx; thus — ; — s— =-^— ; hence «=7 or ;r, &o. 

v — 2v lo 4 3 

irr ,> X XT, l-4f' 9 ^, . . (l + 2t;)(l-2ff) ^ 

17. Put y=ia: thus r-r = ot t^a* is ^^ Trhr\ — ^ = 3; 

' v-iftv^ 3 t;(l + 2t;) 

therefore =3, &c. 

V 

18. From the second equation y= — -^ ; substitute in the first, &o. 

19. From the second equation y=2-x; substitute in the first, &c. 
Or, add the first equation to the square of the second, &c. 

20. (a;+y)»+(aj-y)«=-3 (a;«-y«); therefore 6(aJ8+y2)=10(jB»-y«) ; 
therefore 4«'=1%^; therefore a; = ±2y, &c. 

21. (x-{-y)^ + {x-yy=^{x^-y^; therefore 4 (a;«+y2)= 5 (a:»-y«) ; 
therefore ar^=9y^; therefore 05= =t3y, &c. 

V £B X ^XV 

22. ^ + Q=y-*» y-o= 4 ~^** ^^"1 *H® fi™* equation we get 

5iC 

y=-j ; substitute in the second, &c. 

23. :r7^ + Q=3a;-y, 3a;-^ = ^ + 3y: from the first equation we get 

lU o J 4 

12jc 
y=-^ ; substitute in the second, &c. 

24. Multiply the first equation by 4, and add it to the second; thus 
9 (y^ -Qxy+ 9x^) - : therefore (y - 3a;)^ = ; therefore y = 3a;, &c. 

25. Subtract the first equation from the second ; 2 (y - as) =^^ - x^ ; there- 
fore (y-a;) (y+ as- 2) =0; therefore either y-«=0 or y-\-x-2=0; thus y=s& 
or y=2-x: substitute in either of the given equations, 4&C. 
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26. SqTiare the second equation ; x^ - 2xy +y*= ^ ; substitute from the 

first H^~2a;y=^^; therefore a5V=^* therefore jcy=0 or 8. The former 
2 lo 

gi-ves a5^+y*=0, a;-y=0, so that «=0, y=0; the latter gives a;'+y'=20, 
X — y=2 J &c. 

8as 8as 

27. 16-aj-2y=— , 23-y-8a;=— ; therefore 16 -»-2y = 23 -y -3a;; 

tlierefore y =2a;— 7 : substitute in either of the given equations, &c, 

4 8 

28. xy=x(x+y)] therefore 2fl5y - r (as + y) = 0, add to the second equation : 

tliris (a:+y)'-g(a;+y) = 26; therefore («+y-g) ^^^^ 36 ""36 * *^®^®^°^® 

R 31 13 

a5 + y — ^=±-5-; therefore x+y=6or — ^: substitute in the first equation, &o. 
00 «> 

29. — = ;; ; that is x* + a;y + y« = 4 ; substitute « - 2 for y, «feo. 

x-y 2 

x^ + 'I/' 65 

30. — = -=- ; that is «?— a;y +y'= 13 ; substitute 6 - a for y, &c. 

x+y 5 

2c'+t/' 1001 

31. ^=--— ; that isai*-aw+y'=91; substitute 11 -as for y. 

jB+y 11 

SK' + y' 35 .... a3-a;y + y8 7 ,.. ., l-i;+t;» 7 
»2- ;^(^)=30'*^*^^-^=6- P^t ?'«»! thus ^^ ^g; 

3 2 
therefore v= 5 or -, &c. Or, add three times the first equation to the 

second, extract the cube root; thus x+y =6; then from the fixst equation 
xtf = 6i &c. 

33. aB?^+y'=18a5y, x+y =12; therefore, by division, x'-ocy+y's-^, 
^ut y=vx; thus l-v+i;'=-^; therefore v= 2 or ^, Ac. 

^Mtfl 4Q14 

34. =^-^^ =^ ; that is x« -xy +y»=273 ; substitute 18-x for y. 

x+y lo 

35. X? + y* = 9xy, « + y = ;^ «y ; by division x^-xy+ y^=12 ; and by squaring 

9x^'v' 8 

tlie second equation we get --|- - 8xy= 12 ; this gives ajy=8 O' - » » &c. 

36. a!'(x+y)^x^(2x-3y); therefore x+y=2x-3y; therefore x=4y; 
substitute for x in either of the given equations. 
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37. xy{x+y)=20,gxy=x+y; multiply -a;y(a6 +y)= 20 (05+ y) ; 
therefore a^*=16; therefore xy=±4i; substitute in the first equation, &a, 

88. -5 — :. = —^ — ; that is a;+y= ~ — ; square ; thus 

x*-xy+y* 7 '7 

from this quadratic we get «y=6 or -th * substitute in x-{-y=^~—f &o. 

7 

89. aj'+y'=^ ; therefore 8=^; 16=ajV; substitute 8-aj« for y«, &c. 

40. «+y=4; square; thus2B^+y'=16-2a^; square; thus 
aj*+y*+2xy=256-64ajy+4a^»; therefore 82 + 2xV=266-64iry+4a:^«; 

a;V-82ay=-87 ; therefore xy=& or 29. Use these with the first giyen equation. 

41. y ^e^^ ^^^ ig aj*+«»y + a;V+«y'+y*=1081, that is 

x — y o 

aj*+y*+flcy(a^+y«) + aB"y"=1031. Now »-y=3; therefore ««+y»=9+2a;y; 

therefore a;*+y*=(9+2a5y)»-2a5«y'=81 + 86ajy+2a5V. Substitute: thus 

81+36ay+2a;V + ay(9 + 2a;y)+a«y« = 1031; that is 6aiy +4&By=950; there- 
fore xy = 10 or - 19. Use ^ese with the second given equation. 

42. (^^A\(^+lyy=82. Pttt « for ^^: thus 9««+^=82; 
V sc+y / V x~y J x+y u* 

therefore 9tt*-82tt2 + 9=0; from this we get t**=9 or 5; therefore 

X — y 1 au — vl 

— - = ±~ or ±3. Take — -=ni tli^s 3(a5-w)=a;+y : therefore aj=2«: 

jc + y 3 «+y 3 \ if/ if f 

substitute in the second giyen equation, &o, 

43. a:+y=4+icy; therefore «*+y'=(4+a5y)»-2ajy=16 + 6a!y+aV' sub- 
stitute in the first equation; 16+6xy=19; therefore xy=^. Use this with 
the second given equation. 

rK* + crhj^ 4-7/* 1 S^ 

^4- 2 ■ ^ =^; this will give g»+ay+y«=19. From this and 
x^-ary + y^ 7 

the first given equation, by addition and subtraction »'+yS=13, ay =6, &o. 

46. ^+«^y' + y ^^^. this will give a!*-»y+y«=19. From this and 
x^+xy+y^ 49 * ^ ^ 

the first given equation, by addition and subtraction x3+y'=34, 2^=15. 
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46. Add twiee the second equation to the first ; thus (x'4-2^^)'+aE*+y^l82 ; 
from this qxxadratio as^+^'=:18 or - 14. Take the former and substitute in 
the second equation ; thus we get a^= db 6, &c. 

47. The first equation gives xy {y+xS) = Z {4x + y - xy). Multiply this 
and the second together : x^{y+4aR-s^) (y+a5-3)=d6(a;+y-d) {4x-{-y-xy). 
Therefore either (y + 4a5-a:2/) (y + fl5-8) = or jcV=36. Take ay=+6, and 
substitute in the first given equation; next take m/='-6. Next take y+a5-3=0, 
this will lead to y+4x~xy=0 ; from these find x and y, 

48. Divide the second equation by the first: thus x+y-\/{xy)=Q; 
therefore by addition and subtraction x+y=10, \/{xy) =4 ; therefore aey = 16 ; 
Bubstitute 10 - X for y, &c. 

49. Divide the second equation by the first: thus X'\-y + y/{xy) = 19; 
therefore by addition and subtraction x+y=lS, \/{xy)=i6, &o. 

50. «+y =72, 27+^^=6; divide the first equation by the second : thus 
xT - ajiyJ + yl = 12 ; substitute 6 - »» for y^ : thus we get »* - 62^ + 12 = 4 ; 
therefore (x'-3)'=l, &o, 

61. «*-y«=(8-a;)'; substitute »-l for y, &o. 

52. aj+y=7+V(a^)» (a! + y)V(«y)=78; therefore {7+>/^)}Vt«y)=78; 
from this quadratic we get y/(xy)^6 or - 13; &e. 

6 5 

53. «+y=10, x+y=^y/{xy); therefore 10=^y/{xy); s/{xy)=4:, &c. 

64. Square the £rst equation ; as + y - 2 y/[xy) = 4acy 5 therefore 
20-2 \f(xy) = 4xy ; from this quadratic we get yj{xy) = 2 or - - , &c. 

55. Put y=ta in the second equation ; = j^ ; hence ^^=5 or ^ ; the 

5v 
first equation gives >/(«* - y*) - 2y = - 2 ; put 05= y , &c. 

56. 3 + a^ = (8 - 2y)' ; 6y' + 4iB* = (9 - 2x')' ; from the second equation we 

get «*= — ^5-^; substitute in the first equation, &o. 
00 

hx 

57. ay+6fls=4ajy; substitute 6 f or y, &c. 

68. y=-; substitute in the first equation; a^--5-=a'; therefore 
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59. a*=(a5+y)*=aJ*+y*+4«y(««+j^ + 6a:*y«=6H4ay(a«-2ay) + 6«y; 
Bee Algebra, page 199; thus 2s^y^-iah^=b*-al^ ; find xy from this quadratic, &o, 

60. «*+y*+2ajy=16fl;y ; therefore a5*+y'=±4fl5y; substitute a-aj for y, &c. 

61. Clear the first equation of fractions ; thus ab = xy; substitute 
a+6-acfory; thus a6=(a+ 6— »)«; therefore x'- (a + 6) a; = -oJ, &c. 

bx 

62. Clear the first equation of fractions; and substitute 26- forv; 
thus we get (a + 6) x' - 4a6x + a* (36 - a) = 0, &c. 

63. Divide the second equation by the first; a5*+y*+a^ (jB*+y^-|-a;y=- ; 

Now «^+y*=a'+2iBy; iC* + y*=a*+4o'xy+2ajy ; thus we get 5a?y^+5ahn/i-a*=- ; 
find xy from this quadratic, &o. 

64. Square the first equation; x» + V(x*--y^)=2yS; thus a5'=fca*=2^; 
therefore x^=2^=Fa'; substitute in the second equation, &c. 

65. The second equation gives y {2 (a + 6) - x} = - x {2ab - y) ; and the 
first gives «(2a6-y)=x{2(a + 6)-x}a6; multiply the two together; thus 
y«(2a6-^y){2(o+6)-x}=-x='(2a6-y){2(a + 6)-x}a6; therefore either 
(2a6-y){2(a+6)-x}=0, or y^^-a^ab. Take 2a6-y=0; then from the 
second equation we must also have 2 (a+&) -x=0, &q. 

66. 4 (x* - y^ = (1 - xy)^, x' - y' = oxy ; therefore 4axy = (1 - xy)' ; find jey 
from this quadratic, &c. 

67. Divide the first equation by the second; also multiply the two 

together ; thus ^^— ^ = — ; x* - y^ = cox ; from the former x=s ^"^"*"^^^ ; substi- 
x-y c " ay-c * 

tute in the latter ; thus 4acy3 = cay {a^ - c^) , &c. 

68. Square the first equation; 2x+2 V(^-y')=a; transpose and 
square ; therefore 4 (x* - y*) = (a - 2x)* ; therefore 4y* = 4ax - a^ Square 
the second equation; 2x'+2 V(^-y^)=&^t transpose and square; therefore 

4(x*-y*)=(62-2xV; therefore 4y*=4ftV- 6*; substitute ^^^5^1^ for y«, &c 

69. Substitute — for y in the first equation ; thus 2 ( -^ + — )*=4; 

6^ x* 
therefore -i + s = ^ ; therefore x* - 46V + 6* = 0, &c. 
X-* 6* ' 

70. Add: thus x=»(x-l)«+y«(y-l>>=a+6; and x(x-l)+y(y-l)=fl; 
put u for x(x-l) and t; for y.y-l); thus we have t**+v'=o+6, u+t>=a; 
find u and v from these, and then x and y can be found. 



r 
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71. From the second and the third equations v = -; therefore ^s—: 
gnbstitnte in the first, &c. 

j 6 — fta! 

I 72. 2y+3aj=13fl5y; substitute -^ — for y; thus find as and y, and then 

! 3 

i from the first given equation. 

73. Clear of fractions; then we find yz=si «»=o» ^^^qJ therefore, by 

1 1 11 

multiplication, xyz^=-r ; and by division, g^^- ^ &c. Thus x=y=z=—r or . 

„, 111111111^, 1112 

74. -- = _ + —, _-_- + __ - = _+ — ; thus -2 + 7o-:5=— ; 
a" »y 358 o'' ya any (T rcz yg or (r cr xy 

' this giyes a^; similarly we find yz and ass. Then as in Example 73 we can 

find Xi y, and z, 

75. a?+^=c, y'+aG8=c, 2'+a5y=a. Subtract the second equation from 
the first; (aj-y) (a!+y-2)=0; therefore either a5-y=0 or aj+y=2. First 

take y=x\ thus we have a5^+aa=c, z'+a5^=a: therefore 2= ►, and 

as 

by substitution ^-^ +«'=«, &o. Next take y=z—x\ thus we have 

I (z - «)* + as = c, 2? + a? (2 - x) = a ; add these two equations, &c. 

76. 05+ ^ =-g- , y +- = -^ ; by addition {x-\-y){l+-\ =-—'^ therefore 

2I2 ., 2I2 ,^ . 

*+2'=2(m)=*^^«2?22+^=^^'*°- 

1 17 

77. 2= — ; substitute in the other two equations; «+y+— = ^f 

117 / 1\ 1—x^v* 

-+-+a!y=.j5; by subtraction (ai + y) ( 1 ) + ^ = ; therefore eithex 

« y 2 " ^\ xy/ xy 

ay- 1=0 or a5+y= -, &o. 

xy 

78. (a;+y+3)'=l, (a;+y+2)(a^+y8+2') = l, sp8+y» + 2«=l; therefore 
(2+y+2)3 + 2(a5»+y8+28)-3(«+y+2)(a;«+y2+23)=0; that is 6a5yz=0, &o. 

79. Add the three equations together; thus (a;+y+2)^=a^+&^+c^; 
therefore as + y + 2 = ± V(a* + 6^ + c'^) » &c. 

80. jBy+yz+za:=26 (1), 

(« +y + 2) (acy + y2+ 2a;) -3a:y2= 162 (2), 

(a!'+y'+22)(a:y+yz+2»)-a;y2(a;+y+z) = 538 (3). 

Substitute from (1) in (2); thus 26(a;+y+2)-3a^=162 ..(4). 
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Sabstitnte from (1) and (4) in (3) thns 

to this add (1) multipUed by 52 ; thas 

26 
26(aj+y+z)»-y(«+y+2)»+64(a;+y+2) = 1890; 

that is — (a:;+y + z)« + 54(a!+y+2) = 1890. 

o 

Solving this qnadratio we get 9 as one value of x-\-y+z; and thus 
a^=24. We have now a5 + y + 2 = 9, xy+yz-^zx = 26, xy2 = 2^; therefore 

a; + y+ — = 9, jcy+?li?±i^=26; therefore sey+f 9-—^ —=;: 26; therefore 
xy xy \ xyj ay 

(xy)»- 26 (iBy)«+216ajjr- 676=0. By trial we find ay =6 or 8 or 12; &c. 



XXIV. 

i. Let ac denote one number and y the other. Then 

a; + y=39, ar»+y»=17199. 

2. Let x{x + l){x + 2) denote the number. Thus 

(aj + 1) (a; + 2) +«(« +2) + aj(a!+ 1)=47. 

3. Let the length be x yards> and the breadth x-1 yards. Then 

a(«-l)=3x4840. 

4. Suppose the crew could row at the rate of x miles per hour in still 

water. Then with the current 3i miles are passed over in — ^ hours, 

x-\-2 ' 

and agcUnst the current in — ^ hours. Therefore — %^ + — i- = 1|. 
^ a;-2 x-^2 x-2 ' 

5. Suppose X hurdles are placed in each of two opposite sides of the 
rectangle ; and y hurdles in each of the other two opposite sides ; then 
2a; + 2y =176. ^d as each hurdle is two yards long the area of the rectangle ; 
is 4ay square yards. Therefore 4a^= 4840 +968. 

84 

6. Let X denote the number of acres he rents. Then he pays — pounds 

« 

84 1 
for each acre ; and he lets a;- 4 acres at — + ^r pounds an acre. Therefore 

X A 



(*-^)(?n)=«*- 
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85 

7. liet X denote the ImiiibeT of sheep he pnrehased. Then he pays — 

8$ 1 
ponnds for each sheep; and he sells «-2 sheep at — + o pounds each. 

SB ^ 

Therefore (x " 2) (^ + ^) = 86. 

8. Ijet a denote the length of the given Ime, and x the length of the 
produced part. Then o ( s + ^J ) = «'• 

9. Xiet X denote the dividend, and y the divisor. Then -=3-^, a^=750. 

10. Xiet X denote the niunber the gentleman got. Then the market price 
of each is — -^ of a shilling, and the gentleman paid for each - of a shilling. 

Therefore -^ = ^ . 

X x+2 12 

12 

11. Suppose eggs cost x pence per dozen; Then for a shilling we get — 

144 
dozen, that is — eggs ; and if the price were lowered ohe penny per dozen 

X 

144 144 144 
we should get — = for a shilling. Therefore — = =2. 

JC— 1 1 X— 1 X 

12. Suppose that x Anstrian kreozers are worth a shilling. Then x + 6 
Bavarian kreozers are worth a shilling. The worth of 15 Austrian kreuzers 

t R T> 

is — of a shilling; and the worth of 15 Bavarian kreuzers is — — % of a 
a? ■ 05 + 

shilling. TheriBfore H . J5^ = ^ . 
° a; a; + 6 12 

13. liOt X denote the greater number, and y the less. Then 

r. / N 12a; 

a5 + y=9(«-y), a5y= — + a;. 

14. liet X denote the number of days the first worked; and therefore 

jc — 6 the number of days the second worked. Then the first received 

Qf\ 54 

— shillings a day, and the second received — - shillings a day. Therefore 

X as — 

96 54 

15. Xiet X denote the number of persons in the party, and y the num- 
ber of shillings each spent. Therefore 

(x + 5)(y + l)=120, (aj-3)jfy-|^=62. 

16. Xiet X denote the ntlmber of shares he bought, and y the rate per 
cent, discount. Then he paid — nf^~ pounds per share and received 
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— 1- --J? pounds per ihare. Therefore 



100 



20(100-.y)g 20(100+y)(x-60) _ 

100 -^^^' 100 -^"^• 



17* Iiet a; denote the niimber. Thena^+a^=9(x+l). Di^dehyas+l* 

18* Suppose that he lends x poondB at the rate of y per cent., and 
IBOO ^x pounds at the rate of z per cent. Then 

xy (1800~g)z iB_o6 a300-g)y 
100" 100 • 100 • 100 ^' 

Snbstitnte in the first equation the values of z and y found from the 
second and third equations; &c. * 

19. Let X denote the number of miles in the rest of his journey ; and 

suppose that the coach goes y miles per hour and the train z miles per hour. 

,^ 66+05 6 56 a 66 + 35 + » -r. ., « . x- 202! ^^ 

Xhen — r^ — a= - f — + - = . From the first equation x= — - -56: 

Az y z y z ^ y ' 

and from the second equation «= — - • Therefore 66= — —. Put u 

z-y y z-y 

fl 85 

for - : thus 20tt - 66 = r ; therefore 20m' - 76tt +21=0. The only admis- 

1/ tt-l "^ 

^ 7 

Bible root of this quadratic is ^ • Thus a;= 14. 

30. Let denote the number of miles from London to Tork ; and sup- 
pose that A travels 9 miles per hour, and that B travels y miles per hour. 
Suppose that they meet at the distance of z miles from London. Then as 

z c ^ z 

they have travelled for the same time when they meet - = ; therefore 

'' '^ X y * 

Sat . Thus when they meet B has still miles to travel, and A has 

«+y "^ »+y 

c miles to travel that is -^-, Therefore 

«+y ^ x+y 

>- "^^—^ = 16 (1). -7^,=36 (2). 

«(« + y) ^' y(x+y) ^' 

Divide (5J) by (1); thus ~=jg; therefore - = 2« ^^ from (1) we have 
^«16 ( -+ 1 ) ^16 X ; and - is the time in which A performs the journey, &c 

SI. Let m denote the number of miles in the distance. Then the first 
OOQxier goes ^ mUes an hour, and the second goes — -.^ miles an hour. 
^ ^ 20x14 20xU 1 

xwscwuav « « + 10 2 

32. Lsl X denote the number of mileB in the distance; and snppose that 
A ti«fela y suka p«r daj, and that B travels 2 miles per dsj. iSien as in 
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the solution of Example 20 we shall find that A and B meet at the distance 
of — '■ — miles from P and miles from 0. Therefore 

-^,J^=30, -7^=4, -7^=9. 

8c 
I^ivide the third equation by the second; thns we get y=ir ; snbstitnte 

: in tlie first, &c. 

23. Let X denote the nmnber of honrs in which the one pipe alone 

would fill the yessel, and x— 2 the number of hours in which the second pipe 

11 18 
alone would fill the vessel. Then - + -. — -^ = — - =s -— , 

X x-2 H 15 

24. Let X denote the number of hours in which the first pipe alone 
would fill the yessel, and y the number of hours in which the second pipe 

alone would fill the vessel. The first pipe is kept open for -f hours, and 

5 

therefore fills -J^ of the vessel; there remains l-;r^ of the vessel to fill: 

ox 6x 

this is filled by the second pipe in y\^-^) hours. Thus the whole time in 
hours is 'e^+y(l""c^)« ^ *^® *^o pipes had been kept open together 

the time would have been -^ hours. Thus -^ = ^ +y{ 1- r- ) -6. 

x+y x+y 6 *V 6xJ 

Also - X -^ = :: 1 1 - ?^ ) . Put u for - in the second equation ; thus 
, '^ X oj+y 3\ 6a;/ x 

_-?t_ — (i__-j; therefore 6tt'+ll«-10=0. The only admissible root 
1 + tt 3 \ o J 

2 2x 

of ibis quadratic is ^ . Then put -^ for y in the first equation. 

I 25. Let X denote the number of workmen, and y the number of pounds 

, each carried at a time ; and suppose that z journeys are made in an hour. 
Then Sxt/z is the total number of pounds moved. Thus 

8a!y2=7(x+8)(y-5)z, 8a^z=9(aj-8) (y+ll)«. 
I Therefore 8a:y=7(aj+8)(y-6), 8a;y=9(a;-8) (y+11). 

! XXV. 

1. The expression = ^ . ■ , v ,, — r? J ; it will be found that 

the numerator is equal to the denominator. 

I 

2. All three statements reduce toa-b+e-d- bed + acd - ahd + ahc = 0. 
5. liet a and b denote the quantities ; and suppose that >/(db)=k : then 

o5=A:«; therefore ^ = j5 ; therefore j^i^y 



78 



1 



a 



'; 









7. The roots are ifcVf«^V<a*-^K AaBome v[«+>/(<^-6^)}=V«+Vy: 
then win Art. 301, «+y=a; 2v'jqr=v\«'-*^; therefore (x-y)*=s6«; &c 

8. TheiDoto«re=i.« /^-^''^V^^-''^-*"), A«oine 



V- 



=V«+\'f ; ^• 



9. **+6ar» + lIa?+3«+31 / j^+3;v4'1 

^! V 

a^+3x i6jc*+llx* + 3flc+31 



ye 



6a:»+ 9x» 



2a:«+6a; + l )2«' + 3x+3l 
/ 2jr'4-feir+ 1 

-ar+30 
Thus if - 3a; + 30=0 the process terminates ; that is if x= 10. 

10. If 2^+02? + 5x* + ex + <i he a perfect square the square root most be 
of the form x* + px + q, where p and q do not contain x. Thxis we iniiBt have 
«ien^ica;^yx*+ax'+ia?+cx+d=(x^+px+9)*=x*+2px*+{p»+22)x*4-2^ 
Thus we see that a=2p, 6=-p'+2^, c=2p^, <2=9^; 

therefore a(46-<^«)=2px8g=16pg=8c, (46-oV-(82)*=:642»=64<i. 

11. (l-^xs^+yyy=^{l-\-ai^+y*){l+sf^+tD; working it out we have 

aJ» + y'+«^+J^+aV'+*'y-2aaj'--2yy'-2aa:'2^^0, 

that is (x-xO^ + (y-y')»+(a^-x'y)«=0. 

Each of the squares then must yanish ; therefore x=x' and y=y'. 

18. Suppose that the cost was x pounds; then the loss was a;-24|; 
therefore «"24{=s£^, &o. 

14. Let XjiftZ denote the parts in descending order of magnitude. Tbeti; 
PB + y + «=16, v-z=y/Xf x-y=7?. From the second x=y*+z*-23^; sub- 
stitute in the third and divide by y ; thus y=22+l. Then from the second 
c a (l + 1)>, Substitute for ^ and ^ in the fii^t ; 2' -f 5$( => 14, ^o. 
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16. Put p for -^^ — ^ " and g for " "o • ^^^ supposd n a 

mtiltiple of 3, say ?i=:8m. By Art. 860 we have ji^=l; therefore p'^rsl; 
g^ = l; therefore g2"»=l: thxis the anm =2. Next suppose that when n ia 
divideid by 8 there is a remainder 1; so that n is of the form 3^+l> 
jo*''*+"^=p**xp=|>;^ 53»»+i=gi3*»xg=5; the sum=|) + 5=-i. Last suppose 
that when n is divided by 3 there is a remainder 2 ; so that n ik of the form 
3m + 2. j>8«+«=p3mxp23^|,8^ 28i»+9--23«xg«=g2; the sum=;)«+22 which=-l. 

^g_ («H.l)(^-2H(»-l)(a=+2) ^ 2M^) ^j^^^^^^^ 

(05-1) (05-2) »-3 

(x2-2)(a:-3) = (fl5-l)(a;-2)(aj+3); therefore as^-Sai^- 2»+6=ar»-7aJ +6, &o. 

jr-2a5 s^-x « (o5 - 2) (» - 1) 

therefor^ ?=a;(aj-2) (x-l)«=(3r»-2a;) (a?-2a;+ 1). 

Put y for 08* - 2^ ; thus 2 = y (y + 1) ; therefore y = 1 oy - 2, ^c. 

18. (ai«-l)(»>-4)(jp«-9)-ir'(a;-l)(«-2)(aJ-3)=0; thus either 
(a!-l)(«-2)(»-8)=0 or(a;+l)(ic+2)(aj+8)-aj"=»0, &c. 

1.9. (x»-43j)»-4(a>«-4ip) = 16; »«-4aj=2±2y^5, &c. 

20. v(2a5 - 1) - y/{5z - 4) = V(4o5 - 3) - V(8aJ - 2) ; square 

7a;-5-2V{(2a;-l)(6«-4)}=7a;-5-2V{(4a;-3)(3a;-2)}; 
therefore V(2« - 1) y/(5x - 4) = V{(4ic - 3) (3a; - 2)} ; square, &c. 
^X' Multiply by 2, and arrange thus ; 

extract the square root ; %/(fl5 - a) + 2c:^ ± {V(* + a) - 26}. 

Thus V(*~*)'^V(a'+«)= -2(cdb6); squ^e«=f V(**-a')=2(c±6)*j 

transpose and sqi^ure {o5 - 2 (c i 6)^}^ = a^ - a', &c. 

22. {v/(a + a;) - y/a] {V(« - oc) + Va} = » {\/(a + «) + Va} {V(« + a?) - V«}» 
Kither V(« +«) - s/a=0 or V(a ~ a) +V«=n{V(«+35) +Va}. The former gives 
^=0; take the latter; transpose y/(a'-x)-n>/(a+x) = (n^l)\/a; square 

o(l + n«) + »(n*-l)-2»V(a*-«^) = (»*-l)'a, 2»a+aj(n»-l) =2nV(a'-a^). 
Square again, <S^o. 

23. ay+&a;=2a;yj put a+&-a5fory; thus 2o6*-(3a+&)a5+a'+a6— 0. 

24. — ^ — , ,, / ^ s-^ — =-i— ; therefore, usina the second eouation, 

« (a+6+c){a6c+(a+6)a3^}=(a+&)c(a+aj) (6+y); 

therefore (a+&)'a!y+a6c^=(a+6)c(oy+6aj). Substitute c-as for y; 

thus we get (a+t)V-2oae(a+&)+oV=sO, that is {(a+6)a;-ac}^*Q, 



80 XXVI. KATIO. 

25. 6(x^-y*)=5ajy, 6(a!+y)=5flBy; by divisionflB-y=l, Ac. 

26. From the first equation oy + hx=-^ — — : sabstitnte in the second; 

c 

— (x+y-'C) = ahe(x+y-e). Thus either a;+y-c=0, or xV = <*^<?' Take 
c 

the former then we have also from the second equation ay+bx-oa/=0, Snb- 
stitnte c-xioi y, &c. Next take xy=cy/ab ; substitute in the first equation; 
thus ay + bx=\/(ab){x+y); therefore y >/<»(%/« -V6)=«V* (V«-V^)» ^• 

27. From the second equation »+-=%; substitute in the first equa- 
tion; thus y(x +£) = !, Hence the second and third equations become 
(aj+z) f «+-) =9, («B+2) (^ + '")=oJ diyide the former by tlie latter; 

X + -=2 f 1 + — J ; therefore x-2=-l — ij; therefore either x=2 or aa=-l ; 

only the former will be found admissible. Hence z+ -=2 ; &c. 

28. Add the four equations; thus we get (v+a5+y+0)'=4 (a + 5 + c). 
By subtracting from this four times the first, second, and tldrd equations in 
succession we get (v+aj-y-«)*=8a, {v-x+y^z)^=Sb, (v-sc-y +2)*=8c. 
Extract the square roots ; thus we have four simple equations. 



XXVI. 



/2\s_4 7100 _ 10 



„ 3 7_ 7 



3. Let 2x and Sx denote the numbers : then - — - = -t, &e. 

3x+9 4' 

4 / ^ + g Y_ g'+2ac4-c^ _ g' + 2flM; + o6 _g(a+2c+6) o 
' V> + cJ ~ 6a+26c + c=»~6«+26c + a6~6(6 + 2c + a)"6* 

5. Let X be the number of miles in the distance from ^ to ^ by the 
shorter road; then ac + 14 is the number of miles by the longer road. The 
distance from £ to C by the shorter road is 2x miles, and by the longer road 

2a; + 8 miles. Therefore „ — ^ = ^ • 

Zx+o o 

ax+hy cz + ax hy+cz 2{ax + hy + ez) _, ,, , . ^ ^ 

cz by ax ctx + tyy + cz 

we thus get aaj + 6y=2c2, cz + cLX=2iby^ 6y + c2=2aa;. Subtracting the 
second of these from the first, hy=cz; similarly by=€tx; and xi- y+z=2, U 

ax+hy +cz=0 then :i=-l; thus a5+y+z= -1, 

. C2 .. . 
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7. By Art. 884 each fraotiona 

af+««y+aj+a,y+ai+aay (ai+ai+ai)(l + y) 1 + y' 

8. By Art. 884 each fraction s 

a-h+h-c+e-a + a + h + e a + h-j-c 

ay'\-lfx + bs + cx + qf+ca'\-ax-^bif + €Z^{a + b-^e){x + y + t)* 

and this = ila+h-^e is not iexo, 

x+y+z 

ay-lx cx-as &g - cy _ c (ay - fee) + 5 (cag - gg) + a (fe - gy) ^ 
Tliiui ay-&B=sO, eas-assO, 52~ey=s0. 

SijsDilarly the other cases are established. 

11. From the first two equations ^=| = 7=32;8a7; thns as =81;, y=4lr, 
B=5hi substitute in the last equation, and we have I^s8; therefore hst2, 

12. From the first two equations ,.!^ ,, =ttt^% =-7-i — xir= * B»y • 

^ a{b*-<!i*) 6(c*-a^) c(a*-6") "^ 

subfititnte in the last equation : thus we find 2;=s ^ 1 or 0. 

xxvn. 

4. Let z be the required number of days ; and let i be the number of 

days in which x men could copy the manuscript working 8 hours a day. Then 

^ . , . « *!. * * 2x32 Si 2x8x82 

t z 32 z: 2 : X, and s : t :: 8 : y; therefore «=» , «=— = . 

X y xy 

as_ (g+g)« tt^+2a»+zV , ^^ g, g-y gJ-y«H>2(a;-y)g . 
diTide by ae-y; thus - = J^^^^^ * ^^^^ ^^ fractions ; ««=ajy. 

6. Suppose ~=r: then -=r; thus a=rd, p=rq; 
b q 

/.^wx. "^-Wl+i^- ^ _ (l+r)(l + . 

^'^ ' ^ ' p+2 =» ^ ' 2(1+*') •^ 

iheref ore the required result follows. 

T. K. O 
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7. Sappose that a :h ::e:d; and ki 6*=ai; tiiea ad— he; thsrefore 
--^he; therefora a6=c'. 

a (a+(0*-(&+c)«=(a-d)«-(6-c)*; therefore 2ckJ-26(;=» -3acJ+25<j; 
therefore ad=be. 

10. Snppose that in the l&rst yessel the fraction x of the whole is wine, 
and 1 -OS of the whole is water; and that in the second vessel the fraction y 
of the whole is wine, and 1 ^ 3^ of the whole is water. If we take a measure 
from each the mixture contains as much wine as water; therefoie 
x+y=l''X+l'-y, If we take four measures from the first and one measure 
from the second, we obtain 4a; + y measures of wine and 4 (1 - 2) + 1 - y mea- 
snres of water ; therefore 4x +y : 4 (1 —a;) + l-y ::2 :S. 

11. Snppose that A has x pounds, and that B has y pounds ; and sup- 
pose that A stakes mx pounds, then B stakes my pounds. Then 

«+y3sl68, «+my=2(y-my), y-|-indE=3(«-ma;) ; 
therefore a;=(2-8}»)y, and y=(S-4m)aE; therefore hy multiplication 
1= {2 ~ dm) (3 - 4m). The only admissible root of this quadratic is ^ • 

12. Suppose X the original number of male criminals, and y the 

(4*6\ / 9*8 \ 

1-r^j and y(l + -rrrr J are 

the new numbers of male and female criminals respectively ; therefore 
*(^"S) + K^'*-lS)=(*+2^^(^ + m)- Hence we get y=^. 

xxvm. 

1. Put y=mx; then 3=mxl; therefore m=8: thus y—3x, and ys9 
whenx=:8. 

2. Put a=smb; then 15=m x 3 ; therefore ms5 : thus a=5&. 

3. Put z=mxy; then l=mxl; therefore m=l: thus zz^xy^ and 2=4 
when x-=2 and y=2. 

4. Put z=m{px+y); then 3 = m(p + 2), and 5=m(2p + 3); therefore 
5 2p+3 ,, , ^ 

3 = ^'*^®"^^^'®^=^- 

5. x varies as y when - is constant, and varies as - when y is constant: 

therefore by Art. 425 when both y and - vary x varies as their product 

z 

3 ., 3tf , 3 



6. Put x=— ; then 3=2m; therefore m=ss; ^^ «=<> > *"*«^ '^i 
z ' 2 2s' 4 

when ys2 and 2=4. 



ax 
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T. The uiimber of weeks varieB m the exxm of money directly, and the 
nmaber of men inversely. Let oe, y, 9 be corresponding yalues of the num- 
ber x>f weeks, the number of pounds, and the nnmber of men. Then x=^-^ , 

6=»5^; therefore ^-tkI tiiw •'"Tg • Now|ttit 19 <or y, and 4 for u; 
then x=:10. 

4 4^* 

8. Put 8?*= my* ; then 4=27iii ; thus m=5= , and x^= ^ . 

9. Denote one quantity by ox and the other by -; then y varies as 

+-. Put y3=m(aa;+- ) ; then 4=ma-fm&, h^2ma-\--^ \ therefore 

2 

ina=2, and m&=2: thus y=2a;+- . 

10. Let % denote the former quantity, and y the latter. Put x—my\ 

then 7 = -5- ; therefore m=7« ; thus a:=^ ; therefore y=16 when x=9. 
4 o lo Id 

11. Suppose that z varies as se+y when oc-y is constant, and varies as 
%-y when a;+ y is constant. Put tt for x + y, and v for x - y. Then z varies 
as tt when v is constant, and varies as v when u is constant. Therefore by 
Art 425 when both u and v vary z varies as their product, that is as x^— y^ 

12. Let OB denote the radius of a sphere, y the volume of the sphere ; 
then y varies as o^. Put y-s^ma^. Thus the sum of the volumes of spheres, 
whose radii are 3, 4, and 5 inches is m (8' + 4^ + 5^), that is m x 216, that is 
m6', that is the volume of a sphere whose radius is 6 inches. 

13. Let % denote the radius of a circle, y the ^ea of the circle ; then y 
varies as »*. Put y = nu^. Then the sum of the areas of circles whose 
diameters are 6 inches and 8 inches respectively is 7/1(6^+8^) that is m (36+64) 
that is mlO* ; that is the area of a circle whose diameter is 10 inches. 

14. Since the volume of a globe varies as the cube of its radius we 
may denote the volumes of the two globes by m/r^ and mr'^ respectively. Let 
R be the radius of the single globe which is formed ; then the volume is m£? ; 
therefore mi? =3 m (r» + r'*). 

16. The speed in the nth mile varies inversely as n - 1 ; and therefore the 
time of describing the nth mile varies directly as n - 1. iDenote this time in 
houTB by m{n- 1). Since the second mile is described in two hours we have 
2s«»(2-l); therefore f»=s 2. 

17. Denote the first quantity by p, the second by qxj and the third by 
fse*; then y varies as jp+ J* +nB*: Put y=s«(p+ gas +ra!?)j then 

0=jn(|)+5a+ra*), a=m(jp+2ga+4m*), 4a=m(p+32a+9ra'); 

1 / 2x a?\ [x \* 
therefore wp^a^ m2'=-2, inr=-; thus y=o(l + -i) = a(--lj. 

g2 



84 



XXIX. SCALES OF NOTATION. 



18. Let X denote the quantity of work done in y hoim by z men ; then » 
Tarief as K* when g alone Taries, and yaries as yS when y alone yaxies ; there- 
fore when both y and s Tazy » Tazies as tiyi. Pot «=fRsTyS. Pat s=s24, 

ya25, and «»!; thns mg ^ _^ -; so thatassf ^j .^, Nert put ts9^ 



Sag; and find y: thnsy": 



5 (24)^ 

!8laB2; therefore y si. 



1. 



7 1 128456 
7 1 17636...4 
7 I 2519...8 
7 I 859...6 



7 61...2 



7 7...2 



1...0 



a. 7 I 357234 

7 I 51033...3 



7 
7 



7290...3 



1041...3 



7 148...5 



7 I 21...1 



8...0 



5. ten I 545 



ten 32...9 



2...0 



8. twelve I 40234 



twelve 1 1324...1 
twelve I 82... I 



2. 5 1 1357531 

5 I 271506...1 



4. 



6. ten I 4444 



ten I 222...4 
ten 11...2 



5 
5 



54301...1 



10860...1 



5 I 2172...0 
5 I 434... 2 



5 
5 



86...4 



17...1 



8...2 



eleven [ 33381 
eleven I 30300. ..< 



eleven 2754... 6 



eleven I 250... 4 



eleven 22...8 



2...0 



7. seven |8418 
seven I 310... 8 



...6 

9. eleven | 64520 
eleven [ 4151... < 
eleven I 246... 5 



seven | 24.. .2 
2...2 

10. ten 1 15951 



eleven 15... 



1...1 



ten I 1760...1 

ten 1 194...4 

ten I ao...4 

2...2 



11. 8 1 15 



13 loo"'®'!''®"'*- 



12. 8 I 31462 

8 I 3932...6 125 



8 I 491...4 1000 
8 I 61...8 
7...6 



x8=l. 
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13. 



5 I 221 
6 I 44,..l 

1...8 



248 

1000 



248 
200' 



X6=S?=1A- 



lx6=|=lf ix6 = l. 



14. 



ten I 444 
ten I 22...4 
1...2 



24 -^ 48 ^, 
ggxl0=^=9{; 



*44 here staacU f or ?; + ^ , 

24 
that is 57 in the eommon seale. 

I X 10=6. 



15. 



12 I 1845 



12 1 158...9 



12 I 12...9 
"TTTO 



•8125 
12 



8-7600 
12 

9-0000 



16. 



2 6 8 . 179 

•268 here stands for ^ + gi + p I that is ^ 

te n 17. ..8 VI the common scale ; and this » -849609375. 



ten I 8065 
ten I 286...9 



1...6 



17. 



18. 



71231 



7188^ 



4...5 



7 I 452 
7 I 64...4 
7 I 9...1 
1...2 



1214 
450 

64060 
5162 

ten j 613260 



ten 42304... 2 



ten I 3021...1 



ten 206...4 



The product is 104412 in the scale of ten« 



ten 1 13...4 
l...d 



4685 \ 17832126 / 8483 
y 16276 V 



19. 



25461 
21072 

43682 
42164 

15276 
16276 



) 
•J 



S8^i / 162 

232 
221 



842 \ 1124 
1124 



86 



XXIX. SCALES OF KOTATIOK. 



20. 



22. 



23. 



25. 



i2i4S4i2i / mil 




21. 


844£-44 / 44-4 
24 V 


21 \23 
7 21 






124 \ 1045 
y 544 


221 \ 245 
y 221 






1324\ 10144 
) 10144 


2221 \2443 
y 2221 

22221 \ 22221 
y 22221 




8 
8 
8 


f^ 4 2 
13... 1 *4 means ^Sq* 


r3...o ® * 

1...0 


103050301 
20404020 






6Sa4S6l / 7071 
61 V 


62444261 




1607 ) 14442 
y 14261 

16161 \ 16161 
y 16161 


iiodo6o6i6o6oi / iioilil 




24. 675i6^*2l / Ste7 
64 V 


101 \ 1000 

y 101 






14^ \ 1355 
y 1204 


11001 \ 110000 

y 11001 




• 


1586 ) 1516« 
y 14321 


110101 \ 1011110 

y 110101 






169^7 ) t4921 
y «4921 


1101101 i 10100100 

y 1101101 








11011101 \ 11011101 

y 11011101 








^^^xl2- 


117 
= 16 = 


»7A, 


» 


r,^''" 




H. 




?xl2= 

4 


=9. 







26. Let X denote the ladix ; then 95=ae^+ 8« + 7« 

27. Let X denote the radix ; then 2704 s 2aE* + 3«^ + 4. 

28. Let X denote the radix ; then 1331 »»* ; therefore x^ 11. 
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29. Let X denote the radix ; then 16000 := as* -i- Sas*; 
therefore 16002i= ^x»+ 1)*; that is ^^ = («"+|)'; 

.,. , 263 , 8 ^ 

therefore "a"~*^"*'2* 

80. Let « denote the radix ; then 85i= 5as+ 5 + - . 

• X 

1664 4 4 

31. Let X denote the radix; then txxka =3 + ^ - 

32. Perform the division ; the radix being supposed greater than six, it 
win be foimd that we have never to consider what the radix is ; the quotient 
in 1002001. 

33. The sqnare root is found to be 12. 
84. The eabe root is found to be 11. 
86. 2 1 1719 

2 869.. .1 



2 
2 

2 



429.. .1 



214...1 



107... 



2 

2 
2 

a 



63...1 



26...1 



18...0 



6...1 
3...0 



1...1 

86. 1027=»8x342+l; 842s8xll4; 114»8x88; 88»8xl3-l; 
13»3x4+l, 4a8+l. 

Hence reversing 4=8 + 1; 18=*8«+8 + l; 88=8»+8«+8-l; 
114=3*+3*+3*-8; 342=8»+3*+3'-3«; 1027=8»+8»+8*-8»+L 

87. 716==:8x289-l; 289:^8x80-1; 80=3x27-1. Hence xevendng 
80=3*-l; 239=3»-8-l; 716=3«-8«-8-l. 

88. 475=3x168+1; 168 = 8x63-1; 63 = 8x18-1; 18 = 8x6; 
6=8x2; 2=»3-l. Hence reversing 2 = 8-1; 6 = 8'-8; 18=8'-8*; 
63=3*-8»-l; 168=8»-8*-8-l; 476=3«-8«-8»-8 + l. 

•n ^^^ V. . 1. 286 . V * * 286 1.7.7 

39. 286 cubic mches=j^of a cubic foot; j^«- + _+_g. 

Thus the volume of the pazallelepiped expnned in the icale cf twelve is 
7M77 cubic feet. The area of the base expressed in the scale of twelve is 
20*06 square feet. By the rules of mensuration we find the height by 
dividing 7M77 by 20-06, 

2005 \ 7«177 / 8e 
y 6013 \ 

1^047 
1<047 



88 XXX. ASITHHSnCAL PBOGBESSION. 

40. lOlincheB^^ of a foot; ^»j^ + l||. Thiu the length m. 

preaed in the $eaU of twelve is 2*t8 feet. 79| square inehess |-| of a squire 

794 6 7 2 
foot, fn ^ 12 '''144 **" 1728 ' ^^ ^^^ ""^ expreteed in the eeale oftwdn 

is 5*672 squaze feet. 

2<8 \ 5-672 / l-«4 

y 2<8 V 

2842 

2749 



€50 
e50 

. 41. The munber consists of lOOpg + lOp. +i>o + some multiple of a eftou- 
eema. Now a thousand is diyisible by eignt ; and therefore the number is 
divisible W eight if lOOpa+lOpi+fo iSi that is if 8(l^a+^+4p,+2i)j+l)« 
is, that is if 4p,+ 2pi+i)o is. 

42. Let « denote the sum of the digits in either number : then eaeh 

number is equal to ? increased bj some multiple of nine ; see Art. 446 ; and 

therefore the difference of the numbers is a multiple of nine. 

48. Let n be the number of digits, and r the radix of the scale : the 
greatest number has the digit r-1 in every place, and is therefore equal to 
r*-l: the least number bas unity in the extreme left-hand place, and 
zero in every other, and is therefore equal to f*~^. For example let as 8, 
and fslO: Uie greatest number is 999, and the least is 100. 

44. Let a and h denote the numbers ; we will suppose a the greater. It 
is given that a+& is a multiple of the radix. Now a' -5*= (a -6) (a +5) 
which is therefore a multiple of the radix. This demonstrates the first part 
of the proposition. Again, ab-\r<i^^a{a'¥h)t which is a multiple of the 
radix : this shews that if we divide a' and ab by the radix the sum of the two 
remainders is equal to the radix. 

45. It is g^ven that the number is divisible by 2', by 8 and 5. The 
number then has, besides 2, the following twelve divisors : 2*, 2*, 2.3, 2*. 8, 
2'.8, 2.5, 2*.5, 2S.5, 8.5, 2.8.5, 2*.8.5, 2>.8.5. These twelve numbers are 
the twelve excepted scales. And as Uie number has no other divisor it 
must be 2*. 8. 5, that is 120. 

1. ^(4+10x4)-800. 3. ?(8-?)=?x-l-4. 



21 10 - 
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^ 10/16 9x2\ 10/ 2\ « 

^ 12/^ llx8\ ^ 41 ^,. 
21/10 20\ 

^' TV^'ai;" 

8. ^(1 + ^)=^^^^"^^- ^- ^(232-29x8)=0. 

10. |jl8+2(»-l)j = |(18+2»-2) = |(16+2»)-ii(8+n)- 

n * I o ^'^^l * 12--n+l »(lS-n) 
"• 2r rl'2^ 6 ""1[2~' 

12. Let h denote the oommon difFerenoe ; the Bum of the first five tenns 
is ^(2+46); the Btim of the following fiye tenns is r {2 (1+55) +45}, for 
the first of these terms is 1 + 55. Therefore 

|(2+45)=:^x||2 + 145|; therefore 4 (2 +45)» 2 + 145; &o. 

13. Here 0^2; 7^2+45; therefore 5=7; 

4 

tlien 68=>|4+^(fi-l)|«|(6« + ll); &o. 

14. 88=^|s2 + 4(n-l)|»»(2n + 14); &e. 

15. Here ?| 2+(ii»-l)5 | : ||2 + (»-l)5| :: m* : n'; thezefore 

I •i»M2 + (ivi-l)5}=nm*{2+(»-l)5}; therefore n {2 + (m- 1)5} sm {2+ (» -1)5}; 
I iheref ore 2 (n - m) s 5 (n - m) ; therefore 5=2. 

The nth term sa + (n-l)5=l+2n-2=2i»-l. 

16. 120=^|42-'2(n-l)|»fi{22-.n}; henoe we findnsl0orl2. If 
nel0thela8tterm»21-9x2s8. If »» 12 the last terms 21-11 x2s-l. 

17. 204»~x9i(Z + o)s^xn(50+l); therefore »s8; 50»l + 75; there- 
fore 5=7. 

18. 29»l+7<2; therefore ({=4. 



90 XXX. ARITHMETICAL PBOQRESSION; 

19. The sum of the n+1 terms 1, 5, 9, ••• is — — \ 2+4» [ ; the stun 
ofthentermsS, 7, 11, ... is^|6+4(n-l) \; that i8|| 2+4n | • 

20. a=l, 6=4; »=|| 2+4(n-l) |=ii(2ii-l). 

21. 1234821*^ I 2+2 (n- 1) I =n«, &o. 

22. 1840=^|32+8(n-l)|=n{4n+12}, Ac. 

28. There are n-1 jonmeys; the first is of 2- yards, the second of 
2(1+8) yards, the third of 2(1+8 + 5) yards; and so on. Thns the first 
jonmey is of 2 x 1 yards, the second of 2 x4 yards, the third of 2 x 9 yards; 
and so on. The sum is fonnd by Art. 460 ; we ohange » in the f ormida 
there given to n - 1, and doable tfte result. 

24. 66s«+18&, 666=fli+138ft, 6666 =«+(»- 1)5. From the first two 
conations we find asl, 6=5 ; and from the third o - 1 = 1333, 

25. Let n denote the number of means; then 21=1 + (»+ 1)6; there- 

20 
fore 5= — r. The first mean is 1+6; the last is 21-6; therefore the 
n+1 ' 

simi=^(l+6^-21-6)=lln. The two greatest means are the two last, 

namely 21-6, and 21-26. Therefore lln: 42-86 :: 11 : 4; therefore 

60 
4i»=42-86=42 -; therefore 4»'-88ti+18=0. The only admissible root 

w+ X 

of this quadratio is 9. 

26. 28J=^j-24+|(»-l)j*?J8»^6lj;&e. 

. 27. 26«^|a+ii-l|=g(«+ff);&o. 
28. 14=^[l0-(»-l)j = ^(ll-»);fte. 

29« «=^ |2a+(n-l)6l; thisTsnishes i£ 2a+(n-l)6 ranishes, that is 

-2a 
if »-laB— - : henoe that n may he a positire integjar 6 must dmda 2a, 

and the sign of 6 must be contrazy to that of a. 

80. n=a+(m-l)6, m=a+(»-l)6; by subtraction n-ms(ii» — n)6; 
therefore 6=-l. Hence a=m+n-l. Let x denote the required 

number of terms; then ^ (m+ti) (m+n- 1)^- | 2 (m+9i-l)~(a(*l) >; 



I 
I 
i 
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flierefore 9^-s(2»+2n«l) + (m+n)(in+ii-l)s0; 

therefore Ix j » I — ^ •J -(i»+»)(«+nnl)*|; 

therefore x 5 ~*2» *°' 

81, 72=1 j 48-4(n-l) | =n(26-2n); &c. 

8-i. ^+2»»-^J2a+(n.l)>|«?|2a-6 + nft|»^(2a-&)+?J. 

Since this is trae for all yalnes of n ve may put f or n m sncoesBiott 
1, 2, 8, ..., we shall thus find that -^y-=p, «=«» therefore 6=2g, and 
2a=2p+6=2p+2j. The wth term =a+(»»-l)6=j>+g+2(w-l)g. 

83. 4=^]2a+«-l|. 
i^M*^=^|2(8a+n-l)+»-l|«||6a+3n-8J. 

84. We haTe to shew that (h!»-a»-l)«+(a^+2a5-l)«=2(a!»+l)«. 

85. l*->a*»{a+(n^l)&P^<^B(i»-l)&{2a4(n-l)&}. Twice the sum 
af all thetermi3fi{2a+(n-l)&}s2na+n(n~l)&; from this take away the 
Sam of the first and last term, that is tale away 2a+(n-l)& ; the remain- 
der Is (»-l) {2a +(i»-l)6[. Divide P-a* hy this, and the quotient is 6. 

86. n=?|2a+(w-l)6J...(l), m=^ |2a + (n-l) ftj... (2); from these 

equations we may dednee 6= ^^iH^dl^ ^^m'+n'+mn-m-n ^ ^^ ^^^ ^ 

mn tnn 

sum of any assigned number of terms can he found. Or we may proceed thus : 

the sum of m+n tenns=^^^ |2d-i-(m+n-l)&[. Now from (1) and (2) 

by subtmrtion 2(ii-m)s2a(iii-fo)-f (iii-n)(m+i»-l)6; divide by m^ni 
thtiB (m+]i-l)&+2as3 -2. Hence the sum of m+n terms s»~{m+n}. 

Again the sum of m-^n terms:^ — ^ < 2a+(m-n-l)& > • Now we have 
Just seen that -ls=o+i — " ■■ , and from (1) —= 2a •*-(«- 1)6; therefore 
}ij sobtraetion we obtain — +1=80+ ^"*" ~ Hence the sum of 



M-t» tenns: 



(-.)(x.5) 
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87. Suppose » the nnmber of meaiiB. The second mean is 1+26; 
the last is 19-6. Therefore 1+26 : 19-6 :: 1 : 6. Thus 6«1. And 
19sl + (ii+l)6; therefore ns 17. 



88, 5360=||8+i»-l j-^|n+7|; Ae. 



89. Let 2fi+l denote the whole number of terms. Then 44 is the 
sum of n + 1 terms of the series a + (a + 26) + (a + 46) ...; therefore 

44=—^ |2a + 26n|. And 88 is the sum of n terms of the series 
a+6+(a+86)+...; therefore 88s||2a+26+26(f»-l)| »^| 2a+26» |. 

Henoe, by division, ^^= ■ ■; therefore ii=8, and 2n+l=7. The mid- 

44 
die term sa+fi6 : and from aboye thisa — 7=11. 

' »+l 

40. rr-— , ——.and — = are in a. p. if ^ — + — x= , that is if 

6+c' c+a* a+h 6+c a+6 e+a 

(6+a)(a+26+c}=2(6+0)(a+6), that is if a*+c>=26*; and this is tme by 

hypothesis. 

41. The first term is 1, and the common difference 2, 



f=|{2+2(».l)} 



»«. 



42. Here we might first smn the series 1 + 5 + 9 + . . ., and then the series 
84-7 + 11 + ...; and subtract the second result from the first. Or we may 
proceed thus : the first and second terms together make - 2, the third and 
fourth terms together make -2, and so on. Thus if n be even the sum 

is -2x^, that is-n; and if n be odd the sum is-(n-l)+the last term, 

that is-(n-l) + 2yi-l, that is n. Thus the sum is —» if n be even, and +n 
if f> be odd; that is the sum is — n ( - 1)**. 

43. Proceed as in the solution of Example 42. If n be even the aum 

t^ ft ~- 1 ft + 1 

is - ^ . If » be odd the sum is — ^ + m, that is —^r— . It will be found 

on trial that this may be expressed thus in both oases : ^ {l - (2fi + 1) ( - 1)^\ . 

44. P=a+(p-l)6, Q=a+(2'-l)6. Therefore 

Hence the required expression can be obtained. 

46. x-a+{p~l)b, y=a + (g-l)6, «=a+(r- 1)6. From the first of 
these equations P-l=-i + £» therefore p=l + -^ + (aj- 1) r . 8inii> 
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larly g=l+-j^+(y-l)T, r=al+-^+{«-l) j. These shew that |>,gr,r 
are respectiYely the a^^ f^, ^ terms of aa A. p., of which 1 + -r— is the first 



tenm and :=- the common difference, 
o 

46. Sappose n the nnmber of sides; then the number of degrees in 
all the angles =^ js^O + 5 (n - 1)|; and this number, by Endid i. 82, Cor. 

^(2)»-4}90. Thus ^|5n + 235|»(2n-4)90; therefore n>-25ii + 144=0. 

The roots of this qnadiatic are 9 and 16 ; the latter root is inadmissible for 
it wonld majke some of Hie an^es of the figure greater than two right angles. 

47. The first term=l-f 1; the seoond=s2> + 2; the third^S^ + S; and 
80 on. Thus we require the smn of the two series 1 + 2 + 3 + ... + n, and 

1*4 2*+ 8'+ .-.+n'. The snm of the former series is " ^ ^ ; and the sum 
of the latter series is ^i'^ + ^)i^^+^) ^ By adding the two together we obtain 
!L&L±i)ji+?!^j.thatistL^^ 

48. We have (a + 5)^ » a (a +85); therefore ('=sa&; therefore l=-a; 
therefore (a +56)^= (a +36) (a +86). . 

49. We have ^(n)=^ /2a+(n-l)6|. Let h denote the second term 

of the series ; then Aaa+6 ; therefore 6=A-a, and ^(n)= qT + ■ q" • 
Hence ^(n+3)-80(n+2)+8^(»+l)-0(n) 

~ 2 

8a-A 
+ "^ 

It is easily seen that each of these two expressions vanishes. 



|(n+8)»-8(»+2)«+8(n+l)»-n«| 
J»+8-8(n+2)+8(n+l)-n|. 



50. The first term is 6 - ^ , and the common difference is - r . Thus 

J> 2 



,= |{9- 



•T-I'li^-i- 



51. Let the four parts be denoted by s - 3^, jc-^i x-^-y^ s6 + 8y these 
are in a. p., the common difference being 2y. Thus as their smn is unity 

4iet«l« Also («*8y)»+(a5-y)»f (a; + y)»+(af + 3y)«=j^; this reduces to 
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ia? <f COsgf'A^ • Siibfititate the value of m, and we obtain t/*^j^ ; there- 

fose-yssA^g. It niU be seen that owing to th^ peciUiar lonn we have 

adopted for the nnlmown quantities the work is much simplified. The arti- 
fice should be noticed, as it is often useful. If we are engaged for example 
on a problem respecting three unknown quantities in a. p. instead of denotmg 
them by as, x^y, x+2y it may be more adyantageous to denote them by 
of-y, «, sc + y. 

52. Let n denote the number of months, a the number of shillings in 
the wages for the first month. Then, as the wages are raised a shijling 
every month, a+n- 1=60. And the total amount of the wages is 48n 

shillings; therefore 48n=||2a+n-l|; thus 488K|a+6o|; therefore 

a=36, and f»=25. 

53. Suppose X the numbmr of hours B travels; then A travels x+i^ 

X { x-1) a? 11^ 
honnL Therefore 6^+4i)=2 |6+-2~J*=" J + ^ ' ^^ a^'-^.=^90; 

therefore »=sl5 or -6. 

54. Suppose that the last person worked fbr x hours, then the last but 
one worked for 2x hours, and so on ; and the first person worked for rx hoois. 

Then the total number of hours of work is — ^ — ' • And by supposition 

this is equal to mr ; therefore x= — =- , and rx^ —7 • 

r+1 r+1 

55. Let X denote the digit in the hundreds' place, y the digit in tlie 
tens' place, z the digit in the units* place. Then the number is lOOx+lOy+2. 
Therefore 100«+l()y+2=26(«+y+«), 100«+iPy+«+396=i002+l(V+«» 
2y=x+z. 

56. Let a denote the first integer ; then the sum of the 2n+ 1 integers 
^"■*'^|2a+2n|=(2n+l)(a+»); thi« isdivisiUe by 2»+l. 



2 



XXXI. 



•■ |-^Pii-?{(l)'-}- - »'^Si-|l»"-'!- 



XXXI GEOMETJIICAL PROGRESSION. 95 

5 8 J— 3 

- " • ^' 71"* 3 

2 

-- 6 _ 6 60 

11. 'r^ 





2 


4 


5. 


-L-2 


. 8 16 
4 


9. 


*3.10. 
1-6- 





H^^o "• 



j2^ 1 1 2 8 8 



/ i\ rnr 8* ,„ 2 2 27 



2 , I 4\ ~i 4"'26* 



-(-i) 



11 1 

,. 5 6 1 iR 2 1 

- / i\"- 1-6- ^^- ^n^s- 
« 

16. To find r divide the seoond term by the first ; thvs ^ro get 

1 V2-1 V2-1 V2-1 

2-V2^V2 + l 9y2(V2-l)(V2 + l)*" V2 * 

17. Here we have two geometrical progressions, 

2 2.2. ,3 3 

5 +65 + 65 + -" •^^P+r*+ — 

2 £ 

rm. 6 . 6^ 26 /2 3 \ 

The8nm=—^+ — = 21(5+55). 

25 26 

18. Fat a^r and 6ar in Art 473 ; thus we get 

. . l-r +~(l-r)a • 

19. Put a=l, 6=1, r=5 in Art. 478 ; thns we get 

2«. 2V^ 2«-i; „ n / 1 \ »+2 

1-3 \,i-a; 



^ 
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20. Put a=l, 6^2, r=^ in Art. 473 ; thus w6 grt 

2* . 2^ ^ 2n-l^. 4 ^ 2« + 3 



T'F^ 



21. Pat a si, &s2, r«-sinArt. 478; thiuweget 



(-2)* ( - 2)*-^ 2 2n-l 4 4 __2 6n+ l 

J i ■ (i^lY "8'*"8(-.2)»-i"9'^9(-^""9"*"9(-2)*-i* 

22. Let o denote the first term, and e the third term; then c=ai^; 
therefore rs db ^ /- • We can now rabstitnte this yalue of r in the known 
expression for the sum. 

23. (-8)^=81. 

24. Suppose the least share to be a ponnds, the next or pounds, the 
third or* pounds, and the greatest at* ponnds. Then 

87 
a +ar+ar*+ar*a» 700; iir*-a=^(ar"-ar). 

The second equation gives r>-ls — ^^^ ; therefore 12(r>+r-|-l)a:37r; &c 

25. The first term is - a^, and the oommon ratio is - a*. The snm 



^(^'^>"= (l.mi-r^^ =^^^'^^'' 

27. ByArt.468wehaTe-444...=|, •666...= ?=:|. 

28. Suppose that in the first year he saved a pounds ; them in th| 
seoond year he saved -^ pounds, in the third year K^-q pounds ; and so 



iP:i.l<«H;thati-2a(^^l) 



Therefore li^L-Ii.lOUH: Oat i« 2a (^-l) = ^; thtw a-^. 
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29. Take as the given term the w*", that is ar^"^ ; the (n +py^ term is 
uyit+p-i . the (n-p)^ term is ar^'P-^ : the product of these is aV*~*, which 
is the same whatever p may be. 

30. Let the g. p. be a, ar, ar^f ar^ .... Subtract each term from the 
succeeding; thus we have a(r-l), (w(r-l), or^(r-l), ... which is also a 
o. p., the common ratio being r. 

31. Let a aud b be the two quantities; the square of their arith- 
metical mean is ( —^ j ; the arithmetical mean of a^ and b* is — p— , 
and the geometrical mean is \/(a*b^t that is ah. The arithmetical mean of 



and oi IS X | — 5 — +a6J , that is I — ^ j . 



32. ByArt.466,f=j-Jj^=-i-. 

The sumof n of these terms =—- | r+r'+... + r*-» i 

g ( r(r*-l) ) _ rg(r"- l) na 
r-l\ r-1 **) " {r-iy " r-1' 

34. By Art. 469 the product = a*r» where 8 stands for 1 + 2 + ... + «, that 
is " ^^^ ^^ ; and a»^i=c. Thus »'=(^)S and oV=(ac)?. 

o^ a(r«-l) , ""(^""V a( r*-l) ., ' 

r 

,^ aV""Hr**-l) _ a«(r*-l) _ 

=a*r*(l + r«+r*)2; and (a6 + 6c+cd)a=(aV+aV + a«r«)»=a*r»(l+r« + r*)«. 

37. (a-d)a=a3(l-r»)s=a'(l-r)2(l + r+r2)«, 

= a«(l^r)Mr2 + (l + r)2 + rS(l + r)»}; 
and it will be found that r2+(l + r)«+r«{l+r)«=(l + r+r3)^ 

38. a+ar+ar*== 21, o+ar+ 0^^+01^=45; 

^ ,. . . l + r+r»+r8 45 ^, , r* 24 8 

by division >^__^ = _; therefore^-p^— 5=2j=^-i 

therefore 7*^=8 (1+ r+r*). By trial we find r=2 ; &e. 

T. K. H 
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89. Squaring out we haye 

r"+r*+r«+...+r»»+-3+-j+^+... + j5i-2n, that is 



lAi 



± 



1^),!:Vfl^_3„. thatiB^^(^.i)-2„. 



?-^ 



5(10-1) ,. 5(10'-1) ... 6(l(y-l) 

*•*■• ^^ 10-1 ' ^^^ — ioTT-' ^^^ — io^o"' *"• 

Thus the series =g |10+10»+...+10«-n| 

_6(10(10:^)_ l_60 „_._6» 

41. Let X denote one quantity, and y the other. Then A = —^ , 
O^^ixy); therefore ^-K? = (^/^+^^y>' , A-gJ^^^^^; therefore 
^«.(?a=(?:iy)l. therefore -:-?^=V(^«-(?^ Thus aj=ii + n/(^»-G«), 



4 



42. Let a denote the first number, ar the second, ar^ the third, h the 
fourth. Then 2ar^=ar + b, since the last three are in a. p.: also o + 6 = 14, 
ar + or* = 12. Put 14 - a for 6 in the first equation : thus 14 = 2ar* -ar+a; 
therefore by division 2r»-r+1 ^14^7 ti^^rgfore 6rJ_i3r+6=0; there- 



« 3 ^ 
fore r=2 or ^ , &c. 
o 



r+r^ 12 6 



43. Let x-y, aJ, ic+y denote the numbers: then x~y+x+x+y=15; 
therefore «= 6. And x-y + lj 05+4, x +y + 19 are in g. p. ; thus 

(aj-y+l)(aj+y+19) = (a;+4)«; that is (6-y) (24+y)=81; 

thus y«+18y- 63=0 : the only admissible root of this quadratic is 3. 

2 . ^, 2/ a+c . V 3(a+^» 

44. If a, 6, cbeinA.p., ^{a+b+cy=^\a+ -^+cj == -^ . 

And o«(& + c)+6«(c+a) + ca(a+j)=:j8(c+a)+6(a« + c«)+ac(a+c) 

^(a+c)» ^ (a+^(a«+^) ^,, (^^,) = ^^ 

4 2 4 ^ 

n a, 6, c be in 0. p., a'ftV (J + J + ^) =»''' t> + ^ + ^) 

=o»(r«+r' + l>=«'+i'+o». 



i 
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or (1-6) , . ... or»(l-J«) , . .„ „ ai^{l-l^ ^ 
45. ar= ^^^ ' , (a + o6)r»=s — ^ \ (a+a5+a5») r»= j^_^ \ &c. 

Thnswehave £^ |l+r+r»+...| --^ ll+^+ft^J^+.-.l . 

tiiatlS jz r7-7= r-7; rr-r; rr, that IS 



(l-6)(l-r) (l-6)(l-r6)' ■^""*'' (l-r)(l-6r)- 



XXXII. 

15 4 

1. First continue 0+^+5- which is in ▲.?. for two terms; the next 

000 

4 14 11 7 

two terms are g-+:7» and g+lt that is -^ and-. Hence the next two 

terms of the h. p. are =^ and =- . 

11 7 

2. We must insert 18 arithmetical means between 1 and 20; thus 
20=1 + 196; therefore h^l. The ariihrMtical means are 2, 3, 4, ... ; and 

therefore the harmonical means are ^ , 3- , j , .... 

3. In the corresponding a. p. the first term is — ; the second term is ^ ; 

a 

and therefore the n**» term is - + (n- 1) ( r — ) = — ^— - ^— • Invert 

a ^ ' \h aj 06 

and we have the required term of the h. p. 

4. Denote the required term by a;: let a be the first term and 6 the 
common difference of the corresponding a. p. Then •psa+(p-l)6, 

.-—a+(q-\)l^ - =a+(|>+g-l) 6, find a and h from the first and second equations, 

and substitute in the third. Or thus : multiply the first by p and the second 

_ 1 

by^and subtract; hence^ -^=(l)-2){a+(i) + g-l)6)=(2)-2)x-. 

5. Let a, 6, e be the three quantities ; and suppose x subtracted from 
each: then o-os, J-jc, c-ac are in h.p. Therefore 6 - a = + c - 2g — ' 

__. . 2ac-6(a+c) 

This gives «= ; — -KT * 

a+c-26 

6. Let a, 6, c be the three quantities in h.p.; then 6=-——; thus 

^ a-rc 

a - - = -^ ; \ = -^ ; c - r = -^ . These three remainders are obviously 
2 o + c 2 a+c* 2 a + c 

in G.p. 

H2 
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7. If a, 6, c are in A. p. then 6 =—»—; thna 6'- ac=( ^-5-) - ac = ^^ ~^' 

which is positive. It a,h, c are in o.p. then h* - ae=0. If a, h, e are in h. p» 

then 6'-oc=7— -^r« -a<;= .— — To i4ac-(a+c)'{= / . ' which is 

negative. 

8. Let % and y denote the numbers. Then 

1 22tf 8 

9. Let a and & denote the numbers. The geometrical mean 

// rx //a+6 2a6\ . , a + 6 2a6 (a-6)' 
=V(a*) = ;^(^x^-^j. And-^-— ^=j^jj. 

2aft 06 -a' , aft -6' 

a+6 + 6 a+6 * 



z 



1 1 _ a + 5 a + & _q + 6/l 1\ _ o+5 _l 1 

-a «-6""a(6-a) 6(a-6)~6-a\a hj ^ ab ~ a h 



11. Let X denote the least number, y the nezjjb, and z the greatest. Then 



2ar2 - - 

y=— —; «=iry; 2 + l=a; + y + 2. 



Substitute from the second in the first : thus y=2a;- 1, drc. 

""104' "-^"52 



29 1 

12. Let X and y denote the two terms. Then «+y=T7vt» *iy= 



2 1 

Hence these terms are ^ and 3 ; then the series can be found. 

It) o 

y. 

13. Let a and 6 denote the two numoers. Then ji| = o+ , 

2(6-a) 1 1 1/1 1\ 1 1 2/1 1\ _ , 2a+J 

-4o=a+— ^-5 — , -7r = - + 5(r-~)» Er=- + o(r-~)- Thus ^.=—5—, 
■ 3 JST^ a 3 \6 ay iTj a 3 \6 0/ * 3 

A^^—n — ; the harmomcal mean between these is •— . \. \ , that is 

' 3 ' 3(2a + 6 + 26+a)' 

2(2a + 6)(26+a) ., 17 3a* n- 3a6 ., ... .. , 

'^ ,w rv ^« -^80 ^1 = — Z7T» -^a=;r-TT? *^6 arithmetical mean 

9(a+6) a +26 " 2a + 6 

V x_ XI, • 9a*(a+6) rri, 2(2a+6)(26+a) 9a6(a+6) 

between these is 0/0 .m/oa. \ • Then \ — x 0/0 .A/oi>. v = <»*• 

2 (2o+6) (2o+a) 9 (a+6) 2 (2a+6) (26+a) 

14. 5-±l!=:^, y/(scy)=0, ^^=H, Thus CP=^Aff; therefore we have 

Then as and y can he found in terms of a and 6 from the first two equations ; 
since A and Q are Imown in terms of a and 6. 
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15. b = -^ , j3 = — ' , 6^/3* = ctcay. Substitute from the first and second 

* a*v* cu^oty I 2ci*y 2flM? 
equations m the third: thus -. — -^^ = 'r, ; therefore -. '-r^ = ; r, ; 

therefore) by Art. 395, -x- --„ = -n — ? ; therefore ^ = . 

a* + 7* a-'+c* a7 ac 

^- _ 2ac , o'-ac , ac-e* 

16. 6= ; a-6= ; h-e = ; 

a+e a+c a+c 

1 1 _4_ 1_ /. g+c a+c\ 

0-6 6-c c-a~c--a\ a c / 

_ 1 / c ^^ _ (c - a)* _ a - c 



ac {c- a) ac 

17. We have given that 5= , and we have to shew that 

a+c 

2ac 



1 


a c c+o 


' 


6 + c a+b 


t 

1 


2ae 2ac 2ac 2ac 



'a{a+b)-^c{b-\-c) a^ + c^ + {a + c)b o*+c^ + 2ac {a + c}^ c + a' 

18. Let c denote the r^ arithmetical mean, and y the r^ harmonical 

r 11 r /I 1\ 

mean. Then c=a+ -{b-a), - = - + ~~. [ t --); 

n+1^ 7 a » + l\6 aj 

.-, , c ^ r (b-a a a\ »^ /, \ /I 1\ 

therefore -=1 + — -- ( + _ ) + ____ (6_o) ( 7 - ) 

7 n + 1 \ a b aj (71 + 1)'* ' \& a/ 



= 1 + 



aZ»(in-l) (n + l)='a6* 



We have then to find tho sum obtained by giving to r in this expression all 
integral values from 1 to n inclusive. Thus we obtain 

(6-o)» »(n + l) (5-a)' n(n + l)(2w + l; 
'^^'ab^VV)'^ 2 "(n + l)^a6^ 6 

that IS n{l+ » , - /? T7 — ^T(2»+l)h thatisnjl + ■ ^ ^ .' [ . 

19. Suppose a;, y, z the three numbers: then a;+^ + z=:3a'— 6^ 

2x2 
jr'+^+2'=3a* + 6*, y= . Square the first equation, and subtract the 

•C "t" z 

second from the result: thus 2xy-{'2xz+2yz=M-6a^b^. Substitute for y: 
thus 6as5= 6a* - Qa^b^ ; therefore xz = a*- a%\ Eliminate y between the first 
and second : thus a?-\-z^ + (3a3 _ 6« _ a? - 2)* = Sa* + ft* ; therefore 

2(a;+c)«-2(3a'-6«)(x+«) + (8a«-.6V=3a* + 6*+2(a*-a«62); 



102 XXXni. MISCELLANEOUS EXAMPLES. 

therefore («+2)"-(3a«-6»)(a:+e)= -2a*+2a«6«; 
therefore («+« ^ — j = f — ^ — j -2a*+2a'6«=f — g— j . 

nence x+z=2a^ or a' -6*. It will be fonnd that the former is applicable ; 
and that it gives y=a*-6", x=a^±ab, z=a*^ab. 

20. We will first shew that if the sum of the products of every n - 1 
terms be divided by the product of all the terms the quotient is the sum of 
the reciprocals of the terms. Suppose, for example, there are four terms, 
Pt 9» ^» '• Then the sum of the products of every three 

/I 1 1 1\ 
=qrs+pr8+pqs+pqr= I - + - + -+- j pqrs: 

if then we divide the sum of the products of every three terms by the pro- 
duct of aU four we obtain - + - -i h - • Hence it is given in the present 

pqrs 

example that the sum of the reciprocals of the hamianicaZ terms =2n ; so that 
the sum of the terms of the corresponding A.p.=2n. Let b be the common 
difference in this a. p. ; thus since the first term is unity we have the sum 

= 1 12+ (n - 1) ftj ; this then=2n. Hence ^=^:^- 



xxxni. 

61221 342 ■,^_342 

5|44...1 1000 *'^200~ TTTff' 

5I8...4 71. n_ 

TZF 100'^^-20"^^» 

^^- x6-y-2» 



20 ^ 4 
3-16 
4 ^^=4 



J x5= -^=3}, &c. 



2. Put r for 4m +2. First let the last digit of the number be 2i» + l; 
then the number .is of the form jpr+2m+l, and its square is of the form 
^+(2to+1)«. Now (2m + l)2=4m« + 4tin-l=TOr + 2j» + l; thus the last digit 
is 2ni + 1. Next let the last digit of the number be 2m + 2 ; then the number 
is of the form j)r + 2m + 2, and its square is of the form qr+ (2to+2)*. Now 
(2m+2)«=4j»« + 8j»+4 = (j»4-l)r+2m + 2; thus the last digit is 2i» + 2. 

3. The first number = a =^5^^^^ ; the second number =o(r+l)=2^!f:;S : 

r-1 ^ ' r-1 

the third number =a (r^-\-r+l)=— — ^ ; and so on. Thus the sum 

r-1 
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_ n + g _ y/n (y/m + Vn) _ __ 2gn __ 2n\/m 

therefore aji^ = mn =g*= a^. 

5. Let e denote the r^ arithmetical mean, and y the f^ harmonical 

mean. Then c=6+— ^(a-6), - = - + -Ar ( t- -) ; 

n + 1^ ^ y a n+l\6 a/ 

therefore y=' — , ; . ; therefore yc=db. Hence the sum of the pro- 

' (n + l-r)b+ra ' ^ 

dncts of the corresponding means =na5; and from the product of the two 

first terms we get a6, and also from the product of the two last terms. Thus 

on the whole we have (n+ 2) ab, 

6. Let X denote the first harmonical mean and y the last. Then 

1 1 , 1 /I 1\ , 1 1^ n /I 1\ -,, {n + l)ah 

- = - + T ( r - - I » aiid - = - + ( I . Thus x^- — r-^ — i 

X a n + l\h a) y a n-f 1 \6 a) nh + a 

y=l_ — I — . Suppose a less than 6; then x is less than y. And 
y .x= (!L+ 1)£M^(»^ . We haye to shew that ^^^^°^^''~\^ « less 

than — ^ ; that is (» + !)• ab less than (n6 + a) (na + 6) ; that is {n«+ 2»+l) ab 

less than (n'+l)a& + n(a'+&>); that is 2ab less than a^+&': this is ob- 
Tiooslj the case. 

7. Suppose that A travels x days before B overtakes him; then A 
travels H2+ (as- 1) I miles, and B travels 12(«-6) miles; therefore 

r(x+l)=l2(a5-6), that is jB*-23aj+ 120=0. The roots of this quadratic 

are 8 and 15. It will be found that B overtakes -4 in 8 days, and if both 
continue travelling after the same laws, in 7 more days A overtakes B. 

8. Suppose x gallons are taken away each time ; after the first operation 

256 -JB gallons of wine remain, that is 266 -^-^ gallons; the second ope- 
' 25o 

X 

ration removes ^73^ of the wine which remains after the first operation, 

256 

and therefore leaves ^^^ of it, that is 256 (^^^) • Proceeding thus 

(256 — flc\* 
— — — j gallons remain. 

Therefore ^,(^^)Ul; th« ?|zf! = (^y.|, therefore «=6i. 
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9. Suppose that A has x pounds, and that B has y pounds ; and suppose 

that A stakes - pounds, then B stakes - pounds. Then 
X y 

— + -=90, «+- = 5(y--), y+- = 2(a; — J. 
X y y V yJ « \ ^J 

From the second equation we get 5y-x= — , from the third equation 

we get 2a5-y= — ; by addition 6y-«+4x-2y= — + — =540; thus 

X X y 

x+y=lQO, Combine this with the first equation, and we get m=^-. 

Substitute this value of m in the second equation ; &o. 

c-\-d-\-a a + b+d '' c+d-l-a a + 6+a 

therefore == — ^ — ^; therefore *= — t — 3; therefore 

c-a a-^-o-^-d c — a + + a 

, , (a-c)(6-c) r.. ., , ^ XI J. . (a-c^fft-d) 

a+6+a=^ — =— ^ ^ . Smiilarly we can shew that a+6+c=^ — ~ ' ; 

a-^b-c-d a+6-c-a 

^1. * / .,. x/ X jv {a-c){b-c)(a-d){b-d) 

therefore (a + 6 + c) (a + 6 + d)= ^ ~ jt ^ • 

^ ^ ' ^a+6-c-d)' 

11. In order that the roots of 00;'+ 2&a;+c=0 be possible and different 
b^-ac must be positive. The second equation is 

(a«-ac + 262)a;« + 26(a+c)x + c«-oc + 262=0; 

in order that the roots of this equation may be possible and different 
6* (a + c)* - (a" -ac-\- 26*) {c^-<ic + 26-) must be positive : the latter expression 
will be found to reduce to - (b^ - <ic) {46'^ + (a - c)'^}, so that its sign is opposite 
to that of 6'^ - ac. Hence if the roots of either equation are possible and dif- 
ferent the roots of the other are impossible. 

12. a-\'b=-c, x+y=-{z+w); therefore (a + 6) (05+ y)=cz+cw ; there- 
fore ax+by-cz=cw'-ay-bx,..,.{l). Now take y/{ax)-\-\/{by)='-\/cz; square; 

thus ax+by + 2'>^(abosy) = cz (2). Now by means of (1) we may put (2) in 

the form cw-ay-bx+2 yj(dbxy) = ; therefore y/{cw) = ^ay - V(^*) J *l"^t is 
\/{bx) - y/{ay) + v^(cio) = 0. Thus we have deduced the second equation from 
the first. Similarly we might deduce the first from the second. 

XXXIV. 

\8 1 10 

^- |T[3 = ^^2^- 2. ^^=463600. 

'' [2[2||[2[3 =^^^Q^^^' ^' Titl^^^^^- 

6. n(n-l)(n-2){n-3) = 12n(n-l); therefore (n-2) (n-3)=12; the 
only admissible root of this quadratic is 6. 
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6. Any two of the ten dice may give sixes; this then can happen- in 

10.9 

•—77 ways : next any three of the remaining eight dice may giye fives ; this 

Q IT /» 

then can happen in j-^^-^ ways ; the remaining five dice must give twos ; 

this can happen in one way, and 1=.,-^ ^' ' .' . Hence the total number of 

. 10.9 8.7.6 5.4.3.2.1 
ways IS -3^ X j-^ x ^72" 370 ' 

7. The number is the number of combinations of twenty things taken 

eighteen at a time ; and this is the same as the number taken two at a time 

20 X 19 
by Art. 495 ; that is . If a particular pear is to occur, the other 

1. ia 

seventeen pears can be any seventeen out of the remaining nineteen ; thus 

19 X 18 
there are -z — -^ ways in which the particular pear occurs. 

X X 2s 

8. When the particular man is included we have to select 9 men out of 

195 
95 ; this can be done in r^y^ ways. "When the particular man is excluded 



195 

we have to select 10 men out of 95 : this can be done in ,' ■ ^ ways. 

10 o5 



10. From Arts. 495 and 496 we see that the combinations must be com- 
plementary : thus r-r^ +r-\-r^=n, 

11. See the solution of Example 12 in the Algebra. 

13. The answer to the first part of the question is the number of per- 
mutations of 9 things taken all together, that is 19. For the second part the 
answer would be ilO if we allowed zero to occupy the extreme left-hand 

place ; but if we do~nbt allow this we must take away all the cases in which 
this occurs ; and the nimiber of these cases by the first part is |9. 

112 

14. We can select 3 conservatives in -rfe=fQ ways ; and we can select 4 

116 



reformers in ,- ' ■■ - ways : the product of these two numbers is the required 



number of ways. 

16. The combinations which are equal in number must be comple- 

In 5 In 

mentary; therefore r+r+l=n. And r—H-^^^-i* tt — 7^^ therefore 

Irlr+l 4 r~l|r-H2 

a -jt therefore r=8. 

r 4 
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17. Oat of the m things we can get - — ^= — combinations of r things ; 

It* \m — T 

In 
oat of the n things we can get — ^ — combinations of « things ; tben the 

li tli 
f+r things will give rise to U+r permutations if they are all different. 



18. A parallelepiped has three different edgos : thas the answer is the 
namber of combinations of n things taken three at a time. 

19. The namber of combinations of 4n things taken 2n at a time is 
— ' ; the namber of combinations of 2n things taken n at a time is 



12» 



i 2n I ^n 

\2n |4n|n n 

^. Hence the repaired ratio=i^j^^. 

Now [2n=1.3.6...(2n-l).2.4.6...2n=1.3.6.(2»-l)2*[n. 

Similarly |4n=1.3.6...(4n-l)2»*l2n. 

Sabstitate and the ratio redaces to the reqaired ralae. 

17 X 16 

20. Oat of the 17 consonants we get , _ combinations of two ; thas 

17 X Ifi 

X 5 expresses the namber of ways in which we can get two consonants 
and one vowel : and each combination of three letters gives rise to [3 perma- 

17 V 16 

tations. Thas we have — ^ — x 5 x 1 3, that is 4080 words. 

. . XV J- t:, 1 1. 10x9x8 4x3 ,^ ^, ^ 

21. As in the preceding Example we have — r^ — x —r^ x j5, that is 

86400 words. 

22. If the 3 given letters are to retain the same order always they count 
as one letter, so that we have as it were 5 letters ; and the answer is 1^. Bat 

if the three given letters may occar in ant/ order by taking the permutations 
of them we obtain Ip x 13 words. 

23. Suppose we use 4 flags. The namber of permutations of the 10 
numerals taken 4 at a time is 10 . 9 . 8 . 7 : but all the cases in which zero 
occupies the extreme left-hand place should be excluded, and thus we can 
form 10.9.8.7-9.8.7 signals with 4 flags. Similarly we can form 
10.9.8-9.8 signals with 3 flags; 10.9-9 signahi with 2 flags; and 10 
signals with 1 flag. 

24. Take the permiUcUums of 6 consonants 2 at a time : the number is 
80. Then put a vowel in the middle of each permutation. Then 30 x 3 is 
the number of words. 

25. Put the 3 vowels in the even places ; this can be done in 18 ways: 
then put the 3 consonants in the odd places ; this can be done in p ways. 
Thus on the whole we get [3 x [3 words. 
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I 26. Put the 3 men to their proper -side, and the 2 men to their proper 

i side. Out of the remaining 3 men take one to be put on the former side : 

this choice can be made in 3 ways. Then each set of 4 men can be arranged 

I in [4 ways. Thus on the whole there are 3x14x14 ways in which the crew 

' can DO arranged. 

27. The first arm can be put into n distinct positions; so can the 
; second : thus with these two arms we can form n^ signals. Now take the 
I third arm ; each position may be combined with any pair of positions of the 
I first and second arms : then we have n^ x n, that is n^ signals. And so on. 

i 

28. We can form one set in — ' ,J" — ways : then out of the remain- 



39 .08 27 
kg 39 cards we can form a set in — ' '" — ways ; and so on. 

[13 

10.9.8 
^' 17273' • 

30. Take any pair out of the n-p points ; thus we get " ! Z 

I straight lines. Take any one of the n-p points and any one of the p 
[ points : thus we get (n—p)p straight lines. All the p points lie on one 

straight line. Thus the total number is - — i o + (** ^¥)P+ !• Or 

thus : if no three of the points were in the same straight line we should get 

• \ n, straight lines. Now if j) of the points come into one straight line 

we have this straight line instead of the ^ ^ straight lines which the p 

pofaits famished. This gives the result in the form ^!!*~^^ - tl2z3 + 1. 

\» a 1. ^ 

The two forms will be found to agree. 

31, Take any three of the n-p points ; thus we get ~ — "" 

triangles. Take two of the n -p points and one of the p points ; thus we 
© (n -• lis In — 1) — 1^ 
i get — ^ — \ <i — triangles. Take one of the n—p points and two of 

the p points ; thus we get ^^^~ )^^P) triangles. The sum of these three 
expressions is the total number. Or thus : if no three of the points were in 

m. In. 1 \ (<n. _ 9\ 

the same straight line we should get ^ ~ . -^ triangles. Now if p of 

Ll 

0(1) — 1) (p — 2) 
the points come into one straight line we lose the ^-^ — :-—- triangles 

If 
which they would have furnished. This gives the result in the form 

»(»-l)(»-2) _ y(i)-iy(p-2 )^ The two forms wiU be fouBd to agree. 
[8 18 
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32. Proceed as in Example 81. Thus we obtain for the result 
(n-p)(n-y~l)(n-ff-2) . J>(«-2>)(n~j)~l) , p{p-l){n-p) , ^ 

[3 + r2 "*■ 172 '^^• 

Or, by adopting the other method, we obtain the same result in. the form 
n(»-l)(»-2) j>(p-l)(p-2) .. 



91 In. — 1 ^ 

33. The number of straight lines is Z * or N say. Now N 

N {N— 1) 
straight lines would give — ^^ — - points of intersection. But as n-1 

straight lines pass through each of the n original points ^-^ points 

of intersection coincide at each of these » points. Thus excluding these 

there remain — \r-n — — r^5 points of intersection ; that is there 

. 1 n(»-l) (w(n-l) -) n(»-l)(n-2) ..... .. .,. 

remain - x ] \ J-f ^ — To pomts of intersection: this 

Z 1.2 (1.2 ) 1.2 

.educes to "("-DC-J^X^-B) . 

« 

34. This is an example of Art. 497. For as the boats which belong to 

one club do not undergo any permutations among themselves they are in the 

124 

same case as letters which are alike. Hence the number is -, — ; — . \ — , _ . 

[3 [3 [2 [2 [2 [2^2 

35. The sets are to be treated as if they were single volumes. 

37. I. There is 1 case in which no letter is repeated. II. 5 cases in 
which p occurs twice, as many in which r occurs twice, and as many in 
which occurs twice; 15 in all. III. 10 cases in which o occurs three 
times. IV. 6 cases in which p and r each occur twice, as many in which p 
and each occur twice, and as many in which r and o each occur twice ; 18 
in all. V. 4 cases in which o occurs three times and j? twice, and as many in 
which occurs three times and r twice ; 8 in all. VI. 1 case in which p 
occurs twice, r twice, and o twice. Then 1 + 15 + 10 + 18 + 8 + 1 = 63. 

1 2a 

38. Out of the first set we get 7^=?=- combinations ; out of the second 

ci a 



|3a . |4a 

r I9~ * ^^* ^^ *^® third r|o~ J ^^'^ so on ; the product of all these expres- 

Bions gives us the total number of combinations. It is obvious that by can- 
celling, the product takes the form given in the Example. 

39. There are [£ numbers in all. Consider one of the digits, as 3 for exam- 
ple. In |4 cases 3 is in the units' place, in as many cases 3 is in the tens* 
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place, in as many caees 8 is in the hnndreds' place; and so on. Tbns the 
Bum arising from the 8 alone is [4 {3 + 80 + 300 + 8000 + 30000}, that is 

SxUxlllll. Proceed similarly with the other digits. Thus the final 

resnlt=(l+2 + 8+4+6) [4x11111. 

40. The snm in the preceding Example has for one factor 1 + 2+3 + 4 + 5, 
that is the sum of the digits : and it is ohvious that a similar result will 
hold whateyer he the digits. 

XXXV. 

11. {a + V(a' - !)}• + {a - V(«' - !)}• 

=2 ja«+J-:^aV-l)+X7|^«>'-l)'+(a»-l)'j 
= 2 {a« + 15(»* (a» - 1) + 16a« (a^ - 1)» + («' - 1)'} = &c. 

y«+ — J = '^ . ^ ; the coefficient of y in the expansion of this 
expression is the same as the coefficient of y* in the expansion of (^+ c^)'. 

13. We have (a;+a)*=-4 + ^, {x'-a)*=A-B; therefore hy multiplica- 
tion (x» -««)*= ^« - J?^ 

14. This resnlt may he ohtained hy direct work. Or we may proceed 
ihns: (l+a5)*+^(l-fl;) = (l+a5)*(l- a!*); hence we infer that the coeffi- 
cient of any assigned power of x will he the same whether it is obtained 
from the left-hand expression or from the right-hand expression. See Chap- 
ter XLvin. Now in the expansion of (l+x)**+^(l-«) the coefficient of aT*"^ 
will be found by subtracting the coefficient of of in the expansion of 
(1 +flp)«H-i from the coefficient of a^^, &o, 

15. The middle term = j-H- x*; and 

'n\n 



[2» = 1.8.5...(2n-l)2.4.6...2n = 1.8.5...(2n-l)2*[n; 

|2n 

therefore V==l-3.6...(2n-l)2*, 

In ^ 

16. Suppose that 2916 is the r^ term in the expansion of (a; + a)^: 
In In 

then 2916= =-^- =-a*-*^ia»^^ and therefore 4860= t—V= — af^aT: 

r-1 n-r + 1 r \n'-r ' 



- ,. . . 4860 n-r+1 a t xi. va • 

hence by division rrp-rx = . In the same way we obtam 

"^ 2916 r X 

[4320 n-ra 2160 n-r-1 a rm,„a oir«r.i;*^-«« «« v«^^ 
i4860=f+Ii' 4320=-FT2-«- Thus, simplifymg, we have 

6__n-r+la 8__n-ra 1 _ n-r~l a ^ 

8" r «' 9""r+i»' 2" r+2 x' 
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multiply the first of these three equations by r and the second by r+ 1, and 
subtract; thus ^ - ^^ =? ; and similarly ?M - ^^ =^; therefore 

I - ^ = 8<!fi) -I+^ffrom which r=a. Then? =|; andih«n«=a 

Hence putting z—-^ and n=6, and r=2 in the first equation we find a=2. 



ex« 



17. f ajf~ J = ^ — "^^-1- ; the coefficient of a^ in the expansion of this 
\ xj a^ 

pression is the same as the coefficient of a*"*^ in the expansion of (x'+l)*. 

Now all the powers of x in the expansion of (sc' + l)* are obviously even 

powers, and thus n + r must be an eyen number. The coefficient of x*"^ in 

the expansion of (as'+l)*^ is the same as the coefficient of ^ ' in the expan- 

|» 
Bion of (y+1)*; and this is 7^7 rr, , , . * 

18. The coefficient is the same as that of a;^+i+«»«+i in the expansion of 
(x» - !)**+! ; this is the same as the coefficient of y*"****! in the expansion of 

(y-l)S«+l. 

19. We must find the r* term from the beginning, the r*"* term from the 
end^ and the middle term of (x^ - 1)^^; and divide each by x^. 

20. Since (as + a ^ - 1) (« - a V - 1) = Jc* + a' we may conclude that 

Now (a!+oV-l)'' = <o-<«+^4- — + (^i-^« + '»-—)\/-l» 

and (aj-oV-l)*=*o-'«+^4- ...-(<i-^+<5-...)V-l; 

by multiplying together the two expressions on the right-hand side we obtain 

(«a-<2+*4 - ...}* + (^1 - ^8+ <«- ...)^ I a^d therefore this=(a^+a«)*. 

XXXVI. 



lM. J(i-)(^-). .... 



1. a+«)*=i+^«+— 1-2- - ■ 18 



, I iG-0 Ki-^)(i-0 



13 7 
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s. (i+,)!=i+|.+M^«.+MI::ip:i«.+... 

,2 1.4- 

=l + g«!-g«?+gj«»-... 

=i-l«+|»«-A«»+... 



|3 • 3 *9 81 



•• (i-»)^=i-5*+-irr^«^- ii.\ — »'-• 



= ^"5*- 26 "^"126 ''"••• 






,8 8.6. 
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9. V(a«-ai«)=:a^l-^V 

"*|^"2«»"*' 1.2 a* |S o»"*" —J 

( la:" 1 ^ l_^ \ 
"**( 2 a* 8 a*" 16 a«"""*l* 

10. (3a - 2x)i = (3a)i jl - ^|' 

,. ,4 (, 4 a 4 a? 82 a» 1 



6x)~y 



IL (»'-&»)-?=(««)-* jl-^,] 






\ 



_ -A j 2 4* 7 Ma? 28 i^a? 
~" i ■'■6^'''25 a* ■'■125 o«+" 



= l + 17« + 102x»+238a:» + ... 

4(4+1) (4 + 2)...(4+r-l) ^,_ (r+l)(r+2)(r+3) ^ 
id. --^ X - jl af . 

,. 5.(5 + 1) (5 + 2). ..(5+r-l) _ (r+1) (r+2)(r+3)(r+4) _ 

\r |_4 

,, «U"^)(n"'')-ln~<''~^^L (»-l)(2»-l)...{(r-l)n-l> . 
16. j^ (-*) ^;:j| ar. 

(j>-l)(2;)-l)(3p-l)...{(r~l )p-ll ^ 

— .^ — ^af, 

ir 



I 

J 
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17. -^pL^p (1 +«)-*; the (r^ 

[r ^ 2' If ^ 

Ir ^ 8'lr 

,,. iMikMr:l)„..'-":::a-B,. 

E 1:: 

20. -T^^l-^ = (l-«)-i;Uie(r+l)"'tenn= 
l(\,{)l\^,)...(\^r-l) ^ 1.5.9...(4.-8)^ 

21. V(24)=(25-l)i = 6(l-l)*=6Jl-^^-|gy...|. 

22. ^yiaas) = (1000 - i)4=io (i - j^)' 

i 8 1000 9 VlOOOy ••• j ' 

23. ^(31) = (82-l)i=2(l-3l,)*=2jl-^ 3VSGy..i. 

24. ^(99000)=(100000-1000)T=10^1-jigy* 

-loil-iJL ^MV ' 
~ r 6 10O~ 25^100^ •" J* 

26. (l+«)J=l+|«-|aji+...; (l-«)l=l-?«_^ai-...; 

tnnB the ezpxesBion = 

^ 1 17 -^ - 1 17 , 

2+|«-i«»+... l+|a;-^a:«+... 

Now diTide the numerator by the denominator and we find for the first two 
terms of the expression 1 - -x- • 

D 

T. K. 1 
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36. We haye to shew that 

n . n(n-l)(n--2) . «(n-l)(»-2)(n-3)(n-4) . 

^1. '^ n(n-l) . n>(n-l)(n-a)(ii-3> . ^ 
exceeds by unity — 12 "^ ^1 — "* ' 

that is we have to shew that 

n{n-l) . »(»-l)(n-2) n(n-l)(>t--2)(»-8) ^ 

eqnals tmity ; this is ohvions for the expression ^ 1 - (1 - 1)**. 

27. By Art. 623 the number =: '^^'*"'"^^"'^^**"'^^ ; nmltiply both nmnera- 
tor and denominator by |n-l. 



28. The (r+1)** term m&j be found by multiplying the r* term by 

/ ? 1 J «, that is in this case by ( — 1 j 5 : putting this^l we get r=3, 

so that the 8rd term is equal to the 2nd, and these are greater than any 
other term. 

29. The numerical value of the (r+1)^ term m^ be found by multi- 
plying that of the 1^ term by ^— ^+ljic, that is in this case by 

— +1 ) - ; this multiplier first becomes less than 1 when rs3 : thus the 
r Jo 
bird term is the greatest 

30. In this case the numerical value of the (r+l)^ term may be found by 

(2 \ 6 
-+1 J =; this is equal to 1 when r=5, 

so that the 6th term is equal to the 5th, and these are greater than any other 
term. 

31. In this case the numerical value of the (r+1)^ term may be found by 

g- + 1 j jn ; ^s multiplier first becomes less 
than 1 when r=3 : thus the third term is the greatest. 

32. ( » - - ) = w*^i ( 1 - -j J ; thus we require the greatest term 

1 — A . In this case the nimierical value of the 

/2m 4- 2 \ 1 
(r + 1)**» term may be found by multiplying that of the r**» by ( ^ ) ~a- 

If 913:1 this expression is equal to 1 when r=2; if n=2 this expression first 
becomes less than 1 wheu r=2i if n is greater than 3 this expression is 
always less than I* 



XXXVI. BINOMIAL THEOBESl ANT EXPONENT. 115 

4.6...1S 11.12.13 



83. ^ Axt. 524 the nnmber s 



[10 - [S 



11 ' 

34. Wemnst find when -^-r+1 first beeomes negative; this is when 

rsS; and so the 6^ tenn is the first negative term. 

35. The coefficient of ocP in the expansion- of xi* (1— x)"** is the same as 
the coefficient of sbP~^ in the expansion of (1 -x)"'**, and this is 

2n(2n+l) (2n+l)-n-l) 



p -n 



Now multiply hoth nomerator and denominator by 1 2n - 1 ; thus the 

coefficient becomes '^ "" ; and then by canceUing I p • n we get 

|jp-» |2n-l ' 

(j>-w+l)(p-w+2) (j>+»-l) . 

[2»-l ' 

the middle factor of the nmnerator is p ; the factors before and after p are 
j} - 1 and p + 1 respectiyely, the product of which is jp' - 1* ; - and so on. 

36. We require the coefficient oix^ in the expansion of 

(1 - 6a; + 12«« -Qa?){l-^ Saj")"*. 
Now (1 - 3aB?)~* when expanded contains only even powers of « ; thus oB^^will 
occur only in (1 + 12x^) (1 - 3a?)-*. The coefficient of »** in (l-Sac^^"* is 

4.5.6 (»+4-l)«. XI. X • (» + l)(»+2)(n + 3)-^ -., m- t * 

—. — ^—^ ^3*, that 18 iQ 3*; and the coewientof 

g«i>-«ifl ^(^+fH»+^) 311-1. Thus finally we have 
L? 
(n+l)(n+2)(n+3) 12n(n+l) (n + 2) 

[3 ^ + [3 ' 

^,i3 8l^Mnfl)(;*^2)(5n + 3)^ 

37. We require the QoefficJent- ol jp* in the expansion of (l+2a8-|-a5')(l-a8)~* : 
by Example 13 this will be 

(n+;)(n + 2)(j»+3) . 2n(?»+l) (n+2) . (n-l)w(n+l) 

[3 + [8 + [3 » 

it will be found that this is ^^ (2n« + 4n + 3). 

fhonld therefore expand (1 - -3) ^ powers of -^ , and mtjltiply the result 

12 
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by 1+- • Hence to find the coefficient of ob*^ in the original expression we 
a 

1 — s j : and to find the coefficient of 

a^sH-i in the original expression we must find the coefficient of jb^ in ( 1 -, j , 

and multiply it by - • 

89. The »» coeffioient ^M^i-l) ...{n+n-2) ^ 2»(«+l)^ »+n-3) ^ 

n - 1 [n -2 



40. The zniddle term in the expansion of (1 + x)^ 

2r(2r-l)...(2r-r+l) |2r 1.3.5...(2r-l)2'' Ir 

=s 1 af a / iw- ^= i — i ^^af 

1.8.5...(2r-l )^., 
> '"• 



And the coefficient of af in the expansion of [l-4z)~i 

42. Suppose we expand (1 + «)^ and also ( ^ + - ) • and multiply the two 
series together ; then the term which does not contain x 'mH be 

^-iir-i"-^r-i"-^^np-i'-. 

This shews that the smn of the squares of the coefficients in the expansion 
of (1+sc)** is equal to the coefficient of the t'erln which does not contain x in 

1 + - ) , that is in the expansion of ^ \-^ . 
xj ar* 

Now the coefficient of the term which does not contain x in the expansion 

of this expression is the coefficient of a^ in the expansion of (l+a;)^; and 

|2» 



in in* 



is therefore 



43. It is easily seen that |>, is the coefficient of of in the expansion of 

(l-a;)-J. ThxiB{l-x)'-i=sl+p^x+p^+p^+,..+pX+Pr^iiiif+^ + 

Hence we see that if we mtdtiply (1 -aj)~J by itself the coefficient of x"^^ in 
the product win be 2 {p^i+PiP^-\- .,. +Pn-iPf^+PnPM-i (• 

But (l-»)-Jx(l-«)*i=(l-aj)-i=l+aj+»«+. ..+««*+!+ 

Hence we infer that we must have 2 ji)j^i+j>iPj^+ ... +jp„_i|),^+p^^i f = !• 
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44. The coefficient of x^ in tlie>expanBion of {l^x)"*"^ 

(n+l)(n + 2)...(n + ffl) h+«> 

the coefficient of o^ in the expansion of (1 - s?)"^^^ will be found to haye the 
same yalne. 

45. l+2aj+3aB^+4«? + ...=(l-a5)-'; thus we require the coefficient of 

.. ., 'Mil \_«- X1-. • 2n(2n-»-ll...(2n + r-l) 
af m the expansion of (1 — o?)^*; thiE( }b — ' "rr-^ ^ • 



xxxvn. 



1. 2+2r=4, jp+g+r=3. 

The solutions are r=2, g=0, p=l; r=sl, g=2, t>=0. 



2^- 



=8+3=6. 



In stating the solutions in future we shall |ipt explicitly record the zero 
▼alues which some of the letters may takfj. 

2. g + 2r=5, p+g+r=4. 

r=s2, g=l, i:i=l; r=l, g=3. 



(-1)^ 



3 



(-!)»=-- 12 -.4=-16. 



3. g + 2r+3<=8, |) + g + r+a=4. 

«=2, r=l, i>=X; r=2, g'=2; «=1, r=2, 5=1; r=4. 



l^^-^)'+T2f2(-^)'("^)'+ 



2(-2)38(-4) + j^3* 



=2«.3*+27.8 + 2«.38 + 3*=1905. 

4. g+2r+3«+4<+5tt=14, p + 2'+r+«+<+«=3. 

3 
tt = 2, «=1. '^ = 3. 

5. g + 2r=6, p+q+r=5, 

r=3, i)=2; r=2, 2=2, p=l; r=l, 2=4. 

5 



^2«(-4)»+4l2(-3)«(-4)«+ 



[3 [2 



[2L2 
= -2».5 + 2«.3».6-2«.8*.6. 



-(-3)M-4) 
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rsi, j>s6; rsS, g=:8,j»87; re2, 5*4, ^=6^ r=l, 9»6, j}=6; 9=8, p=i 
[12 [12 [IS [12 [M 

7. sf+2r«4, i)+j+r«5. 

r«2, j)=8; r=l, j=2, p=2; 2=4, p=l. 

T372^''^~T2T2^''^''^'*'l4^-^*'^^"^'^~^'-*'^'-^"*"^-^'* 

a 2r+4<=8, i)+r+«=-2. 

i=2,i)=-4; i=l, r=2, j)=-6; r=4,j)=-6. 

(-2)(-3) (-2)(-8)(-4) (,2H-8)(-4)(-5) 
j2— ^+ [a 2.4+ ^ .2* 

=48-192+80= -64. 

9. 2 + 2r=4, p-\-q+r= -6. 

r=2, i)=-7; r=l, ^=2, l)«-8; j=4, j>=-9. 

[2 [4 



10. 2 + 2r=5, i> + 5+r= -g. 

r=2, g=l, i)=-8i; r=l, g=8, p= -4^; 2=6, P=-6J. 

( " 2)1 " 2 JV " IK " 2)1 " 2) ,, 15 86 63 37 

+ ^ |6 2=""8"T""8="T- 



11. 2r+4<=8, p+r+«=-2. 

<j=2, |)=-4; «=1, r=2, |)=-5 5 r=4, p=-6. 
(-2)(>8) /lV. (-2)(-8)(-4) l/lV, (-2)(-8)(-4)(-5) /lY 

^-^Uj+ — ^1^ — -iW"*" li V2J 



16"4"'"16"""'4* 
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12. j+3r+3»=4, |)+2+r-f J= -g. 



^(JKiipKJi... 



13. g+4«=6, p+g+<=j. 



8+6+15+-g-. 



11 2^8 

«=1, 2=2,p=--j; g=6, p=--^. 



8.7 7.11.19 



(-2)* 



25 



210 



+ ^ + r^= -20+20 + 20+80=50. 



14. Pat flB=^: then we require the coefficient of ^ in the expansion of 
(l+y+y'+y'-y^)". 2+3«+5m+7w=8, |) + 2+»+t*+w=6. 

w=l, 2=1, jp=3; «=1, «=1, |)=3; tt=l, g=8, |)=1; «=2, ^=2, l)=l. 



%(-!) + 



15. 5+2r=4, p+g+r***. 

r=:2, |)=n-2; r=l, ^=2, jp=cn-3; ^=4, |)=n-4. 

w(n-l) n(n-l)(n-2) n(n-l)(»-2) (n-3) w* + 6n» - 13n« + 6n 
12 "*" [2 "*■ |4 "" 24 • 

16. It is easy to see that l+3a;+6a5»+7«»+9aj*+ ... 

. =(l+a;)(l+2a;+3aj«+4a68+5x*+...)=(l+ic)(l-a;)-«. 

Hence we require the coefficient of sc* in {l+xY (1 - a)"" ; and we have only 
to expand the two factors by the Binomial Theorem and multiply the results 
together. Or proceeding as usual we have 

2+2r+3«+4«=4, jj+2+r+»+«=7. 
«=1,|)=6; »=1, 2=1, 1?=^; «'=2, P=^; r=l, q=2, p=i; 2=4, |>=8. 



l|9+|'-'+-liV+iil2»'-5+[fe-»*- 



The result will be found to be 9030. 
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17. l+aB+a5'+ar*+ ... = (l-flj)'"^ ; thns we require the coefficient of af» in 
the expansion of (l—x)'*; and this is easily fonnd to be m+1. If we pro- 
ceed as nsnal we have 5+2r+8«+4«+6tt+...=m, p+g+r+...=2. It is 
easy to Terify that if m^8 the coefficient will be 4, if m=4. the coefficient 
will be 5, if m=6 the coefficient will be ^, and so on. 

18^ 9+2r~8, jp+j+rssnj 

r=4, |>=n-4; r=3, ^=2, p=n— 6; 
r=2, g=4, p=ti-6; r=s^, 2=6, |)=n-7; 2=S» l>=w-8. 
Hence the resiUt. 

19. g+2r+3»+4«=4, |)+g+r+#+«=-^. 

«=^1, i)=-lj; f=?l, ^=1, p=-T2i; 
r=2, i)=-2i; r=l, g=a, p^-SJ; 2=4, i)=-4i. 

In fact we require the coefficient of a^ in the expansion of {(1 - x}~''}~)> 
that is in the expansion of 1— x ; and thus the resolt should be zero. 

20. 2+2r+3»=12, p-^q+r+8=5, 

»=4, ^=1; «=S, r=l, 2=1; a=2, r=3. 



aa* + 



3«iV»' + 



J^"^*"^^' 



21. 2+2»*=5i l>+2+*'=»« 

r=2, 2=1» l>=n-8; r=l, 2=3, p=n-4; q=z5, p=:n—5, 

n(n>l)(n-2) ^,,,_,. n(n-l)(n.2)(n-8) _,>.,„, 



[^ 



'a,o»4 



11 



«o «i^ 



n(n-l)...(n-4) 
[6 "o ***• 



22. 2r+3a+6ti=8, |)+r+«+«=4. 

tt=l, fs=l, |j=2; «=2, raal, p=l; r=4, 

2<-^) + r2<"^)+ 4(""^)*="^2"^^+^='"^^' 
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23. 2 + 2r=2, J>+q+r = -^. 



25. 



26. 



27. 



28. 



31. 



1 8 o 6 

i-2J^+ ^ [2^ ^ ^'=-2^-8- 



24. g+2r+3»=3, |)+5f+r+»=m. 

«=1, j)=m-l; r=l, 2=1, i)««»-2; 5^=8, <ii?:«»-^. 
--. . / i\ .m(»-l)(m-2) , 

15 



=20. 



H 



(-1)»(-1)«=-210, 



=1260. 



312 

_i2_- 

J|^(-l)'(-l)*=12600. 
Every coefficient is of the form 



IE 



where p + 2+ r = 10. It is 



[P[q.\r 

obTions that the least value of [^ [g [r is 1. 1. lT2 . 2 . 2 . 8 . 8 . 3 . 4 for it is 

thus made np of the 10 least f acibrs which are admissible : for as there are 
only three quantities j>, g, r, we cannot have more than 8 oneSf we • cannot 
have more than 8 twos, we cannot have more than 8 threes. Thus the 

110 
greatest coefficient = rrrrfr^ . 

)U 

32. Every coefficient ia of the form i — ,' . , where p+g+r+»=14. 

b[5|_!:lj ^ 

Itisobvibus that the Z«a«t value of |p [9 [r [sis 1.1. 1.1. 2. 2. 2. 2. 3. 3. 3. 3. 4. 4 

for it is thus made up of the 14leaBt factors which are admissible : for as 
there are only four quantities p, q^ r, s, we cannot have more than 4 ones, we 
cannot have more than 4 twos, we cannot have more than 4 threes. Thus 

114 
the greatest coefficient =^1-^1?^. 

33. This follows easily from oonsideiing such special cases as those in 
Examples 31 and 82. 



122 XXXVn. MlTLTmOHUL THEOBEH 

84. Write down ao+aias+a^4-... and nndemeafh it write the Bame 
expression; then multiply them together and arrange the result : by examin- 
ing the ooeffioients of x*, a^, x^,... we ea«ily see tlmt tibe proposed resolt is 
true. Example 17 is a particular case of thiB Example. See also Exam- 
ple 43 of Chapter xxxvi. 

85. The first term of the expansion is 1. 
To find the coefficient of xi 

5f+2r=l,p+8r+r=-^. q=X,p^-l\. (- 0(-26)=6. 
To find the coefficient of ^ : 

r=l, p=-lj; 2=2, i»=-2}. 

(,-27 + '^— 12 — ^(-2&)'=-2 + -ar- 

To find the ooefflment of o^ : 

2+2r=3, |)+g+r= -5. 

r=l, 5=1, l)=-2J; 3=8, p=«-8J. 
To find the coefficient of a^: 

-? 15&f 86M 
"8" 4 "*" 8 • 

86. The first term of the expansion is a"^. 
To find the coefficient of x : 

2+2r=l, jp+qr+r=-l. 
5=1, p=: -2. (-l)a-26= -a-*6. 
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To find the ooefficieni of x^ : 

r=l, p=-2; 2=2, i>=-3. 

To find th9 coefficient of a^ : 

2 + 2r=3, i)+2+r=-l. 
r=l, 2=1, i>=-3; 2=3, j)=-4. 

( - 1) ( - 2) a-86c + ("^)(--^)("^) a-468 = 2d-»5c - o-*6». 

L? 

To find the coefficient of ii^ : 

2 + 2*" =4, |) + 2+ >•= - !• 
r=2,|)=-8; r=l,2=2, i)=-4; 2=4, p= -6. 

1 + — + — j 

,L /to caj«\ /6« (a«V ^^ ca?y /bx ea^Y \ 

=*M'-(a+T) + U + T)-U''«)-"(a+T) -•••1' 

then expand the yaridas powers of — + — ttUd collect the terms. 

a a 

87. The first term of the expansion is 1. 
To find the coefficient of x: 

2=1, |)=n-l. «(-!)= -n. 

To find the coefficient of a^ : 

2+2r+8«=2, p+q+r+&=n. 
r=l, p^n-1; q=i2f ^=$^-2, 

n( tx , ^(»-l) / na^ n(n-l) n(n-3) 

*(--^)+ [2^^-!) =-n+ ^ ="2 • 

To find the coefficient of a^ : 

2+2r+3«=8, |)+2 + r+»=a. 
1=1, p=n<-l; r=l, 2=1» l)=»-2; 2=*3» l>=«-3. 

/ -ix . / ^w ^v/ ^v n(n-l)(n-2). ^., . -. n(n-l)(n-2) 
it(-l)+n(n-l)(-l)(«l) + -i r^ ^(-l)»=-«+»(»-l)--i rg ^ 

--*(n-2)(n-7). 
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38. These results are easily established by indaction. For simplioiiyit is 
well to take -a particular value of r ; it will be found that the reasoning would 
apply to any other Yslue of r. We may shew then by aotnal mnltiplication 
that the laws which are stated hold when «=:2 or when n=8. Assume that 
they hold for any assigned yalue of n. Let r=8, and suppose that 

(l+a5+a!*+aj»)"=ao+aiX+ajx'+ + a8r.-i«*^^+«ii^t 

multiply both sides byl+ps+as'+flB^; then 

(l+a;+a5»+a^)*+i=ao + (ai+ao)x+(o,+ai + ao)a5*+(ag+ag+ai+aa)a^ 

+ (a4+at+at+a,)a5* + ... 

Then we see that the coefficient of o^ is greater than thai of os^ if ot is 
greater than Oq ; and this is t)ie case by supposition : an^ so, on. 



xxxvm. 

1. Let X denote the requirect logarithm; then 144 = (2^/3)*; that is 
2*88= (2 V3)* ; that is (2 V3)*= (2 V8)* : therefore a;=4.* 

2. 7 lies between 2' and 2^ ; thus the required characteristic is 2. 
8. 5 lies between 8^ and 8' i thus the required characteristic is %.^ 

4. Let X denote the required logarithm; then 8125=5*; t]iat is ^<^ss5*: 
therefore a; =5. 

5. 1280 lies between 10* and 10^ : thus the required charaeteristio is S. 
'0128 lies between 10~^ and 10~' : Ihus the required characteristic is -1^ 2. 

6. Log •06=log r7r7:=log6-logl00=log6-2; and log6=log-5-=l-log2. 

54 
Log 5*4 =s log j^ = log 54 - 1 ; and 54 s 2 x 8', so that log 54 =log 3 -f 3 log 3. 

7. Log-006=logj^=log6-8; and log 6= log 2+ log 3. 

8. Log86=log(2«x8«)=21og2 + 21og8; log 27 = log 8» =8 log 8; 

logl6=log2*=41og2. 

9. Ldvide 648 by 2 ; the quotient by 2 ; and so on as long as possible ; 
then divide by 8 ; the quotient by S( ; and so on. Thus we fin4 648 =2> x 3^. 
Similarly 864 = 2* x 3'. Therefore we have 

8 log 2 + 4 log 8 = 2-81157501, 5 log 2 + 3 log 8 == 2-98651874. 
From these two equations find log 2 and log 8. Then log 5 = log-^ = 1 - log 2. 

10. LogV(l-25)=log(^y= iaogl26-logipO)=|log5-l 

= |(l.log2)-l. 
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11. Log-0026«logj^=log25-4=21og6-4=2(l-log2)-'i. 

12. Log^-0126=log(jg^)**|aogl26-logl0000) 

4 4 

=log6-g=l-log2-^. 

13. Liogl680=logUO>c2»x8«)=l+21og2+8log8. 
LogC0046)» = ^logj^»^|log(5x3v4 

= ilog6+|log8-| = ^(l-log2)+?log«^?. 

U. FirBt find the logarithm to this base l(h ^f oTq) "^ q ^^^848 
= 5 log|| = ^(log2«-log7»)=loi2- 1 Idg 7^ --'966617. Aiidthe logarithm 

to the base 1000 will be fomid by mxiltiplyixig this by , ttww?* ^^^ ^^ 

Jog^AlOOO 

by -: see Art. 588. Hence the required logarithm is ^-^ • 

15. Log 2<«= 64 log 2 s 19*26592: thns 2«« lies between 10^ and 10^; 
ftfid 80 has 20 digits. 

16. Log (-0625)*- 1 log y^ = g aog 5* - log 10000) = g log 6 - g 

= g(l- log2)- g=-669176-g =-569176+g -l=-759176-l=log^-^^^^ 
=log •6748491. Therefore (-0625)* = -5748491. 

17. The ntunbers from lOi' to 10<^^-1, both inclnsiye, have the character- 
istic p; thus P=10>'(10-1). The reciprocals of numbers between 10^ and 
lOff-i+l, both inclusive, have tiie characteristic ~q; thus Q=10«~^(10-l). 
Therefore log P - log Q =2) - (j - 1), 

18. Take the logarithms of the given equations; thus log^=^ — -. ; 

log2=r — = ; substitute in the latter the value of logy from the former; 

thus logz= — - ^ ; therefore loga5=-; — ^ — ; therefore ajslO^-**** . 
^ -loga; ^ l-loga* 

19. Suppose n=a's&*'=e'; 80 that s»log«n, yclogin, z=log,n. Then 
111 I 1+1 211 

o=n*, 6=11^, e=n; But&'aoc; therefore ny= »» *; therefor© -=-+-. 

y X z 
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20. LetP denote the niimber of the population at the beginning of a eer- 

P P 

tain year ; then the nmnber at the end of the year will be P + 77 - ^7^ , that is 

^o oo 

181 

ToprP- In a similar manner the ntimber at the end of two years will be 

181 181 

180 ^ 180 

(181\« 
I80; 



P, that is { r^rr ] P ; and the number at the end of x years will be 
P, Suppose that in x years the population is doubled; then 
(180) ^=^^J therefore {t^\ *2; therefore «log-rg^=log2; therefore 



log 2 _ '301030 

•''log lai -iQglSO ^ 00210? • 



XXXIX. 

1. In equation (1) of Art« 645 put ^-1 for m, and «> for n ; thus we obtain 
the piop^sed result. Multiply by . — r^ and we have 

ioa.(*+i)=a iogi.«-iog„(*-i)-jj|j^ j^^ + 1 (^^y+ ... j . 

Pat 10 for*: thu8log,.U=2-21oft.3-j3|j5 jjL+_^ + ...j . 

h 6 

4. We have X + u= --, X/t=- by Art. 336: thus 

a a 

a-bx+oai^=a{l + Qi+M)x+\fa?]=a{l + \i)(l+fjix); 

therefore log {a-bx+ cat?) = log a + log (1 + Xof) + log (1 + /*») : 

then expand log (1 + Xos] and log {1+fix) by Art. 544. 

7. Log.|(l+«)'-?(l-ar)'-TJ =l±f log.(l+«)+lz^log,a-x); 

then expand log^ (1 + x) and log« (1 - 0). 

1 
501 """SOO l + '002 ^, , 

499=rT=r:-^'*^"'"^*^^ 

500 

(•002)' 
Now •^— ^-^ has no significant figure in the first eight places of decimals, se 
o 

/•002ii 
if we stop at '002 the result is true to at least seven places ; and ^ , -^ 
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has no Bignificant figure in the first fowrtem places of decimals, so if we 
stop at ^^ — 5-^ the result is true to at least thirteen places : and so on. 

9. "We have in fact to find whoi n is Tery large an expression in powers 
of a? for ^l+^y4e*. that is for /^^l+^Vc**. 

Kowlogj(l + ?)V«[=nlog(l + *)-a,= -g + ^,-...5 

lieTO the terms which are not expressed inyolye higher powers of - ; and are 
rei^ Bzoall irhen n is very lai^e. 

10. "We require the coefficient of jC* in the expansion of (a+6«j+cx^)c~*. 

Now «~* =l-ar+77:-... + ^ — r — + ... ; thus the coeflBicietit 

[2 [n 

_ a(-ir &("1)»-^ c(-i)n--8 (_i)ti j a I V 

|» ■*■ In-l "*■ »-2 " n-2 |»(n- 1) "" n-l"*"**) ' 



therefore (1 + -) e-=e-^^-- = 1-^ + 3^, ^i^,+ ...; 



3.1. lo the series for log, (1 -»- a;) put 1 for a; : thus 

, « ^ 1 1 1 1 1 
log.2-l-2+g-^+g.g + .,. 

]^ combining terms we get log, 2 = r— ^ + ^-^ + — + ... ; and hy combining 
them in another way we get log, 2 = 1- g— « - 7-^ - ^-» - ... ; hence by addi- 
tion -^o get21og.3=l + j-|-g+^ + g-|-y + ... 

12. TVe must find the term on the light-hand side of (1) in Art. 549f 
which inTolves a;*+^. 

«^+|2_+|3+-j =*A^+|3 + [3 + |4+-j 

where y stands for [2 **" Ts ^ l4 ^ '" 

Thus the term which mvolves a?»+® ^^ fa "^ \% " ( (2" J ~ 6 "*" " g • 
Hexice the required result is obtained like the others in Art. 549. 
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XL. 

2. The ratio of the (r+l)t»» term to the yth=2r+3 «^4^^ ^^ 

faotor ;z — r*/ — 7T7 — r approaches oontintuUly to miity as r increases: 
2r+l (r+l)*+l *^*^ ^ .^ 

hence by Arts. 559, 560 the series is divergent if as is nmnerically greater 

than unity, and convergeiit if x is numerically less than unity. 

8. If p is greater than unity the series is oonyergent ; for it is obviously 
less than that in Art. 562. If p is equal to unity the series is divergent ; for 

1111 . xxvlJilllf r. 

J + g + = + « + ... IS greater than ^ |l + 2+3+i+ — {» *^ ^® ^®® "^ <5om- 

paring teim with term; that is the series is greater than the half of one which 
is known to be divergent. If p is less tht^ unity or negative, the series is 
divergent, each term being greater than the corresponding term when p=I. 

10. The ratio of the (r+l)«» term to the f^= ( '^'^f^ ^ Yx; the fac- 

tor I 1 — i I approaches continually to unity as r increases ; hence by 

Arts. 559, 560 the series is divergent if x is numerically greater than unity, 
and convergent if x is numerically less than unity. If a;= 1 the series 

The series last given is of the same character with respect to convergence 
and divergence as that in Art. 562. For instance, if c=4 the series is the 
same as that in Art. 562 omitting the first four terms ; if e lies between 4 
and 5 the series is less than that of Art. 562 omitting the first four terms, 
and greater than that of Art. 562 omitting the first five terms. 

11. U2+U3>2u3, tt4+t«5+ttj5+tt7>2^W7, ttg+tig... +ttji5>2'tti5, and SO CD. 
Hence we find that the first series is greater than half tne second, and so if 
the second. is divergent the first is also divergent. 

Again, «i + t<j< 2t<i, 1*3+ M^+Wj + ttg <2'm3, Uj+u^..,+Un<2^Ujt and so on. 
Hence we see that the first series is less than the second, and so if the second 
is convergent the first is also convergent. 

,o rm. . i 2-1 8-1 4-1 

12. Thesenes=l+-^;j- + -g;j-+-^+... 

1 1 Jl 1 Ij. ) 

— l + 2*^'*"3'*-i'^*** J2* "*" 3* "*" 4* J * 

If n is greater than 2 each of these two series is convergent, and so there- 
fore is the proposed series. If n=2 the first series is divergent, and the 
second convergent ; and so the proposed series is divergent. If n is less 
than 2 each term of the proposed series is greater than it would be if n=2; 
and so the proposed series is divergent. 
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XLL 

Mnr 

1. Let If be the Bom due, Z> the discoxmt. Then D=j-j;^. Again let 

/ be the interest on the snm due : then I=Mnr* Half the hannonic mean 

a r ^'^ M*nr Mnr 
between M aad/=j^^=3f^P^= j;;j:^. 

2. "With the notation of Art. 677, ifnr=s 180. j:^^^!^^? therefore 

^^ -150 ; therefore ^ «1-H»r ; therefore iir=^ ; therefore Jlf=180x5=900. 
1+nr lo » 

St S-'A 

3. Let r denote the rate of interest ; then ^r= j— ; therefore f=s ^ . 

4. Let r denote the rate of interest; then l+40r=2; therefore r^j^. 

5. Let M denote the price of any article for a credit of six months ; P 

P 1 
the ready money price of the same article: then, by Art. 677, 5= rz 

5 1 1 P 1 40 



nr 



6. Let n be the number of years ; then by Art. 577 

/ 6 \* , . /105\* 105 
1050=100J2H=loo(^l + --j ; therefore (^^j = -^ ; 

, . /210\» 210 ^, . , 210 , 210 
**^^®*^'® V200) = 20' tiie'efore»log^=log^; 

Iog2l0-log20 _ log210-log2>l 
therefore »-iog2l0-log200""log210-log2-2' 

1 1 1*02119 

Now Iog210=logl4+logl5; and log 2 = log (16)* =j log 16. Thus w^-i^jjg • 

7. Let n be the number of years ; then by Art. 677 

P A +^y =8P ; therefore (l-036)»=:8 ; 

, \ ^ I, , „ XI. * logs -47712 

therefore n log 1-036 =log 3; therefore n« ^^^ ^.^^g = q^^^^ . 

g. With the notation of Art. 677, pP=PR^, qP=PIt^ ; 

therefore j>=JP*, 2=i2»; therefore p»=^ for each »if ; 

therefore p«»»=2; therefore 10^5= -• 
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XLII. 

1. With the notation of Art. 580 we have i>i=400, P,=2100, ei=2, 
lj,*8, ••='255; tenee i J'f^ =400 (ag~ 2); therefore 

^"^"ao" 

2100(8-»)=400(aj-2) + 20(8-a;)(x-2), &c. 

2. Here with the notation of Art. 580 we have Pi=20, Pg=^l^t ^,=0, 

21 1 

tg=270, the time Idng expressed in days; also **=Taq-^240 ~ 9600 * ^^*^ 

161(2 70 -g) .. ., , 65 ,„^^ , «^ «(270-») ^ 
270^" ' therefore ^ (270-«)=20a;+ ^ ^^^ ^ , &c. 

^■*'"9600" 

3. By Arts. 574 and 577 we see that when interest is due eveiy moment 
the diflcoiint on Pg for ta-x years is Pgll-e"**^'*"*^} ; and the interest on Pj 
for '» - ti years is Pi {c*"^"**^-!} : then we mnst equate these two expressionB. 

4. Let X, y, z denote the numbers of pounds in the three parts ; then 

X 71 t 

xJR^=yB^=zIi^. We may write these equations thus: «zi = '&i=Di«; 

then by Art. 384, each of the fractions =-=r-r — ^ — =— . But aB+y+2=the 
given sum, which is known : thus x, y^ and z are found. 

5. As in Art. 526, suppose / tp denote the integral part of {a+V(<^''^)l*i 
and /+jP its complete value, so that P is a proper fraction ; then 

11 

And o - v(<»' - 1) is a proper fraction ; and therefore so also is {a - V(a* - 1)}*! 
which we will denote by P'l thus 

Hence by addition we have 7+^+2'"= an eoen integer; therefore jP+F=1i 
and/=an odd integer. 

6. As in the preceding Example, 

I — 
P'= {V(a« + 1) - aY"^ (a8 -h 1) a - n (a« + l)^a + ^ | ~ (a«+l) Va« - .... 

If n be cvcM we add these two results, as in Ex. 5, and arrive at a similar 
conclusion. If n be odd we subtract the second result from the first, and 
then we get /+ JP- P'l^an even integer ; hence we must have F-F^^Ot and 
/=an even integer. 
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'■ (^.y- (^,) -(-r-'-"i-(i)"- • 

\ a 
Thus we must find the snm of 1-2-4.3/^-J ... + (» + l)(-l)»^^ j , 

and subtract it from I j , and we shall have the required remainder. 

In Art, 473 pat 1 for a, 1 for 6, and - - for r : thus the sum is 

■-(-y iH-in „.. ^-'-'(- ;)•-;(-!)• 

^ IMS 

Subtract this from j ^ : the remainder=± f - - ) . , . 

10. The whole coefficient of a will be found to be 

The whole coefficient of p will be found to be 
,n|l-(n~l)+ ^*'~-^|^"~^ L...|, thati8-n(l-l)»-i, that is 0, 

^^- •=«^Ti?--r J tlierefore (1 + «)»= 1 + ^ . 

Taie the logarithms ; n log (1 + «) = log Tl + —^ ; 

therefore ' „ a " 2cx» "^ 3a« -' aP-2a^3a» "'{ 

2 "^ 3 •• ^"2"^¥" •• 

Divide 1-2^ + 3^-- ^y 1-2 ■*'F'"-' *^«s we obtain 1-^^^-^+... 

12. By Art. 674 the value at any time t will be a^ where r is some con- 
stant; but we know that b is the value at the time /j; therefore 6.=a€''«i. 

Thus c'= QVi, and c*-'= (^^ '^ • 

k2 



132 XUII. ANNUITIES. 

XLUL 
1. In Art. 689 put P^COOJ, n=35, r= j^ : 






thus 600} - ^ jTTi^ ; henoe we find il =^ ^24}. 

^100 

n + 2n(n-l)r ^^ 

2. By Art. 589 we must have j . -4 = -jr- ; 

therefore l+5(n-l)r=s5(l+ nr). Hence r = 1» 

3. InArt.696put-A=100, P=2600; thenr=:^ = ^ = -ir. 
• 4. By Art. 597 the present yalue =^ — =- ; where 

ui = 168-l, J2=l + ^=l+ A = ^. Thus the present yalue 

40 

5. By Art. 595, if n denote the number of years the annuity oontinnei 
which is worth 20 years* purchase 20.1 =±^L-fLJ 2U = ^\, . ^ ; 

JC — l xC — l 

therefore, by division, ^n "^ i" g-» - ^ "** ^^~* » therefore iJ~* = ^^ . 

1-1 

Substitute in the first equation ; 20 = ^ , ; therefore J2 - 1 = ^^ s r^ . 

6. By Art. 597 the sum = N ^^ / = 10000 (1'032)~^ Denote 

100 
this hj S^ Then log 5 = log 10000 -10 logl-032 = 4- -136797= 8-868203. 

Therefore i5= 7297*98. 

7. Since an annuity to continue for ever is worth 25 years' puicliase 

by Arts. 595, 596, we haye 25 = - ; therefore r = ^ . Next we haye by Art. 595, 

T «0 

c«r / \25/ ,L /26N»)oe »v . I 26(26)» 26x17576 
625=^~\-^-^|l-(2gj {35; therefore i = ^ag^/_^^^, = -^^- . 

25 
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130 
8. Let m stand for r^ ; then we hare to find the present yaliie of A 

clae at the end of 1 year, of mA due at the end of 2 years, of m*A due at the 
end of 3 years ; thus, as in Art. 595, we get 

A mA n^ nC^A A R"" 

Here P=1000, A=40, uJ^. ^?g = |. 

©» 16 , logl5-log2 - 

= "5- ; and taking logarithms *=^3^5Tw4 J a^« 

Iog4='21og2, log6=l-log2, logl6=log6+log8: thus we find w^^Q^ggi* 

9. Let A denote the first payment ; then its present yalue is ^ . The 

mA 
seeond payment is mA ; and its present value is -^^ • The third payment 

i»**A 
is us? A ; and its present value is -^^^ • And so on. Thus the entire pre- 

8ent value =:^ |l+ ^ + ^ ~^ l^'''*"! ' ^'^ ^"^ ^ limAtatum that ^ is 
lest than unUvt this is -_- . i • 

R 

10. Let X denote the sum in pounds; then ««***'= 1, where ii=20 and 

11. The amount of 1 pound in 1 yearrre*"; therefore the interest of 
1 pound in 1 year=«»'-l=— by supposition; therefore €**= • The 

) * 

12. Suppose P the sum borrowed; at the end of a year the debt is 
P+Pr; of this 2Pr is paid, so that P-Pr is still due, that is P(l-r). 
At the end of the second year we find in like manner that P (1 - r) x (1 - r) is 
etill due, that is P(l-r)«. At the end of the third yearP(l-r)» is still 
due. And so on. 

13. By Art. 598 we have to find the value of an annuity of A pounds to 
begin at the end of 13 years and to continue for 7 years ; and by Art. 597 
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this is -A_^ij-i3. jj-JoY ^hew J2=r^=l-06. Now logJ2-"=i-ia loglW 

«--8289767=-6710283-l ; therefore iri»= -4688886. Logi2-»=-20 logl'06 
»- -5061180 » -4988820 - 1 ; therefore R-» = -8118042. 

Hence the fine»^ x -^ /^•4688d85 - -8118042^ . 

14. The present yalne of an annuity of b pounds per year is -^ — :r— : 

it is obvions that the man is rained if this be greater than a ; that is if 

105 
6 (1 -jr») is greater than o(J2-l). In this case ^=^0, -B=£^, a=1000; 

thus the man will be mined if 90(1-J^~*) is greater than 60, that is if 

1- J^^ is greater than ^ , that is if iZ~* is less than ^ . We haye then to shew 

19 9 

that -=:i is less than I4-7 , that is that JT is greater than 7 , when fi=17. 

21 
LogJ2W=171ogJl=171og^^=:17(log21-logaO)=17aog7+log3-l-log2); 

Q 

and Iog7slog9-log4-21og8-21og2. It will be fonnd that the fonnei 
4 

logarithm is the greater. 

XLIV. 

7. By Art. 605, Piqf-p^i=^l, P^t'Mi= 'fI; 

therefore p^q^ -p^q^ = - (p^g^ -pj?,) ; therefore (ft -p^ ft = (g, -q^p^. 

8. Suppose ^ and ^ to be oonsecntive convergents. Then q^ and 9, 

haye no common measure greater than unity ; for ^199-^91= ^ 1» so that if 
any number greater than 1 could diyide both 9i and g, it would also divide 
:h. 1, which is absurd. Similarly no number greater than 1 can diyide both 
Pjandft. 

d* P\q%-Ptq\ = - 1* ^or the first conyergent is too small, and is therefore 
less than the second conyergent. Then ^03-^,^=3 -(j^^^- |),ft) = (-!)*. 
Then p^q^ -p^qz^ - (ftj, -i>,?^ = ( - 1)^ and so on. 

10. I^_&=J-, ^_Pj=-J_ 'P^ ;>n-i^ (-l)* . 
5i 9i 9i9a ' ?8 9i 9«98 * *" 2« J»-i 5i%-i?» ' 

add all these results together. 

11. As in Example 7, we haye 

(i>irfi-i>»-i) 2»= bi^i - 3»-i)i»n. (i>.^ -i>h) ?*+i- b^fi-fi'JpiM-i; 

therefore (p^^ - p»_i) ( p,^ - p J g,g^i = (g^^ - g^. J (g,^ - g J p^^^ \ 
divide by p^p^ig.g^i. 
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12. We know that Pn ^ Pn-if^+ Pn-^ , therefore 

f«?ii-i-P»-iff»=A«*(l'*-iJ«-l>»?»-i)=-Mi»(-ir by Example 9, = (-t1)»-*;S,. 

13. Assume that p,=a^p„-i+Aj>»-t, ff» =«•»?•-! +/'»9»-i. The next 
conTergent may be obtained from — by ohanging a^ Into a«+^^^i so that it 

I n therefore we suppose l>^i=aw+.il>H+^,H-il>«-i "^^ g*n=ci,H-iS'n+^*fi5n-i» 
the next conyergent to ~ will be ^-^dl ; thus the convergent ^^^ may be 

fonned by the same law that was supposed to hold for ^" . Now the law 

may be seen to be tme for trial for the third convergent and therefore is 
applicable for every subsequent convergent. 

Again, since 1>«=«h1»,-i+/»«P«hi, and fti=«»?»-i+i8H9*-i» ^« bave 

Then by actual work we have p^ ''Mi=^ "PiPn * 

therefore p^^-p^z- '-Pi{Pai-Pi2%^={-'^)*PiPA' ^^ ^ ^^ 

14. This may be shewn by Induction. Assume that P^Pifin-i+Pnr-i^n* 
Now if Jt^^i be divided by R^ the quotient will be the (n + 1)^ quotient of 
the continued fraction, so that ■^8^i=AS^i-^+-^Wi) ^bere fi^^ denotes this 
quotient. Hence we get 

Thus we see that if the result holds for a specific value of n it holds for the 
next greater vfJue. Now it may be shewn to hold when n=2; for if we 

P P Ry Q JU 

start with -r in the manner of Art. 601, weget7r=a+-^, ^=ft+-5';so 
^ it il Jtl^ R^ 

that P=aQ+i2i=(&J2i+JZ,)a+i2i=(a5+l)i2i+ai2„ and this is what we 

had to shew. 

In like manner the result 4=9n^»-i+9^ii-i'^i» '''^7 be established. 

16. PPn ^ ^^-'P-^ = <^-P^-i '^-^^-^ ^^ hy Example U; and as 

9mP%r-i~2i^iPn^ ^^* ^® required result is obtained. 

16. If Rf^ and J^_^ had any common measure greater than unity it 
would divide both P and Q by reason of the result given in Example 14 ; 
bat this is impossible, since P and Q. by supposition have no common 
measure greater than unity. 



136 XLY. C0NTIKT7ED FRICTIONS FROM QUADRATIC SURDS, 



XLV. 

, 15. The quotients are 8, 1, 1, 1, 1, 6, 1, 1, 1, 1, 6, ... 
16* The quotients are 5, 1, 1, 8, 5, 8, 1, 1, 10, 1, 1, 8, 5, 8, 1, 1, 10, ... 

17. The qnotients are 5, 1, 2, 1, 10, 1, 2, 1, 10, ... ; the 9th oonvergent is 

llftfiT 1 

r7r==- : the eiTor by Art. 608 is less than ,,^--,, , which is less than 'OOOOOl. 

1977 (1977)' 

18. The quotients are 4, 1, 8, 1, 8, 1, 8, 1, 8, ... ; the conyergents are 
4 6 19 24 211 286 916 1151 10124 „ x. ,^ ^^.^, 
V i' T* y 14' 49"* 191' "240' ^nr- Hence by Art. eOS the 

error lies between -rj — jtc and 



44x49 44(44+49)* 

19. See the preceding Example and Art. 608. 

20. See Example 18 and Art 608. 

1620 lfU)6^ 

21. The 8th convergent is -s^; ^e 9th is ^ ; then see Art. 608. 

22. Letag=l+gL-^^^..,;thusa^=l+ ^^ ,thati8 

^"*"2+x-l 

1 flz-f*! 4jb4-5 

*=^-^ra==^ + S^4=&rr4' therefore 8a5»+4«=4»+6; &c 

aj+1 

23. Let »=r7 -T t . ; therefore «= = - __fLJL_ . therefoie 

6+a+6 + ...' . 1 ab+l-^bx* 

a+x 
hx^ + abx s a ; therefore x{x+a):=Tt which is what was to be shewn. 

24. Let «=2a+ — -r- — — - j — ; therefore x=2a+ = 



«+ 



4a+a:-2a 

« . 1 oj t ^^^' 4a»+(2o«+l)a;+4g , 

" '^ 2a^ + ax+l ■*"2a« + aa?+l~ 2a^+ax + l 
2a+x 

therefore aiE?s4a (a'+l) ; ^o. Then see Art. 608. 

a+1 



25. V(a'+a+l)=a+V(a'+«+l)-a«a+ 



V(a*+a+l)+a* 
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V(a*+a+l)+a V(o«+tt+l)-l ^ o 

a+1 "■ ■*■ a+1 *" ■*'V(a'+a+l) + l* 

V(a«4o+l)-fl , V(a«+a+l)-(a~l )_, 8 

a ' ■*■ a "■ '*"V(a*+o+l) + a-l* 

ThnB the oonyergents axe j t — j— i — s— » — 

26. v.=0+-, -0+5^3 «^j, 

V8 j^ 8 

V(48)_ V(48)-6 ^_ 

3 "■ "^ 3 ~'""^v(*8) + 6' 
V(48)+6 _- V(48)-6 _, . 8 

~""4— ^^ r—^+V(48) + 6' 

V(48) + 6 _. V(48)-6 _ 4 

8 ■*' 8 ~ ■*'v(48) + 6* 

Thus the quotients are 0, 2, 8, 4, 8, 4, ... ; the oonvergents are 

1 8 18 42 181 j«n^/. o,x n« 

2' 7' 80' 97* 4i8''"' "^*^^^^^^'^^^' **®'^'^^* 

The quotients are 1, 4, 2, 4, 2, ... 

28. The root toi±#I'; 

the quotients are 2, 1, 1, 1, 3, 7, 8, 1, 1, 1, 8, 7, 8, ... 

29. For the root — ^- — ^ the quotients are 4, 8, 3, 3, ... ; 
for the root —^ — - the quotients are 0, 1, 2, 3, 3, .... 

>. The root is — 4—^ » *^® quotients are 2, 1, 3, 1, 1, 3, 1, . . 

51. V(45)=6-f '^^^^^"^ «64-- .J> g ; the quotients for V(46) wiU be 

fonnd to he 6, 1, 2, 2, 2, 1, 12, ... ; therefore the quotients for -777?. will be 

1 1 1 3 7 17 

these preceded hy 0. The convcrgents to -^^ are g , ^ , ^ , ^^ , jj^ . 

52. I^t««l+i i...;then«=l+5:j:i-^; 

therefore « - 1 «= — =• ; therefore a^ - 1 = 1 ; therefore «* =2. 

as+l 



80 
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„_. 1111., 1 i+x 

•3. Let .- j^ j^. j^ j^ ... ! then «= --^ -5^ ; 

therefore c^+8«aai-f 2; fhmforefl^+2ss2; Ac, 
84. Let «=l+2^ 3- j^ - 3- - ...; then 

•-^+— T ^^■^-::t::-i^^t2= 7.+2 ^ 

therefore Tas* + 2x= IQx + 8 ; &c. 

^- I'^t^^aT 2T IT ST IT iT-' ^^"^ 

1 1 l+2« 

"^"o. 1 °o. 1+* "lO + 7aj' 

.2 + ^-^— ^ 

1 + 05 

therefore 7a^+lQ»==34-2x; &o. 

86. Let . =2+ jL^-l.jL^ _!....; .. 

and let • y=gL jl.._L ^L...; then 

t , ' i- 4+y 4+y It. 1 6+5y 

■^8+J ^+1+1^ 

11~4b 
From the first equation we get ys s- ; snbstitate in the second: thas 

— f^*gy^; therefore(ll-4a5)(37-14«)=(«-3)(8-8«); &c 



XLVI. 

Examples 1...10 may be solved by the method used in Art. 628 or by the 
aid of Arts. 681, 683. For instance take Example 2. Here 17a;+2dy=183; 

■fit/ 1^ T*l ft*# 

diyide by 17 : thus »+y + 17- ^^ + 17 • Hence — ^^ must be* an integer ; 

1 5» 

denote it by j) so thai 18-62fslVi>; diyide by 6: thna 2+g-y=s2p4'-x-. 

f>o — 1 

Hence —7— must be an integer ; denote it by g so that 5|> - 1 « 69; divide by 
5; thus l>-e=2+|* Hence — ^ must be an integer; denote it by r so 
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that q=5r-l. Then we find in Btlcoession p=s6r>l, y=5- 174*, » s 4 + 23r. 
Hence x=4 and y=5 are the only coiresponding positiye integral yalues. 

28 
If yre nse Ait. 683. we conyert j= into a continted fraction; the convergent 

23 4 

mmediatelj preceding j= will be found to be g; and 4 x 17 ~ 8 x 23= - 1. 

Hence we obtain for the general solntion a(s 28< - 4 x 183, y s - 17< + 8 x 183 : 
and if we put 32 i&r i we obtain 084f y = 5. 



11. Let X denote the ntimber of guineas, and y the nnmber of fiye-poond 
I Aoteg required for any oiie way of payment ; then, expressing all in shillings, 

ve iiaye 21iB+100y= 10000; the general solution of this equation will be 
, found to be fl;=100t, y=100~21e. Thus there are 4 ways if we exclude a 
zero value of x, and 5 ways if we admit this zero value. 

12. Let X denote the number of guineas, and y the number of crowns 
•required for any one way of payment; then 21x+5y=2000; the general 

solution will be found to be x= 5«, y = 400 - 2K. 

13. Let 9 denote the number of half-'guineas, and y the number of 
' sovereigns required for any one way of payment ; then 21aE + 40y=4000; the 
; general solution will be found to hea^iotj y ^ 100 - 21^. 

14. Let X denote the number of florins, and y the number of half-crowns 
I required for any one way of payment; then 4x+5ysB39. The general 
! solution will- be found to be »= l:h 5<, y =7 r- 4^. 

« 

15. Let X denote, the nxmiber of five-frano pieces, and y the number of 
doUMS required for any one way of payment; then 8aj+7y=887. The 
general solution will be foulid to be x^6+7t, y=121 - St. 

f • . ' 

16. Let X denote the number of 7 shillmg coins, an^ y the number of 

17 shilling coins required for any one way of payment ; then 7a; + 17ys6UO. 
The general solution will be found to be 0^^:76-^ 17<, y=4 + 7<. 

• ' 

17. Suppose that he gives x guineas. and takes y half-crowns; then 

42x - 5y = 21. ' The general solution will be found to be>^ S + 5<t y = 21 + 42t.. 

18t Suppose that to pay the debt x sovereigns are given and y francs 

20 4i/ 

taken; then 20»-5^y=44; that is 20a5--^==44; therefore 26a! -y =55. 

40 o . * 

The general solution will be found to be a;= 3 + ^ y =^0 + 25t. 

• • . . 

19. "Letx denote the quotient in the part which is divided by 6; then 

this part is 6x+.5: let y denote the quotient in the part which is d^yided by 

U; then this part, is liy.+4. Hence 6it+5 + lly+4=200; therefore 

6x+ lly = 191. The general-solut'iitn will be found to be x-= 80 - lit, y = 1 + 6<. 

Therefore the one part must be 1B6 ^ 66^, and tiie oUier part*15+66f. 
* . • ■• * 

> * fll dRR 

20. Suppose there are x isxowaB and y half rcrowns ; then r^ x + r^ y=36 ; 

I tberefore 90a; +74y= 4000; therefore 45fl;4-87y=2000. The general solution 
' Trill be found to be as=28 - 37^ y=20 + 45<. e 
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21. Let « denote the first term, and y the eommon difference; then 
|{2«+(fi-l)y}=»«; therefore 2«+(ii-l)ys2i*, First tiy y=l; then 

ss!!^^— which 18 admissible if » be odd. Next tzy jf—2; then x^U If W6 

were to suppose y greater than 2 we should haye x negative which u 
inadmissible. 

22. Suppose that x is the quotient when the number is divided by 28; 
then the number is 28aE+ 21 : 8upi>ose that y is the quotient when the number 
is divided by 19; then the number is lS^+17. Thus 28x+21=19y+17; 
therefore 28x-19y=-4. The general solution of this equation wil^ be 
found to be x=8+19^ y=12 + 28t; and the general form of the number will 
be 2ai; + 21, that is 245 + 28 x I9t : the least number is obtained by putting t=Q. 

28. Suppose that x is the quotient when the number is divided liy 3, 
y the quotient when the number is divided by 5, and z the quotient when tbo 
number is divided by 7. Then the number =8a;+2=5y+4=70+6. 

Take Sac •{- 2 = 5y + 4 ; therefore 8a; - 5y = 2. The general solution will be 
found to be a;=4+5r, y=r2 + 8r. Now take 8a; + 2=72+ 6: substitute for * 
the expression just obtained; thus 15r - 72= - 8. The general solution will 
be found to be r=6+7e, 2=14+ 15t. Hence 72+6=105^+104. 

24. Suppose OS, y, 2 to denote the quotients when the number is dlYided 
by 28, 19, 15. Then the number = 280 + 18 = 19y + 2 = 152 + 7. 

Take 28x + 13 = 19y + 2 ; the general solution will be found to be 2= 8 + 19r, 
y=5 + 28r. Now take 19y+2=152+7: substitute for y the expression just 
obtained; thus 19 x 28r+ 90=152. The general solution will be foxmd to be 
r=15<, 2=6 + 19x281. Hence 152+ 7 =97 + 15 x 19 x28t; this is the general 
form of the required number : the least number is obtained by putting ^=0. 

25. The value of y cannot be greater than 8, for 23 x 9 is greater than 
200; ascribe to y in succession the values 1, 2, ... 8, and find the corresponding 
values of x and 2. For instance if y = 1 we have 17aE + 32 = 177. The genial 
solution will be found to be x=8^ 2=59— 17^; thus excluding the zero value 
of X there are three solutions in this case. 

26. Eliminate2between the equations; thus we get 7as+8v= 160. The 
general solution will be found to be 2=1 + 3^ y=51-7^; and substituting 
for X and y in either of the given equations we obtain 2=63 +- ISi. 

27. Let X denote the number of shillings, and y the number of sixpences 
required for any one way of payment; then x+y denotes the number of 
half-crowns. Thus 6 (aj+y) +2a;+y=600; that is 7a;+-6y=600. The general 
solution will be found to be x=6t, y=100- 7<. 

28. Let X denote the number of guineas, y the number of crowns, s the 
number of shillings required for any one way of payment. Then 

21a8+5y+2=96, «+y+2=16. 

Hence by eliminating s we have 20ie+4y=80; therefore 5a;+y=20, The 
general solution will be found to be a;= 4 - ^ y^5t; hence ss 12 - 4<. 
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29. Lei X denote the number of half-erowns, and y the number of florins 
reqoured for any one way of payment ; then x-\-y denotes the nmnber of 
crowns. Thus 10(as+y) + 52;+4y=88; that is 1&B+I4ys88. The general 
solution will be found to be x^^^ lH, y ==2 +16t; so that the only solution 
in positive integers is »=4 and y38 2. 

30. Let X denote the digit in the hundreds' place, and y the digit in the 
tens* place ; the digit in the units* place is zero since the number is diyisible 
hj 10. Then lOOe+lOy- («+«)» 99; that is 99aB+9yaB99. Hence the only 
admissible solution is x»l and y^O. 




82. Let X denote the digit in the hundreds' place, y the digit in the 
tens' place, and z the digit in the units' place. Then fl;+y+«=20. Also 

10^Ha^f+£zi?=:i0O2;+l()y+aj; therefore 98«-l()y-199«=16. Elhninat. 

ing y we have lO&e - 189z=216 ; therefore 4x - 72=8* The only admissible 
fiolution is a;=s9 and ss4 ; and then y^l. 

83. Let X denote the digit in the thousands* place, y the digit in the 
' hundreds' place, z the digit in the tens' place, and u the digit in the units* 

place; then 

10%e+10V+10e+«=9'«+9*y+9«+«; 
therefore 999aB+ 19y+«- 728tt=0. 

Then we must proceed to solve this by trial ; ascribe to u in succession 
the values 1, 2, 3, ... 8. If «=! it is obvious that there is no solution, for 
2=1 would be too great. If tt=2 there is no solution, for a; = 1 would be too 
small and x=2 would be too great. If iis3 there is no solution, for x=2 
would be too smaU and 06=8 would be too great. In this way we find that 
tt~7 is alone admissible; and this gives x=i5, y=5, 2=6. 

84. Let X denote the number of oxen, y the number of sheep, z the 
number of ducks. Thenx+y+2=100. Also 100a;+20y+z= 2000. Elimi- 
nating z we have 99as +19y=1900. The general solution will be found to ber 
x=l% y=100-99<; therefore 2=80(. 

85. Let the three fractions be denoted by ^ , ^ , and r^ , 

o «f lo 

then. ? + ?^+-=2l: and- + i- = ^. 

™ 6 9 18 ^ * 6 18 9 

Hence -J^ = « ; bo that y = 8. Therefore f + fo = "a » therefore 8« + 2-82. 

The general solution will be found to be x=5-tt 2=17 + 8^ If the frac- 
tions are to be proper fractions the only admissible solution is that obtained 
by making <=0. 

36. Let X denote the number of times the first bell tolled, y the numbei 
of times the second bell tolled, and z the number of times the third bell 
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tolled: then as the second bell ceased 18 seconds after the first and the 
third beU 21 seconds alter the first, 25(a;-l)=29(^-l)-18=33(2~l)-21. 
Take 25 (as - 1) =29 (y - 1) - 18. The general solution of this equation will 
be found to be aj=20 + 29T, y=18 + 25r. Now take a5(«-l)=S3(a5-l)-21; 
substitute for x the expression just obtained : thus 25 . 28 . r - 332 + 529 =0. 
The general solution of this equation will be found to be 

T=l + 33e, 2=38 + 25. 29. «. 

Hence fl;=49 + 29.88t; and the general expression in 8ec<mds for the time 
during which the first bell tolled is 25 (48+ 29 . 33 . t). As this time is less 
than half an hour we must haye £=0. 

87. Let us find the distance between the os*^ diyision on the first rod and 

SEC 

the f^ on the second ; the former division is — inches from the common end, 

and the latter is ~ inches from the common end: hence the distance is 

n 

SDH ftC C 

— ^ ^ inches, that is — (xu'^ ym) inches. Now we cannot have xn^vm=0, 

for then — = - so that — would be reduced to lower terms which is iinposai- 

n y n ^ 

ble. But we can have xn^ym=l\ in fact we can solve both xn~ytK,=l and 
xn-ym= - 1 ; see Art. 631. 

For instance if m=250 and n=243 we find that a; =107 and y=104 is a 
solution of xn-ym^l; anda;=250-107 and y= 243 — 104 is a solution ol 
awi— y»i=— 1. 

88. Suppose that on one shelf there are x sets of 5 volumes each, y sets 
of 4 volumes each, and z sets of 3 volumes each. Then 5a;+4y+32=20. 
We must then find all the solutions of this equation, and try if there are 
three solutions such that the sum of the values of a; is 3, the sum of the 
values of 2^ is 6, and the sum of the values of z is 7. 

39. Suppose the sum is c sixpences, and that it is paid by x half-crowns 
and y shillings; so that 5a;+2y=(;. Now we know from Art. i634 that the 

number of solutions cannot differ by more than uniW from = — rr , so that we 

•^ "^ 6x2 

have only to examine values for c beginning with c = 100. Put e= 100 ; then 

by Case rr. of Art. 634 there are 11 solutions. Put c=101 ; then by Case i. 

there are 10 solutions. Put c=102 ; then by Case ni. there are 11 solutions. 

Put c=108; then by Case i. there are 10 solutions. Put c=104; then by 

Case ni. there are 11 solutions. Put c=105; then by Case n. there are 11 

solutions. Thus we shall find that 103 is the greatest admissible value of a 

40. Use the same notation as in the solution of Example 39. B;^ 
examining the four cases of Art. 634, we see that Case iv. will furnish the 
greatest value of c corresponding to a given number of solutions. If we 
take <;=110 we have exactly 10 solutions. Any greater value of c wonld be 
inadmissible ; for instance if c = 111, there would be 11 solutions by Case z. 
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XLVn. 

1. y (3as-4)=14-3a;; therefore y= 'V_. '^ "" -^ "^ a^TZ » tl^^refore 

3x-4=^l, or ±2, or db5, or dslO. We find od trial that the only eases 
in which both x and y are positive integers are when So;— 4=2 or 5. 

. « 

2. y(ar-3) = 29 + 2aj-aj«; therefore y= ""^''^^"^^^ = -g-l + -^; 

therefore 35-3= dsl, or db2| or xfelS|, 07 ^26. We find on trial that we must 
takeas— 3=lor 2. 

3. The quotients for \/{12) are 8, 1, 1, 1, 1, 6, : the conyergents are 

3 4 7 11 18 

i'l' 2' "3*15"' 

4. The quotients are 10, 20 ; see Example XLY. 11 ; the first con- 

.. 10 
vergent is -y". ■ • 

5. Let M denote one of the numbers; then M=n*—l — 10m^; therefore 

n' - 10m^= 1 : to find values of m and » which satisfy this equation we must 

19 
form the conyergents to y/(10); the second convergent is -^ : thus n=19 and 

f»=6 is the least solution we can obtain in this way. And thus if =860. 

6. Suppose that the paddock contained 0^+3 square yards ; and that the 
brother's paddock contained y^ square yards ; then y* + 1 = » (^^ + 3) > therefore 

1 3 7 17 41 99 
a;»-2y«=-.t Theconvergentsto V2are j,^, g, j^,2g,~ Now as 

the paddock is between one and two roods a^ + d must lie between 1210 and 
2420 ; therefore we must take a; =41 and y = 29. 

7. Let X denote the integral part of the square root; and let x^+y 
denote the number; then a?-i-y=dx+l. Solve the quadratic in x; thus 

zz= Xi_ ?Li . Then ascribe to y in succession the values 1, 2, 3: it will 

be found that y=l and y=3 are admissible, y cannot be greater than 3, for 
then X would be impossible. 

8. We have y^=b-aa^; thus x cannot be greater than ^ /- ; aiid so the 
number of solutions in positive integers is limited. 

9. Solve the quadratic in y; thus sr=H jx± V{81 - 20a!^)| . Hence we find 
that the only admissible values of or are and 2. 
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10. 2a!*-9apy+7y'=(2»-7y)(«-y)5 thus (2x-7y)(«-y)=88. Henoe we 
haye the following oases for trial: 

2x-7y=iiil9, c-ysiii2; 2«-7y=db2, s-ya Jil9; 
2x-7y=rii38, x-ysibl; 2x-7^adiil, «-y=Ji38. 

It will be found on examination that the only admissible cases are 

2«-7y=-19, fls-ya-2, and 2a!-7y=l, «-y=38. 

11. In the fonnuLe of Art 643 put 24 for p, 6 for q, and 23 for iV. 

12. In the formulsB of Art. 645 put 3 for jp, 1 for q, and 2 for i^T, AIbo 
put 8 for lit, and 2 for n: see Example 6. 

XLVm. 

- ii-K'-r-si»?*(?)'— (?)"--i- 

2. 2-a;-8ds*=(l+a;)(2-8a;). Assume then that 

5-lOg _ A B 

(l+«)(2-3a;)"l+aj"*"2-8«' 
therefore 5 - 10aj=ii (2 - 3a;) +^(l+»)=2il + ^- (8-4 --B)«. 
Thus 5=2Jl+^, 10=3il-J9; therefore il==3, ^=-1. Then 

_l-=3 |l~aj+ac»-. + (-!)*»}*+ | 

1 1 /- 8x\-i 1 (- 8aj . /8aj\» . /3«\* . ) 

-2r3i=-2V^-T) ='-2r+T+iT)+ + VT)--i- 

8. Assume-T — :rr-. — 2ir, — ov = — 7 + o + — 3 J therefore 

(x-l)(x-2)(a;-3) »-l x-2 a- 3 

8ic-2=ii(a!-2)(a5-3) + J?(aj-l)(a;-3) + C(aj-l)(aj-2) 

=««U+5+C)-«(6i4+4fl+3C) + 6ii+8S-h2C.. 
Thus 0=il + ^+C7, 8= -(6^1 + 45+8(7), -2=6^4+35+2(7; therefore 

4. Assume -= c — = = -i : therefore 

(1 - a;) (1 - pa;) 1 - a; ^ 1 -pa? ' "**'"*"™ 

a;=^(l-pa;)+-B(l-a;)=-a;(Jp+5)+il + -B; 
therefore l=-(ilp+-B}, 0=^+5; therefore il sy — ,5=-r — ; &c 

6. 7|r^=(5 + 6a;)(l-3a;)-». By Art. 521 we have 

(l-3a;)-»=l + 2(3a;) + +n(3a;)*-i+(»+l)(3«)«+.... 

Multiply this by 5 + 6x, and take the ooefEicient of x" ; thus we get 

5(»+l)8*+6n8*-i, that is (7»+6)3«. 
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7. Z_lt =(1 + 48! +8^(1 -«)-«. As in Alt. 621, we find that 
a-«)-'=l+4.+ ^ (n^l)(n + 2)(«+8) ^^ 

Multiply this by 1 + 4ae+ a:** and take the coefficient of x^; thas we get 
(» + l)(»+2)(n + 8) 4n(» + l)(n + 2) (ii-l)n(n + l) 
[3 + 13 + [3 •' 

which reduces to (n + 1)'. 

8. As in Art. 653 the first term is 1, the second term is x; the coefficients 
I of the other powers of x are found in succession by the law u^ - u^_^ + u^_^ = 0. 

9. As in Art. 653 the first term is 1, the second term is 2x ; the coefficients 
of the other powers of x are found in succession by the law Ute~2u^_i+3«n^,-0. 

6 

10. By80tiuadiTiBionj--^--,=a;-3+3::^^-^=«-2+ j- . 

' The latter fraction can be expanded by Art. 653 ; the first term is ^ , the 
second term is -^zx; the coefficients of the other powers of x are found in 
snecession by the law «»"" ^»-i " o^V^n-i—^* 

11- -5 ::s = -« ' ■ 4 ' By Ari 653 the first term of n ■> 

d^^rOX-VT^ or ^ X Qi? ^ X a? 

1 + - +-i 1 + - + -3 

a a* o a' 

is 1, the second term is - - ; the coefficients of the other powers of x are 
found in succession by the law «„ + - "»-i + ~a "n-s = ^« 

12. Assume for the required expansion Wq + u^x + u^ + u^ + . . . ; then 

l = (l-|)aj+jXB'-a')(«o+«ia5+ttja5'+«3aj'+...)- To find Mq, «, and «j we have 
l = Mjj, 0=iti-|)«o, 0=1*,— «i;3+ MqP; and thg higher coefficients are deter- 
mined in succession by the law m^ - pwn-i +p«*^_s - w»-8 = ^' 

13. The 1^ term is ,^ . - , s,^ r-r; assume it= = r-^- + r; =-: 

then a'^^x=A{l+a^x) + B(l + ar-h:)=A-\-B+ar'^{Aa-hB)x, 

Therefore A + JB=0, Aa+B=l; thus A= — r, jB= r. When each 

o-l' a-1 

term of the series is thus resolved into two, we find they disappear by can- 
celling, except one ^t the beginning and one at the end. 

T. K. L 
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14. The r**" term is -7; ^ . ,. 7 ? ? — =irT; asstiine that this 

(1 + oT-^x) (1+ oTx) (1+ a^^x) ' 

"l+;iS=^ + r+^+rTaJ=Hi* ^^"^ proceeding as hefore, ar-^x(l-a'z) 
= A+B+C+ar'^x{A{a-^a?)+B{l+a^+C{l + a))+a^^x^{Aa^-\-Ba+C]. 
Therefore ^+^+C7=0, -4(o+a«)+B(l+a«)+(7(l+a) = l, ^a*+5a+(7=-l; 

1 2 —^ 

thns A = (7=s - T- — TTm > ^=7 — TTo • "When each term of the series is thus 

resolyed into three, we find they disappear hy cancelling except two at the 
beginning and two at the end. 

15. As in Example 7, we find that the n^ term in the expansion is 

* .1 . .J . 1...-1 V «(n+l)(n+2)(n+3) 
{att^.i + 6ti»_,+ct*«_3+d!tt^_4+«£«_B}»»-i, where t«n-i=-^^ H^ " 

Uj^_^ is obtained from v^_^ by changing n into n - 1 ; ti^., is obtained in a 
similar way from tc,|^; and so on. Hence multiplying by 14 we find that 

the following relation most hold for all positiye integral values of n : 

n*L4=a{n* + 6n»4-lln«+6n) + 6(n* + 2»3-»»-2n) 

+ c (n* - 2n' - n' + 2»i) + d (»* - 6n' + 11»' - 6») + « (»* - 10»» + 35»» - 50» +24) ; 

equate the coefficients of the various powers of n ; thus we see at once that 
«=0; and to find a, b, c, d, we have 0=6o— 26 + 2c-6d, 0=lla-6-c+lld, 
0=6a+26-2c-6(i, [4=a+6+c+(i. 

-4 5 C 

16. Assume that the proposed fraction is equal to — + — ^ + +—; 

x-a x-o x-c 

then we have xP=A(X'-b){x-e).„ + B{x~a)(x-c).,, + C(x-a)(x-h).,.+... 

Kow this being idenlicaXly true we may give to x any value we please. Put a 
for jp; thus aP =zA {a-l) (a - ci.., \ the terms involving 5, C... vanish. This 
finds A, Similarly if we put h for x we find B. And so on. 

A B 

The original fraction being thus identically equal to + — r+... 

x—a X— & 

we may give any value to x ; put then x=Q; thus 

~(a-6)(a-c)... (6-o)(6-c)... 
The condition that p is to be less than n is required by Art. 648. 

XLIX. 

1. To find J) and 2 we have 21= 9p+4g, 61=21p+9g; thus^=5, g=-6. 

The required expression, by Art. 656, is = — = 5-5^, Assume that this 

1 — ox+bar 

2. Here 89= lip +?, 659«89p + ll2; thus j>=10, ^=-21. The re^ 
quired expression is i^iqJI^W ' ^^ *^ ^® ^^"1^^ "" T^ ' *^ 
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8. Here ll=8p+9, 43=1121+89; thns j9=5, q=-4. The required 

. . l-2a5 , ., . -.11 2 1 
expression is •= — 5— rr-a I a^^ "lia ^^ find=^. ^ + - . :; — -.- ; &o, 

4. The expansion of r— - is oonyergent if x is less than 1, and the 

expansion of z — r- is convergent if 4x is less than 1 ; hence hoth expansions 
!, are conyergent if 4a; is less than 1. 

! 5. Here 32sll|>+89, 84=32^ + 11?; thus i)=:4, q=-4. Hence the 

3 — X 
general term is the coefficient of as* in the expansion of = — j — j-^ , that is 

ia the expansion of (3 - re) (1 - 2ac)~' ; this coefficient is 3(n+l)2*-»2*~^ 
See Example xlyiii. 6. 

6. We first find the general term. We assume that the series is a 
I recurring series with the scale of relation 1-p-q. To find p and q we have 

n=5p + q, 63=17p + 6g; thns |)=4, 5 = - 3. We see that the other two 

given terms follow this law. Hence the general term is the coefficient of x^ 

1 + aj 2 1 

in the expansion of ^ — j- — ^-^ ; and this we find= ■ - = • Thus the 

X — 4x "T" ox 1. oX X ^ X 

\ (n + 1)^ term is 2 . 3** - 1 ; and the sum of the first n terms can be immediately 

found. 

i 

5 1 

7. Here 10 = 14p + 10 j, 6 = lOp + 14 j ; therefore 1> = « » 3 = - s • Hence 

"+? 

the general term is the coefficient of x^ in the expansion of ; 

64 54 

and this we find= ^ - ■. Hence we can get the general term. 

l-gX 1-^x 

The sum to infinity is obtained by putting a;=l ; so it is 128-81, that is 47. 

8. Assume for the scale of relation 1 -px -qsii^-ra^; then 

-5=2p-2+2r, 10=3-6j)+2g-r, -17=l()p-5j+2r : 
thus we obtain p=-8, 2=- 3, r=-l. Suppose then that the series repre- 
sents the development of ^ — _ -. — = , that is of —-z r^— ; then, as in 

^ l + 2x + dx^ + a?* (l+ic)' * 

Art. 663, wehave a+&B+csc«=(l+3a;+3««+a[?)(2-a;+2«'-5a? + ...): hence 
equating coefficients we have a =2, 6=6-1 = 5, c=6-3 + 2=5. By Art. 521 
the ooeffideni of ad* in the development of (2 + 5x + 5x^(l+x)~3 is 

|2(n + l)(7H-2)-5n(»+l) + 5(n-l)n|^^^, that is (n« - 2n + 2) ( - 1)* 

L2 
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L. 

1. This is a particular case of Art. 661, namely that in which a=l and 
5 = ; BO that the O of that Article yanishes. 

2. Put a=l and 5=0 in the result of Art. 663 ; thns we find that the 
. 1 } 1 1 ) 

^^^^^ ra-l\ m-l~(n + l)(n + 2)...(»+w-l)r 



^' 172 = 1-2' = 2-3» 'n-Kfl)''n-i^r ^*^^^^y*^- 

1 1 

dition we obtain 1 ^ : when n is infinite — 7 Yanishes. 

»+l n+1 

4. The ffi^ term=2r— 7- -rrr rr = ^-—, —-. — —- ; hence the enm it 

2n (2n + 2) (2» + 4) 8w (n + l)(n + 2) ' 

found bj patting m=3 in Example 2, and dividing the result by 8. 

5. The n"» term =-7 t:= « ( ■« I ; decompose each term into 

n(» + 3) 3 \» tt + 3/ 

two in this manner, and add them; then we find that they disappear by 
cancelling except three at the beginning, and three at the end. 

6. Thenthterm= , l, ,, = , -.fr"^ nfr'^ll. 7T 

n (» + 2) (» + 4) » (n + l)(n + 2)(» + 3)(n + 4) 

n(n + 4) + 3 1 3 



7i(n + l)(n + 2)(» + 3)(n + 4) (n + l)(»+2)(»+3) n(» + l)(n+2)(» + 3)(n + 4)' 

113 3 

The sum by Art. 663 is =^ - »/ ^ow ■ q\ + ric - 



7. Then* term = 



12 2(n + 2)(»+3) 96 4(n + l)(» + 2)(n + 3)(n+4)* 
3n + l 3 2 



(n + l)(»+2)(n + 8)""(»+2)(n+3) (yi + l)(n + 2)(»+3)* 

.^3„U 1 lxi.A-53 1 

The sum is 1 — 2 1=^ — ^tt ^c. tt^ \ 1 tnat is 7; 7:+-, wc, s:r. 

n + 3 (12 2(n+2)(n + 3))' 6 n + 3 (n+2)(n+3) 

8. The first term is 1, the second term is 1+2, the third term is 
1 + 2-1-3, the fourth term is 1+2+3+4, and so on; hence the »*^ term is 

1 + 2 + 3+ +n, that is -^ — ^; therefore the sum of n terms is 

"<"-^y^+^> by Example 1. 

•9. Put 2m for n ; then we have to find the sum of 

1.2m+2(2m-l) + 3(2m-2)... + m{2m-(m-l)}, 

that is of 2m{l+2 + 8+ni}-{1.2 + 2.3 + ... + (m-l)fli}. Thus the sum 
m{m + \) (i»-l)m(w+l) __ m(i»+l)(2w+l) __ n(n + l )( n + 2 ) 
~ZW 2 3 3 "" 12 

10. TheBerieB=:no»+2a{l + 2 + ... + (f»-l)}+l«+2* + ... + (n-X)*, 

XI- X • • / tK (n-l)n(2n-l) 
that IS na»+ (n-1) ««+ ^ ^ ^ ' . 
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11. Let a = 1« + 2«a; + 3«sc* + . . . + n^aj^-i ; miQtiply by % and subtract ; thus 
»(i-a;^ = l + 3a! + 6ic3+... + (2»-l)aJ»»-*-n*«*; therefore by Art 473, 

j^ 2n-l)a^ 2x(l-x-i)_nV;^ CoUect the terms. 

' (l-a;)« (!-«)* l-« 

12. The first term is fiaV, the second term is n (n - 1) a^'^Jr*, the third 

term is ^ ^^ ~ ^ a""»6V^, and so on; the sum = nor (a +6r)»-^ 
1 • i2 

We must now expand each of these terms separately, and select the coeffi- 

cient of of* in each. The coefficient of a;* in the expansion of 7^ -^ is the 

same as that of ac""^ in the expansion of (1 - aO~* ; t^is is n by Art. 621. The 
coefficient of a?** in the expansion of -tl rr is the same as that of oS^-^ in the 

expansion of c{l -a)-*; this is ?i!ir_|^-fcLi by Art. 621. And so on. 

U ^(^"^^ = JL. (i^ _J2L \ ~\ Expand the second factor 

• (l-a;)(l-aa;-62^) 1-ajV l-axj 

in powers of ^ ^ ■ ; thus the term which contains y* is the expression 

1 — CKB 

_f? 6^3^*^ ^ rpi^^g ^jjg coefficient of a'^y* is the coefficient of ai™"^ in the 

l-a5(l-ax)» 

expansion of = x tt r;^, that is in the expansion of 6*»(l-a;)"i(l-aa;)-^ 

that is in the product 6» |l + x+a;« +«»+... | jl+naoj+^^y-y^ aV+...| . 

16. ^=», ?^=n-l, -^=»-2, ...; thesumof thesetermsis^Q — ^. 

Also Po +Pi =^ +Pi = "IT" ^1 ' 

2«.. n + 1 

3©- w + 1 

and so on. Hence the product is (»+l)**. g-'-^* . 

Li 

T.f«?-« ^«a.P3 , ( -ir-^JPn _^ n(n-^) n(n-l)jn-2)^ 
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^•L. * A . * x-L « 1 (»+!)» (n + lr)n(n-l) „ 

Change n into « + 1 J thus iS;^-! =»* + ^ - ^Tq "** ^ 3X3 " '" ^^^^ 

bysnbtn«=tion^i-5.=l-»+?^-...=jA^jl-(l-l)-^x}=_l., 

ThiiSiS'^i=5;+-— j^. Bnt5i=l; thus ^^,=1 + 2; ^8^=1 + 2 +«; andsoon. 
17 fj_ iV- JL_ >> 1 n(n-l) 1 

^* Vi-a;" y "" (i - a)* "1(1 -«)«-! ■*■ 1.2 (!-«)«-» "• 

Expand each of the^terms on the right-hand side and pick out the coefficient 
of xP ; thus we obtain the given expression. 



«* 



Again in the expansion of 7; r- if n is greater than p there will be no 

(1 -- aj)* 

term inyolving x^ ; and so the proposed expression will be zero. 

9 X 10 X 11 

18. Put n= 9 in the formula of (1) of Art. 667 ; thus we have — -^ — . 

19. This is the difference of the nimibers in two piles ; one having 15 
shots in each side of the base, and the other having 10 shots : the reqmied 

, . ^, , 15.16.17 10.11.12 

nxmiber is therefore r: ^ . 

o o 

20. In the top layer there are mn balls, in the next layer (wi+l)(n+l) 
balls, in the next layer (m + 2)(n + 2) balls, and so on. The sum of p terms of 
this series is ^»i»+(m+n){l + 2+... + (p-l)} + 12+2*+... + (p-lf, that is 

pmn+(m+n)^^^ + (PzUpQIz}} ; coUect the terms. 

21. This is an example of Art. 671 ; we have r=4 : thus we obtain im- 
mediately the first formula given for the sum, and by actual multiplication 
we can shew that the second formula is equivalent to the first. 

23. Suppose that {l+x)(l + cx){l + chi) + ...-l+A^x+A^*+A^+..., 
where -ij, ^j, ^j,... do not contain sc. Now change x into ex; then we can 
infer that {l-\-x){l+ AjCx+ A^c^a^ + A^c^a^ + ,,.) = ! + A^x -i- A^^ ■}- „. 

Equate the coefficients of x^ on the two sides; thus A^-hAf^jf'^^Ar] 
therefore -4^.(1-0*")=^^ ,<r~^ Put in succession 1, 2, 3, ... for r; thus we 
can determme in succession A^^t A^, A^, ,.,<, observing that Aq stands for 1. 

24. Suppose that (l+xyfl-h^^(l + ^^ ... = l.H^a;-t-^jX»+... 
Change x into ^ ; thus we can infer that 

{l+x)^h+A^^+A^f^-^,J^l+A^x+A^-h.,. 

Equate the coefficients of af on the two sides ; thus if r be not less than 2 

A 2A A 

we have -^ + -^"^Ti + ^l^A^, And by equating the coefficient of x we 

have — ^ -i- 2 = ^1 , so that Ar = 4. Then we can find in succession i| , J j,... 
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LI. 

1. Suppose a+&>e, h+oa^ e+a>b; then 

c(a+6)>c*, a{b + e)>a*, d(c+a)>6': add; 
thus 2(a6+ftc+ca)>a'+6'+c'. 

2. 2(K'+mm'+nn') = P + m« + n«+i'*+m'*+n'«-(Z-r)'-(f»-wi')'-(n-nO'; 
thus 2 (M' + mitt' + n»') is < 2. 

3. By simplifying this reduces to a' + 6* + c' > a6 + 6c + ca ; now 

o«+6*>2a6, 6«+c»>26c, <r»+^a^2<»: a4d; 
thus 2(a'+6*+c2)>2(a6+6c+co). 

4. We have to shew that oT+6T>(o5)3{a3 + 6s}; divide by ai + di 

then we have to shew that a-'{ab)i + h>{ab)^t that is a-{-b>2(ab)i: and 
this is evident. 

5. a' + 6' > 2aft ; therefore c (a* + 6') > 2dbc : similarly a (&' + c") > 2aJc, 
and 5 (c' +a^> 2abc. Then add. Again, as in Example ^ we have 

a6(a+6)<a' + 6', 6c(6+c)<6'+c», ca(c+a)<c* + o^ 

6. This foUows by adding 2ahc to each side of the first inequality in 

Examples. Or thus, a+h>2fJaSf b+e>2Mjbc, ei-a>2 tjca: then mul- 
tiply. 

7. a^-8a;+22=(a6-4)'+6; this cannot be less than 6. 

8. 2ic»-a;-l = 2(a5?-a;) + aj-l=(«-l){2a;(«+l) + l}; this is positive or 
negative according as a; is > or < 1. 

tive ifosis > lor<-. 

n 

10. (iL!^^ = ^+„+5+»=r /^-V»)'+«+6+2s/S; 

thus the least value is when ( ^ / >/x ) =0, that is when x= aJoS. 

11. Let 2n+ 1 denote the odd integer, and x one of the two parts ; then 
the other part is 2n + 1- oc, and the product is x (2 n+l-a;); den ote this by y. 

Then g»^(2ii+l)g+y=0; therefore g= ^'''^^'^'^'|''"*"^^'"^ ^. The quan- 

tity under the square root is 4 (n« + n - y) + 1 ; and thus the greatest possible 
value of y is n'+n, since y is an integer. Hence we find x=n or »+l; 
and thus the two parts are » and n+ 1* 




1 
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he 

13. Since a, 5, c are in h.p. we have a=,- — j-; and since 5, c, d are in 

H.p.wehave(i=5|^^. Thus a+d-i6 + c)=^ + ^-(6+c) 

~(2<;-6)(26-c) ^ "^"^^ (2c-6)(26^c) ~(2c-6)(26-c) ' 

this is positive, for 2c -h and 26 - c are positive since a and d are positiye by 
supposition. 

14. Of the two quantities a and c suppose a the greater. 

a« +C* -26»=a«- ft«- (6»- c») = (a-6) {a^-i+a^-^J + ...}-(6 - c) {c«-i+c*-«6+...}. 

Now this expression is positive : for a - 6 is > J - c by Art. 479 ; and 
a*~^ + a**"*6 + ... is obviously greater than c*~^ + c'*'"^6+ ... 

15- ■ //^ . a^ IS > or <-77-r—r5r- according as ^ — jis > or < Vttj' 

that is according as 1+:^- — -is > or < 1+-= — n, that is according as 
a(a;' + 6') is > or < 6{iB* + a*), that is according as (a -6) re* is > or < €^(a-l). 

16. It will be found that a^h+l'^c + <?a-(a^c+h^a'Vc%) = (h-a)(c-h)(a-c). 
Now if a, &, c are in descending order of magnitude 6 - a is negative, c - 6 is 
negative, and a - c is positive ; thus the product is positive. Similarly the 
other cases may be treated. 

17. Multiply out and bring all the terms to the left-hand side ; thus we 
have A^h^+B^a^-2AaBh-{-A^(^:\-C^a^''2AcCa^-...-\ that is we have the 
squares {Ah--BaY-\-{Ac- C7a)*+ ... : this expression is therefore positive. 

18. 2{a^+l^+(?')>ah{a + l)-\-'bc{h + e)-\-ca{c-{-a) by Example 5, and 
a +b + g" .^ (^353^8) jr by Art. 681; bo that a^-\-h^ + <?>^abc. Add, and we 

obtain the result. 

19. %abc<ah (» + &) + hcfj) + c) + ca (c + a) by Example 6 ; also by the 
preceding solution 3a6c < a^ + 5^ + c*. Add. 

20. Multiply by 2 and bring all the terms to the left-hand side ; we thus 
obtain a set of squares (V^i - V03)'* + (Voi - \/a^^ + . . . + (Vs - Vos)* + - ! 
there being one square for every pair of quantities. This expression is there- 
fore positive. 

21. Let a and h denote the two numbers, a being the greater : we have 
to shew that —^ — ,Jdb is less than ^^ ~ ' and greater than ^^7 ' . Now 

— - ^/^ is < ^^^^ if 46 (Va-V^)' is < (a - 6)«, that is if 46 is < (V^+V^)'. 

that is if 2 V* is < ^a-f >/6 ; and this is obviously the case. Similarly the 
second part of the Example may be treated. 

n (n 4- W 

22. Take n quantities 1, 2, 3, ...n; their sum is ^ ^ , thus their 

arithmetical mean is — s— : therefore —^ is > /In}* by Art. 681. 
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24. Take n quantities 1, 3, 5, ... 2n-l; their sum is n', thus theiz 
Atithmetical mean is n : then apply Art. 681. 

25. By Example 23 we have [2n > (2n)»; that is 

(2» - 1) (2n - 3) ... 3 . 1 X 2*[n > (2»i)« 
Divide both sides by 2** I n n^y and we obtain the result. 

26. a«(62+c»)>2a«&c, 6«(c«+a«)>26«ca, c'^{a^+b^>2c^a:b; 

therefore a^b^+b^€^ + c^a^>{a+h-\-c)ahc. Moreover, as in Example 3, we 
have a* + 6* + c* > a'6» + b-c^ + c^aK 

27. 6(a3+ft3 + c')>3{a6(a+2))+6c(6+c)+ca(<;+a)JbyExample5; 
2 (a' + 6' + c^) > 6a6c as in Example 18. Add. 

28. Multiply up ; thus the inequality reduces to 

2{a^ + h^ + <^>ab{a + b)+bc{J)-\-c) + ca{c+a); this is Example 6. 

29. See Example 3 of Chapter xxv. Or thus : (a + 6 + c)' > 27a6c ; this is 
a case of Art. 681. Again (a+6+c)'=o'+63 + c3 + 3(a+6)(6 + c) (c+a); and 
this is <9{a^+¥+c^) by Example 27. 



2 "^3 



log.(l-g) log.(l-2) ^.^-'.g^*. ' ^ 2 




and > ., ^ .. , that is<— ~ — r- and > 

2 + 2-^ + 2^+... 2(1- -JP) 

1-2 

31. Multiply up ; then the inequality is a case of Art. 681, there being 
n quantities the first of which is a^^a2a^...a^t and the others like this. 

32. This is solved in the Algebra. We may also proceed thus ; we have 

to shew that l + ax>x+a'; put - for x, where p and q are integers : thus we 

p 

have to shew that ^— ^ — ^>o^ . Now this is obvious by Art. 681 : for on 

3 
the left-hand side we have the arithmetical mean of 2 quantities, p of which 

are equal to a, and the rest equal to unity ; and on the right-hand side we 

have the geometrical mean of the same q quantities. 

Ln. 

1. p-q=p-\-q-2qt this is the dilterence of two evennumbers, and is 
therefore even. 

2. Resolve 3234 into its prime factors ; thus we find that 3234= 2 . 3.7^. 11. 
Hence to obtain a perfect square we must multiply by 2. 3 .11. 

8. Resolve 1845 into its prime factors ; thus we find that 1845 = 3^ 5 . 41. 
Hence to obtain a perfect cube we must multiply by 3. 5^ 41^. 
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4. 6480 =2*. 3*. 6. Multiply by 2».3«.6«. 

5. 13168 = 2\ 823 ; and 823 is a prime number. Mnltiply by 2'. (823)1 

6. The odd square nnmber must be the square of some odd number, say 
of 2n + 1; the eyen square number must be the square of some even number, 
say of 2m. Thus (2n + 1)' + 4m' is a square, and must therefore be the sqnare 
of some odd number, say equal to {2p + 1)*. Hence n (n + 1) + m' =p ( P + !)• 
But n(n + l) is an even number, and so is p{p + l); hence m^ is even; 
therefore mis even, Ba,j=2q: therefore (2m)'=(4g)*=162'. 

7. By Fermat's Theorem iV^- 1 is a multiple of 5 if A' be not a multiple 
of 6 ; thus either N^-1 orN* + l is a multiple of 5 if i\r be not. Thai is 
if N be not a multiple of 5 we have iV'=5ndb 1. 

8. By Fermat*s Theorem iV^ - 1 is a multiple of 7 if iV be not a multiple 
of 7 ; thus either N^-1 or iV^* + 1 is a multiple of 7 if iV be not. That is 
if iV be not a multiple of 7 we have i\^=7n± 1. 

9. If a number is both a square and a cube it must be perfect sixth 
power ; and by Fermat's Theorem N^-lia a multiple of 7 if i^T be not a 
multiple of 7. 

10. If a number is divisible by 8, so also is its square, and therefore is 
not of the form 3n - 1. If a number is not divisible by 3 it is of the form 
Smdbl ; and so its square is 9m'iis6m+l which is of the fonn 3n + l. 

#11. f^n mLm 1 ^ 

11. Let — ^ — - denote the triangular number ; if either m or m+1 is 

divisible by 3 this is of the form Sn, If neither m nor m + 1 is divisible by 3 
then m must be of the form 3jp + l; thus the trixmgular number becomes 

3^%tii+l, which is of the form 3n + l. 

13. Suppose a prime to &, and a-& an odd number; then will a+&be 
prime to a - 6. For a - 6 =a+ b - 26, and so if any number divides both o-5 
and a+hit will divide 26, and therefore 5, since a - 6 is odd. Similarly since 
a-&=2a-(a+&) we see that if any number divides both a-b and a+lit 
will divide a. Thus any number which divides a-b and a+5 will di^de 
both a and b ; and as a is prime to b there can be no such divisor. Then 
see Art. 704. 

14. Let a, 5, and a+b he the three numbers. It may be shewn that 
2{a*+6*+(a+6)*}=4(a«+aft+6«)*. This establishes the statement. 

15. a^-l=(a;-l + l)»-l=(«-l)*+n(aj-l)*-i+...+w(aj-l); thus all 
the terms on the right-hand side except the first are obviously divisible by n; 
so that the remainder when a;*^-l is divided by n is the same as the re* 
mainder when {x - 1)* is divided by n. 

16. If possible suppose that m' and n' when divided by 2p+l give 
the same remainder r, where neither m nor n is greater than p. Let m! 
and »' denote the quotients. Thus m'=m'(2p + l) + r, n*=n'(2p + l)+f; 
therefore m^-n*=(m'-n')(2|) + l). Therefore 2p + l divides (m-fi)(«+n). 
But this is impossible for 2p + 1 is a prime number, and is greater than m+t. 

17. Let the power have the exponent 2p ; let the odd number be raised 
to the power p; the result will be some odd number, say 2m+l : we haye 
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then to sqnftre this. Now (2m+l)'=4m(ni+l)-f 1; this is of the form 
; 8»+ 1 because m (m + 1) is an even number. 

i 18. 7*=(8-l)P=8P-jo8P-i+... + (-l)P. Every term is divisible by 8 
I except the last ; if ^ is odd the last term is - 1 ; thus if jp is odd 7^ is of 
I the form 8»^1. 

21. <cB-2fl^=-^-2fs6'-2)> ^^^ ^® greatest value is obtained by 
making ( a;- j j as small as possible. If a=4m we can take a;=m ; and the 

y result is Q- . If a=4m+ 1 we can take x^m, ; and the result is ^ " k • I^ 

! O O O 

a^ 1 
a= 4t» +2 we can take as=m ; and the result is ^ - ^ . If a=4m + 3 we can 

a* 1 
. take x=m-hl; and the result is q - q» 

o o 

22. »(n+l)(2n + l) = (n-l)n(n+l)+n(n + l)(n + 2); then apply Art. 710. 

23. One of the three consecutive numbers n-1, n, and n+1 must be 
divisible by 3 ; and since n - 1 and n + 1 are both even one must be divisible 
by 2 and the other by 4 : thus (n-l)n(n + 1) must be divisible by 24. 

24. Since n is not divisible by 3 it is of one of the forms BmJsl; and m 
is even since n is odd. Then n* + 5 = 9m^ ± 6fn. + 6 ; and this is divisible by 6. 

25. n^-1 is divisible by 5 by Format's Theorem^ since n is prime to 5 ; 
also «*-l = (n-l)(« + l)(n' + l); now (»-l)(»+l) is divisible by 8, and 
n*+ 1 is divisible by 2. Again (» - 1)(»+ 1) is divisible by 3, for (» - 1) » (» + 1) 
is divisible by 3, and n is a prime number not equal to 3. Thus n^-1 is 
divisible by 5 x 8 x 2 x 3. 

-- m*-5m' + 4»i (m-2)(m-l)m(«i + l)(m+2) ., , . . _-. 

26. j20 = 120 ^"^ ' *^®° *PP^^ ^^' ^^^' 

27. "We see, from the demonstration given of Format's Theorem, that 
.« (n* - 1) is divisible by 7. Also n*' - 1 is divisible by n^ - 1, so that n (n« - 1) 
'k divisible by (n— l)n(«+l), and therefore by 6; see Art. 710. Hence 
ft (n< - 1) is divisible liy 7 x 6, that is by 42. 

28. o^-x=x (a5*"i- 1) ; now this is a multiple of n as we see from the 
demonstration given of Format's Theorem : hence x^ and x when divided by 
n must leave the same remainder. 

29. By Feftnat's Theorem i\r*~^=l+p»; raise both sides to the power 
n; thusi^'*=(l+2w)*; therefore i\^«*-l=n(2^») + —^5 — ^(pn)*+ ; every 

term on the right-hand side is divisible by n^. 

SO. »*-l is divisible by 7 by Format's Theorem; also n<'-l=(n'+l)(n"-l). 
These two factors are both even, and therefore one is divisible by 2 and the 
other by 4. 

31. JV*"* - 1 is divisible by n by Format's Theorem ; and since n is a 
prime number greater than 2 it is an odd number : suppose n=2m+ 1 ; then 
^"1 - 1 = (jy** + l)(iV** - 1). These two factors are both even, and therefore 
one is divisible by 2 and tne other by 4. 
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82. ^•*-^'=^'(iV"-l-l). The second factor 10 divisible by n bjr 
Fermat*s Theorem. The first or the second factor is diyisible by 2, accord* 
ing as N is eyen or odd. If iV is a multiple of 3 the first factor is diyisible 
by 8 ; if iV^ is not a multiple of 8 it must be of one of the forms 3m±l ; and 
in both cases N^~^—l is divisible by 3. Hence the product is divisible by 
6n. The n which we obtain as a factor of iV"'^ - 1 cannot coincide with the 
2 or the 3, because by supposition n is greater than 3. 

33. iV*~^ - 1 is divisible by n by Fermat's Theorem. And since n- 1 is 
an even number N^^^ - 1 is divisible by 8 : see Example 31. ' And since N is 
a prime number greater than 3 it must be of one of the forms 3m±l; and 
thus iV*"^ - 1 is divisible by 3. 

34. Let 05* represent any term of the series ; then by Fermat*s Theorem 
a;**=fl;+ a multiple of n. Hence by addition we find that the given series is 

equal to — ^-^ increased by some multiple of n. And — ^ ^ — is also a 

multiple of n if n be greater than 2. 

35. Let iV denote any number ; if iV is a multiple of 11 so also is i\r"; 
if iV is not a multiple of 11 then, by Fermat's Theorem, IP^ - 1 is a multiple 
of 11. 

36. Let N denote any number ; if JV is a multiple of 13 so also is Vf^\ 
if iV is not a multiple of 13 then, by Fermat's Theorem, ^'-1 is a mtdtiple 
of 13. 

37. Let N denote any number ; if iV is a multiple of 19 so also is i\r' ; 
if iV^ is not a multiple of 19 then, l^ Fermat's Theorem, N^^ > 1 is a multiple 
of 19 : therefore either iV^+l or iV» - 1 is a multiple of 19. 

38. Let N denote any number ; if iV is a multiple of 28 so also is i\r"; 
if JV is not a multiple of 23 then, by Fermat's Theorem, N^ - 1 is a multiple 
of 23 : therefore either N'^'^ + 1 or ii^^^ - 1 is a multiple of 23. 

89. Let N denote any number ; if iV is a multiple of 5 then the square 
or any higher power of iV is a multiple of 25 ; if iV is not a multiple of 5 
then, by Fermat's Theorem, A'*= 1 + 52? : therefore *V^=(l+5j9)'=sl-h5(52>)+...; 
this is of the form 1 + 25n. 

40. 140=28.6.7; 28.5. 7 ^l-iVl-^Vl-^^=48. 

41. 360=2».S«.6; 2'.38.6 ^l-|Vl-^Vl-^^=96. 

42. 1000=2353; 235»(l-^Vl- 1^=400. 

43. 8*.7Ml(l-|^(l-J-)^l-.^)=22680. 

44. >.5»^l-^Vl-g^=2"+i6*-i. 

45. 140=28.5.7; (2 + l)(l + l)(l + l) = 12. 

46. 1845=38.5.41; (2 + l)(l + l)(l+l) = 12. 
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47. |9 = 27.8*.5.7; (7 + l)(4 + l)(l + l)(l + l)=160. 

<28~1)(3»--1)(5«-1)(7«-1) _ 
(2 - 1H3 - 1)(5 - 1)(7 - 1) " •^***^'^- 

12 

48. By Art. 723 and Example 46 the number •=—=&, 

49. 100800=2«.8«.6*.7. The number of divisors of this number 

= (6 + 1) (2 + 1)(2 + 1)(1 + 1) = 126. 

50. Four right angles contain 860 degrees ; 360=2'. 8'. 6 ; the number 
of divisors of this number=(3 + l)(2 + l)(l + l)=24. 

Four right angles contain 400 grades ; 400=2^. 5'; the number of divisors 
of this number= (4+ 1)(2 + 1) = 16. 

51. 10* =2*. 6*. In the equation a5y=10* we may put x equal to any 
divisor of 10**, and then the value of y can be found : thug 'the number of 
solutions by Art. 722 = (n + l)(n+ 1). 

62. Let N=aPlfl(f.., where a, 6, c, ... are prime numbers. We shall 
determine the power of a which will occur in P. Let 'cr denote the number 
of divisors of 6«<f ... ; then it is obvious that N has -cr divisors in which a 
does not occur, 'cr divisors in which a occurs, 'sr divisors in which a^ occurs, 
and so on down to isr divisors in which aP occurs. Hence the exponent of a 

in i> is tsr {1 + 2 + 8+ ... +1)), that is 5^^^zi) , that is ^ . Similarly the 
eiponent of 6 is ~r , And so on. ThusP=iV*. And » is even except in 

« 

the case in which |), g, r, ... are oXl even : thus N^ is always rational, and so 
A* is a perfect square. 

63. Suppose aPlfic^.., to be a number with 80 divisors, where o, &, <?, ... 
are prime numbers; then (p + l)(9+l)(r+l)=30. This admits of various 
solutions, as 2)=4, g=2, r=l ; 2)=5, 5=4, r=0; ... Thus there cannot be 
more thaji three different prime factors ; though there may be fewer. We 
now take a=2, 5=8, c=6; for these are the lowest prime numbers; then 
by trial we find that 2^ . 3' . 5 is the least number with 30 divisors. 

64. This like Example 63 must be solved by trial. 64=2^ ; thus we see 
that a number which has 64 divisors cannot have more than 6 different 
prime factors ; though it may have fewer. The least number which has 6 
different prime factors and 64 divisors is 2 . 8 . 6 . 7 . 11 . 13. The least 
number which has 5 different prime factors and 64 divisors is 2'"* . 8 . 5 . 7 . 11 : 
this is smaller than the former number. Then taking 4 different prime 
factors we see that we have to choose between 2^. 3 . 6 . 7 and 2>. 8>. 6 . 7 ; 
and taking 3 different prime factors we have to choose between 2^. 8'. 5' and 
2'. 3'. 6' : of these four numbers 2^. 8'. 6 . 7 is the smallest and it is smaller 
than 2^ . 8 . 6 . 7 . 11. And then we may shew that 2^ . 3'. 6 . 718 also nxialler 
than any number with 64 divisors which has two different prime factors, or 
only one prime factor. 
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55. When pa is diTided by 6 lei the quotient be n and the xemainderrj 
thus ^=** + r- "When {b-p)n is divided by b let the quotient be n' and 

the remainder r'; thus ^ "J^^^ = n' + r- • Hence by addition a=n+n^+ %- . 

Neither r nor r' can be zero, for a is prime to 6; therefore r+r' must be 
equal to b, and n+n' equal to a - 1. 

56. Every number will be of one of the following n fonns : pn^ pn+l, 

pn + 2, pn + (n-l). Now (p»+l)' and {pn + (n-l)}« will leave the 

same remainder when divided by n; for (pn+l)^=n(p^+2p) + l, and 
{pn+(n-l)}*=n{(p+l)»«-2(p + l)} + l. Similarly (pn+ 2)« and {pn+(n- 2)|< 
will leave the same remainder when divided by n. And so on. Thus there 

cannot be more than ^ different remainders. 

57. 2'. 5 . 7a;=y'. Thus in order that ^ may be a perfect cube x most 
be of the form 2. 5^. 72^3; and theny=2.5. 7. t. 

58. Every number will be of one of the foUowmg r forms; «r, nr+1, 

«r + 2, . . .nr+ (r - 1). Then (nr)^ will terminate with the digit ; and (nr +1)S 

(nr+2)^... will terminate respectively with the same digits as 1*, 2^... 

r-1 
Thus by Example 16 there are —^r— different digits without counting ; and 

t*+l 
counting we have — ^— digits on the whole, 

69. Suppose for example that p=4; let n=o*+5'+c'+cP: then we 
have to shew that 6n can be resolved into 12 squares. In fact we have 

a/i=(a+6)»+(a-5)«+(a+c)«+(a-c)a+(a+d)«+(a-(i)« 

+ (6 + c)» + (6-c)«+(6+d)«+(6-d)«+(c+rf)»+((J-(2)'. 

In this way we may establish the result for any value of p. 

60. 2^+lon-l=15n-l + {l + Z)''=15n^l + l + Bn + ^^'^^3*h.,. 

Every term is divisible by 9. 

61. Multiply out (x+ 1) («+ 2) (x+n). By Art. 504, the product will 

be aJ** + P^~^ + -PjX*"^ + + Pn' ^^* aj = 1 ; then the expression becomes 

equal to |n + l ; this is divisible by In, and after subtracting P„ which is 

equal to In the remainder will also be oivisible by In, 

62. Let N denote any number; if iV is a multiple of 5, then the cube or 
any higher power of i\r is a multiple of 125 ; if iV is not a multiple of 5 then, 
by Permat's Theorem, iV* = 1 + 6p : therefore N^^ = (1 + bpf^ = 1 + 25 . 6p +.. ; 
this is of the form 1 + 125n. 
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Lin. 

2 4 

1. The probability of the first event is ^ , that of the second = ; the pro- 

Q 

babiliiy of the happening of both is therefore ^ : thns the odds are 27 to 8 

against their happening together. 

8 2 16 

2. The probability that both will be dead is r^ x ^ , that is j= ; therefore 

29 
the probability that one at least will be alive is j^ . 

3. Let A and B denote the specified individuals ; the probability that B 
is on the right-hand side of ^ is ^ , and the probability that B is on the left- 

hand side of A is also ^ : hence the probabihty that B is either on the right- 

hand side of A or on the left-hand side is j^ • Thus it is 10 to 1 against 

A and B being next to each other. 

3 1 1 

4. The chance that they will both fail is 7 x ^ , that is, -r : hence the 

4 o 4 

3 

chance that they will not both fail is j . 

5x4 

5. Two Mack balls can be drawn in -r-ir ^^.ys, and one red ball in 3 ways ; 

Lz 

I 6x4x3 

I thus the number of favourable cases is — rs~ : the whole number of cases, 

! il 

i since there are ten balls, is — j-5 — . Divide the former by the latter, and 

we obtain -r . 
4 

6. The probability of throwing an ace at the first trial and missing an 

' ace at the second is ^ x ^ , that is ^ ; the probability of missing an ace at 

5 

the first trial and throwing an ace at the second is also -^ ; hence the whole 

00 

probability is «« • 

7. The probability of failing to throw ace in two trials is (^) |that is 

A« ; hence the probability of not failing is 1 - -^ , that is, ^ . 

8. Since 7=6-f1=5+2=4-f3=3+4=2 + 6=1-F 6 there are six cases 
favourable to throwing 7 ; there are two cases favourable to throwing 11, for 
11=6+5=5 + 6: thus on the whole there are 8 favourable cases, where the 
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g 

^hole number of cases is 86. Therefore the probability of success is ^^ , that 

oo 
2 
is g . Thus the odds are 7 to 2 against. 

9. Suppose that there are a sovereigns in each purse, h shillings in the 
first purse and c shillings in the second. The probability of taking either 

purse is j:\ and thus the probability of drawing a sovereign is -( — =-+ — ). 
2 5s \a-\-b o+c/ 

If all the coins are put into one purse the probability of drawing a sovereiga 

is -^ 7 — . If we subtract the second expression from the first we shall 

2a+b+e 

alb- c)' 
obtain after reduction 277- — ttt-^ — rr^ 7 — : : thus the first expression is 

the greater. 

10. It is equally probable that Bj or C, or D will be in the same boat 
with A; if il is with B or Che loses, if with D it is an even chance whether 
A wins or loses. Similarly we may consider the cases of B, Ct and J). 

11. There are 36 cases; of these 16 are unfavourable, namely the 6 
doublets, and the 10 cases in which ace on one die occurs with not-ace on 
the other. Thus there are left 20 favourable cases. Therefore the chance 
. 20 

"36' 



30 things taken 4 at a time, that is — - — ^. — - — « The favourable cases 



12. The whole number of cases is the number of the combinations of 

0.29.2) 

are those in which the tickets marked 1 and 2 are drawn with any pair of 

28.27 
tickets from the remaining 28 ; so the number of favourable cases is — Ar— . 

I 

3 4 
Hence dividing this number by the former we obtain for the chances ^ * v . 

13. In the first lottery we must suppose that there are 9 tickets of which 

6 are blanks. The number of ways in which 3 tickets can be drawn is 

9 8 7 
' ' , that is 84. The number of ways in which A gets no prize at all is 

the number of ways in which 3 tickets can be drawn from the 6 blanks ; that 

is ', ' , that is 20. Hence there are 64 favourable cases in which A gets 
11 

64 16 
one or more prizes. Thus A^b chance =^ = 5^. Or if we suppose each 

ticket drawn singly we may proceed thus: A^b chance of drawing a blank at 

first is g ; there are now left 8 tickets of which 5 are blanks, so that i's 

chance of drawing a second blank is ^ ; similarly A^B chance of drawing a 
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.r . Hence ^'s chance of getidng one or more prises is l^^^-^ that is, ^ . 

1 7 
And B^B chance= g = hi • 

3 

14 The chance of drawing a white ball from the first bag is = ; if a white 

iMvU is drawn there will be in the second bag 4 white balls and 4 black balls : 
thus the chance of drawing a white ball is ^ . Therefore the chance of draw- 



8 4 3 

ing two white balls =7 ^ o = tt * 



8 



15. We require the head to occur onoe, or three timea^ or five times, .... 
Thus the chance is the sum of the second, fourth, sixth, ... terms in the 

expansion of U + gj ; and is therefore ^ | T^ + gj "(^"g) |»*^**^^2' 

16. The nnmber of cases is 2* ; the nnmber of favourable cases is n ; for 



n 



the solitaiy head may be on any one of the coins. Hence the chance is ^ . 

17. Let a denote the nnmber of the combinations of m+n things taken 
p+q at a time; let b denote the number of the combinations of m things 
taken |> at a time ; let e denote the number of the combinations of n things 
taken 9 at a time. Then the whole number of cases is a, and the number 

of favourable cases is he. Thus the |xrobability is — . 

1 36 

18. In Art. 740 put p=g^ , g=gg, n=6, r=4. 

Thus we have —r^ |l + 6.85 + 16.(36)«| , that is ^^ . 

1 5 

19. In Art. 740 put p= 5, 0=^^, n=6, r=l. 

O D 

Thus we have i |l + 6.6 + 16.5«+20.6» + 16.6*+6.5«|, that is ^^. 

9 1 

20. XnArt. 740put|)=j^, 2=Tq, »=5, r=3. 

Thus we have jig |9»+ 6 .9*+ 10 . 9»| , that is j^ . 

21. The chance of throwing no doublets is [^j ; thus the chance of 
throwing one or more doublets is 1 - ( ., ] . 

T. K. M 
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^ ] ; thus the chance 

of throwing one or more doahle sixes is 1 - ( ^ j • 

1 6 

28. InArt. 740put|)= = , g==, «=5, r=2. 

1 ( 1 2551 

Thus we have =-5. jl+6.6 + 10.6«+10.6»{ , that is, -=5- . We must 

ohserve thai the nmnher of the tickets is supposed 80 large that p remains 
practically equal to = after one or two tickets have heen drawn out. Com- 
pare this with the second way in which A *s chance is calculated in the solution 
of Example 18. 

24. The whole nnmber of cases is the number of the combinations 
of 62 things taken 4 at a time, that is — —ri — ■ — • The number of 

favourable cases is 13^ ; for any one card may be taken from any suit. BiTide 
the latter number by the former, and we obtain the probability. 

25. The whole number of cases is — '—A — - — ; the number of favom- 

Li 
able cases is 4, since there are 4 suits. Divide 4 by the whole number of cases 

and we obtain the probability. 

2 1 

26. In Art. 741 we put jp=^, s=»i m=4, n=l; thus the proba- 

bilityof il's winning 4 games out of 6 is (5) j^ + ^'sl' *^* ^ oZa' ^® 
that the odds against it are 131 to 112. 



2 8 

27. In Art. 740 put j)=^, 2=g» n=5, r=2. 

Thus we have p I26 + 5 . 2*. 3 + 10 . 2». 3»+ 10 . ^s. 3»| , that is 



2072 
6« 



28. Call the persons A^ B^ C, Then ii*s chance of drawing a white 

3 5 

ball at first is ^ ; the chance of his failing is ^ , and then there are left 3 , 
o o 

white balls and 4 black balls : thus the chance of B*^ drawing a white ball i3 

53 6 4 

X X = . The chance that both A and B fail is « x = , and then there aie left 

3 white balls and 3 black balls : thus the chance of O'^s drawing a white ball is 

5 4 3 

^ X = X ^ . Then ilA^B, (7 all fail A has a second draw ; and so on. Thns 

o 7 

q e ^ Q q 97 

we find on the whole that ^*8 chance is o+Q^7^g^5* ^^^ ^ 53 ' 

D»- V . 6 a 8 4 3 2 8 ^, ^ . 18 , ^, , :„ 

B s chance is sX«+6'<rrX5Xc><ii tliat is ^ ; and C's chance w 

o7o/oo4 00 

6^4^3^5 4 8 2 1 8 ^, ^.11 
8^7^6 + 8^7^6^5^4^3'^*"56- 
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29. To wpi three or n^pre games out of the next four, either all four 
games mast he won, or the first, the seoond, the third, or the fonith jgamjs 
most be lost. The diances for these fiye oases are respeotively 

2,2.2.2 1.1.2.2 2.1.1.2 2.2.1.1 2.2.2.1 

34 » 3^ ' 8* • 8* * 8* * 

36 . 4 

the suQi of these fractions is ^ , that is ^ . 

30. Jn order that the r*^ person may have a throw the preceding r - 1 

/n- 1\*^^ 1 
|)Csr8ons must ail fail : thus ( « 1 - is the chance that he will win the 

stake at a first throw. If he fails and then all the other persons fail also be gets 

a second throw ; so that his chance of winning the stake at a second thro'^ is 

(»_l\iHr-i 1 
1 - • And BO on. Thus his whole chance is ai^ infinite geome- 

1 /n-l\''* 
trical progression of which the first term is - ( ) 1 ai^ the oommoA 

^tio is (!^)'. 

2 

31. The chance that the particular parcel is brought is -, the ohanioe 

2 8 

that the required book is obtained from the particular parcel is ^ x - , 

o 

2 

that is r. There are two other parcels ; the chance that one of the other 

parcels is brought is ^ , and the chance that the required book is obtained 

from that parcel is ^ x ? : thus on account of the two other parcels we have 

o o 

2 1 217 

the chonice j^ , that is r^ . Hence the whole ch^ce^ ? + t? =* ?^ • 
oO 15 5 10 10 

32. We must find the probability that the sovereign is in the second 

purse. When 9 coins are taken &om the first purse the probability that 

9 
the sovereign is taken out is =t: . If the sovereign is taken out we have 

then in the second purse 18 shillings and 1 sovereign. Let 9 coins be taken 
out : then there are 9 cases favourable to the drawing out of the sovereign, 
and 10 cases favourable to its remaining behind : thus the probability that 

the sovereign repiains is ^ . Therefore the probability that the sovereign 

9 10 9 

is finally in the seoond pnxse is :r7t x ^5 » that is r^ ^ Hei^jce the probability 

that the sovereign is finally in the first purse is t^ . 

33. The following four arrangements are equally probable for the firpt 
Vifn %fteir t^e first d^wipg : i bjlack bajls and 5 white, 5 black balls and 4 

K2 
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white, 6 black balls and 5 white, 5 black balls and 6 white. Thus the eh&nce 
of drawing a white ball from this urn is j lo'^'Q + ii'^ilt* *^* " 2' 

Similarly the chance is ^ for the second urn. And thus the chance is ^ which- 
ever nm be chosen. 

34. The number of cases is 6' ; the number of favourable cases is the 
coefficient of t^* in the expansion of (x+x^+a?-hs^+x^+afi)^; see Art. 742. 

1 J' 

that is in the expansion of {l-sfi)^{l-x)'\ Thus the coefficient is 

86. Proceed as in Example 34. The number of favourable cases is the 
coefficient of x^^ in the expansion of (l-a^y^^l-x)''; this ooefficieDt is 

-j^-3. J 2+3.J 2, that IS 3. 

86. By the method of Examples 84 and 85 Ve &nd that the numbers of 
cases favourable to throwing 3, 4, 6, 6, 7, 8, 9, 10 respectively are 1, 3, 6, 10, 
15, 21, 25, 27 ; the snih is 108 ; tiie whole humber of oases is 6^ that is 216. 

Therefore the chance is - . 

87. The number most likely to be turned up is the index of that power of x 
which has the greatest coefficient in the expansion of (aE+x^+x^+oB^^+a^^. 
that is in the expansion of a^^{l +a!+a'+fl5*+aj*+a5')** : and by Example 38 
of Chapter xxrvu. the greatest coefficient is that of a^xafi^^ that is the 
cuefficient of a?'**. 

38. By the same method as in the preceding Example we find that the 
chance of turning up any number, m, is measured by the coefficient of x^ in 
the expansion of a5*'*+^(l+a8+a5*''+a5*+ac*+«*)**+i: then by Example 38 of 
Chapter xxxvii. we see that the coefficient is the same for m=:7n+3 as for 
m=7n+4, and greater than for any other value of m. 

39. By the method of Art. 742 we must find the coefficient of a^* in the 
expansion of {x+x^-^... + a^^)^^t and divide it by 10* ^ The coefficient is the 

that of a;*^ in the expansion of ( — j ; which will be foimd to 

[23 10 [13 

^«|r9-^-[4[9- 

40. The probability of failing to obtain « is — - at each trial ; and thus 

the probability of failing in all the m trials is ( — z j • : subtract this from 

unity and we have the probability of success. 

41. By the method of Art. 742 we must find the coefficient of x^* in the 
expansion of (l+l+l + l + l+«+a8*+»*+aJ*+a5»)»; and divide it by 10*. Now 
(6+» + ac?+a^+a5*+a^)»=6»+8.5'y+8.6.yHy'wherey=x+«'+a'+a8*+«*. 



same as 
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There is no ienn involTing a^' in 5' or in 8.5*^; the coefficient of x^^ in 
3.5.y* is 15 ; the coefficient of x^« in y* will be found to be 18L Thus the 
whole coefficient is 33. 

42. The probability is now the same as when 3 tickets are drawn simul' 

taneously from the set of 10. The whole number of cases is the same as the 

10.9.8 
Domber of the combinations of 10 things taken 3 at a time, that is — r-r — , 

that is 120. There are 2 favourable cases, namely that in which the tickets 
marked 1, 4, 5 are drawn, and that in which the tickets marked 2, 3, 5 are 

2 

drawn. Thus the probability =7Tr;7. 

In in 

43. The whole number of cases is — ^= — v _»-=. 



i — T= — X ,— *-= — . Fix upon a par- 



ticnlar set of r balls ; the nun^ber of ways in which tEiFparticular set can 
occur in the first drawing is the san^e as the number of the oombiDations of 
the remaining f^-rr baUs taken p-r at a time; that is the number is 

\n-r , 
— ^— =- — . In the second drawing we want to have the r balls upon 
p — r fk—p 

whicii we have fixed together with q-r balls which did not occur in the first 
drawing ; so the q-r balls must be taken from the n-p balls which did not 
occur in the first drawing : the number of ways in which this can be done is 

n-p \n 

=— = And there are j — 1= — ways in which we can fix upon 



\q-r n-p-q+r | r \ n-r 

a particular set of r balls. Thus the number of favourable cases = 
In [n-r l«-P |_» 



rln-r 



p-r \n^p \q-r \n-p-q+r \r\p-r |g-r [n-jp-q+f ' 



44. Denote the two assigned persons by A and B, There are three cases 
in which 4 oxid, B will play together. J. A may be opi)osed to ^ in the four 

games : the chance is -^ . II. A and B iriAy have other opponents in the four 

games, may each vanquish his opponent, and may then be opposed in the two 

games : the chance is „ • ( » ) • » • HI. A and B may have other opponents 

in the four games, may each vanquish his opponent, may the^ have other 
opponents in the two games, and each ve^nquish his opponent : the chance is 

7''V2y 3^V2/ ' 

45. The chance of a white ball at the first drawing is ; then the 

n 

chance of a black ball at the second drawing is r ; then the chance of 

fffc+n— 1 

ffi-~ 1 

a white ball at the third drawing is « : and so on. 

m+n-2 

In the second part of the Example the whole number of cases is the 

number of the combinations of m+n things taken m at a time ; and there is 

onl^ one ^vourable ca^e* 
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46. The chanco that the fiist ball drawn is of the first colour is — ; 

n 

then the chance that the second ball drawn is of the first colour is -^-^— - ; 

ji-1 

and so OH. 

47. As any ball may be taken out each time, the whole number of cases 
is n". The number of favourable cases is the number of permutations of n 
things taken all together, that is I n. 



48. A in order to win the set must win 2 games before B wins 3. Thus 



VC7. ^1 1.U vifuox^ WJ rixix ttuxj ecu uiudk >vxju £> j^auxco k/cjlwo jj * 

by Art. 741 we find that the probability for ^1 is ( - J jl + ^-n 

11 5 

that is — . Therefore the probability for BiBzr^, 

49. The number of different ways is [3, that is 6. As each way is 
equally likely to occur there are 6** eases; and the number of favourable 
cuses is 16. 

50j Since iV is a given number, the number of its divisors is known, 

M 

see Art. 722 : call M the number of divisors, then -^ is the chance. 

N 

61. Let N denote the number of shot in the bag, which must be sup- 
posed known ; let M denote the number of positive integers which are less 
than N and prime to N ; see Art. 721 : then assuming that the handful is 

eqiially likely to contain any number not exceeding N the chance is - . 



If iV=3.6*7we 



haveAf=iv(l-|)(l-^) (l - 1) ; therefore | = J? . 



n 



52. The whole number of oases is n ; there are — . numbers not exceed- 
ing n which contain a' as a factor i from these we must exclude those which 
contain a**^ as a factor, which are -r. in number. Thus the number of 



H-l 



favourable cases is 



53. Let il's chance of winning a single game be x. Now A may win the 
match in 2, in 3, or in 4, ... games. Thus ^'s whole chance is 

For instance, if A wins in 4 games he must win the first game, lose the 
second, and win the third and fourth. Thus we see that -4's whole chance 
consists of two infinite geometrical progressions, one having x^ for its first 
term, and the other having (l-ac)^^ for its first term, and each having x(l'X} 

for the common ratio. Thus we obtain -^^ — ^ — -r-, that is :; — -^^ — 7- 

l-x(l-a5) l-a5(l-x) 



LUi. PROBABiLnr. 167 

We may obtain B*s chanoe by obanging x into 1 - « in this expression ; or 
we may obtain ^'s cliance by subtracting ^'s chaoce from unity: thus B"a 

chance =Vi — ^-r^ — r-^. If a5=_ we get ^ for JL*s chance. 
l-aj(l-fl5) 3 ° 21 

This problem will be found generalised in Art. 683 of the History of tlie 
Theory of Ptohahilily. 

54. The faces of the tetrahedron are supposed to be marked 1, 2, 8, 4 
respectively ; and those of the octahedron are supposed to be marked 1, 2, 8, 
4, 5, 6, 7t 8 respectively. The whole number of cases is 82. There are 

3 favourable cases in which the face marked 1 of the tetrahedron is thrown, 

4 in which the face marked 2 is thrown, and so on: thus there are in all 
3+4+5 + 6, that is 18, favourable cases. 

55. The probability of the failing of all the events is (1-Pi)(l-P2)(l-1>8) ; 
subtract this from unity, and we have the probability of the happening of one 
at least of the events. 

Two events at least happen if all three happen, or if the first alone fails, 
or if the second alone fails, or if the third alone fails : thus the probability 

is PiPiPi + (1 "PiiPiPi + (1 -Pi) PiPi + (1 - Pz) PiPr 

27 1 

56. The chance of throwing 10 at a single throw is -^ , that is - : see 

Example 36. The chance that A wins at the first throw is therefore ^ ; if 

AjBf fail in succession A has a second throw; thus the chance of his 

(7\'l 
^ J ^ . In this way we find that A*b whole 

cliance is an infinite geometrical progression of which the first term is - , 

and the common ratio is ( - ] . In like manner the chances of B and C are 

infinite geometrical progressions in which the oojnmon ratio is f ^ ] , and the 

7 1 /7\*1 

first terms are respectively - . ^ and ( g j g • 

57. Consider the figures which occur in a particular place, say the 

seventh place. The upper figure may be 0, or 1, or 2, or 9; and so may 

the lower figure : and as any upper figure may occur with any lower figure 
there are 100 cases in all. We must now find how many cases are favour- 
able. If the upper figure be there is 1 favourable case, namely when the 
lower figure is also ; if the upper figure is 1 there are 2 favourable cases, 
namely when the lower figure is or 1; and so on: thus the number of 
favourable cases is 1 + 2 + 8 + ... + 9 + 10, that is 65. Therefore the chance that 

55 
in a given place the lower figure will not exceed the upper figure is ^qq ; wid 

the chance that this will be the case in all the seven places is ( j^r ) • 



/ 
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58. The ohaBoes of throwing 6 and 7 at a single throw with a pair of 
dioe are respectiTely ^ and ^ : see Example 8. The ehanee that A wins 

at the first throw is therefore ^^ . If ^ and B fail in snccession ii has a 

oo 

second throw; then the chance of his winning at a second throw is 

-^ . :77;. ^: And so on. Thus A'b whole chance is an infinite geometrical 
S6 36 36* ^ 

progression of which the first term is ^^ ; and the common ratio is ^^ • . • 

Similarly B'b whole chance is an infinite geometrical progression having the 

31 1 
same common ratio of which the first term is ^^ . x - 

oo o 

59. He may draw two sovereigns, or a sovereign and a shilling, or two 

3 4 3 

shillings ; the respective chances are tt f » « tt • ^^b the expectation in 

4 4- S 

shillings is — x40 + ^x21+t7x2, that is 21. Or thus: as 2 coins are to be 

drawn out the chance that a partionlar one is drawn is j ; therefore the 

expectation is j of a sovereign for each of the 4 soyereigns, and 7 of a 

shilling for each of thb 4 shillings; that is the sum of a sovereign and ft 
shilling. 

60. The chance that a particular coin is drawn out is ^ ; therefore the 

o 

expectation is ^ of a guinea for each of the 6 guineas, ^ of a sovereign for each 
o o 

of the 6 sovereigns, and ^ of a shilling for each of the 6 shillings ; that is the 

sum of a guinea, a sovereign, and a shilling. 

61. There are 36 ships ; the number of the combinations of them taken 

36.85 
two at a time is ' , that is 18 . 35. Hence the chance that one of the 

1 . ^ 

first two ships which arrive is a Iftissian ship and the other a French ship is 
L^* e . Therefore the expectation in pounds is ■,q'-, x2100, that is 400. 

18 .90 lo . 00 

62. As in Examples 59 and 60 the expectation is in shillings ^ (63+40+4), 

that is -^ , that is 35 ^ • 
o o 

63. The expectation in pounds is jqq J4xl00 + 10x50 + 20x5 | , that is 
—xlOOO, that is 10. 
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64. Let each of the coins be worth x shillings. The expectation in 
Bhillings is ^f 100+4ac j : this is to be equal to 24; so that we obtain x=2. 

65. Suppose the gold coin to be worth x shillings, and each silver coin 

to be worth y shillings. The expectation in shillings is ^ |aB+ 3^ + 4( ; this is 

to be eqnal to 15: therefore 2+3^=26. The only admissible solution is 
85=20, y =2. 

68. As in Example 58 we find that the chances of A and B are infinite 
geometrical progressions of whidi the common ratio is j ; the first term in 

i's chance is ^ , and the first term in ^s chance is 7 . Thus A^b chance is 

2 4 

2 1 

X and B*B chance is ^ . 
o o 

Suppose that each stakes £a, and that A gives £x to B for the first throw. 

2 1 

Then^'s expectation in pounds is ^x2a^x; and ^'s expectation is ^x2a+x. 

Equating these we get 2x=—; therefore x=^. 

3 o 



67. 'As there are m counters marked m the expectation which arises from 

these counters in shillings is — , where n is the whole number of counters. 

n 

Thus the whole expectation in shillings is - jl'+2*+ + r^{ , that is 

lr(r+l)(2r+l) , ,. ^ r(r+l) 

— i^ y^ -; andn=l + 2 + +r= Z * 

no 2 

68. As in the preceding Example the whole expectation in shillings is 
^ |l«+28+ +r»| , where »=l«+2«+ +r». Then see Art. 461. 

69. Consider the expectation which arises &om the 5 ; this 5 may be in 

shillings 5 or 50 or 500 or 5000 or 50000, one case being as likely as another : 

,, ., w • 5(1 + 10 + 100 + 1000+10000) ... . 5x11111 

thus the expectation is -— ^ = ^, that is — = . 

o 6 

Similarly we proceed with the 1, the 2, the 3, and the 4. Thus the whole 
expectation in shillings is ^ x 11111. 

70. Suppose any particular card is marked with the number m ; then tho 
chance of drawing this card is ~ , and the expectation in shillings arising 

from this card is — . And thus the expectation from all the cards is — • 

a a 



bail 
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p 

71. The chance of drawing a white ball from the first nm is j^ ^ tbe 

chance of drawing a white ball from the second nm is j^ : thns if a white 

has been drawn the chance that it came from the first nm is to the chance it 

2 1 

came from the second as ^ is to j , that is as 8 is to 3. Therefore the chance 

8 
that it came from the first nm is jz ■ 

72. Before the observed event we snppose that any nnmber of white 
balls -is equally likely. Now the probability of drawing two white balls is 1 

8 

on the hypothesis that there are 5 white balls, - on the hypothesis that there 

3 

are 4 white balls, ^Fi on the hypothesis that there are 8 white balls, and 

^ on the hypothesis that there are 2 white balls. Hence after the observed 

i3 3 1 ) 1 

l + g+ rjc +T7)[ I thatisx. 

73. Before the observed event we snppose that any nnmber of sovereigns 

is equally likely. Now the probability of drawing a sovereign is - on the 

2 
hypothesis that there is 1 sovereign, - on the hypothesis that there are 

2 sovereigns, and so on. Hence after the observed event the probability of 

the first hypothesis is --r- j- +- + ...+ -{ , that is 1-; — ^r — -, 
•'^ n (n n n) 2 

74. There are tiTvo hypotheses as to the two balls put into the smaller 

bag ; either both are white, or one is white and one black. The probability 

3 

of drawing two white balls from the first bag is jj ; the probability of draw- 

4 
ing one white ball and one black is = . The probability that two snccessiye 

drawings from the smaller bag will produce a white ball is 1 on the first hypo- 
thesis and - on the second* Hence after the observed event the probability 

3 (3 4 1) 3 

of the first hypothesis ^T2^1"^]t7>^1 + 7 ^ll* *^^ ^^ k • 

75. The probability of drawing 4 sovereigns from the first purse is 

1 ; the probability of drawing 4 sovereigns from the second purse is 

10.9 8.7 21 

95 24 23 22 * *^** ^ 1266 * ^®^°® *^® probability that the 4 sovereigns 

came from the first purse is 1 -r U +T265( ' *^^* ^^ Tosfi * ^^^^ *^® ^"**^ 
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23 
bility that the 4 sovereigns came from the second purse is Tno^ • ^^^ P ^^' 

j^. Then there is the probability p that the next cpin will be drawn from 

a purse containing 21 sovereigns ; this gives an expectation of p pounds. 
There is the probability 1 -p that the next coin will be drawn from a purse 
containing 6 sovereigns and 15 shillings; this gives an expectation of 

£— -+ - «.J , that is (1-1)) of poinds. Hence the whola expccta- 

,. . , . 1266 . 27 

bonm pounds IS j2gg+4-^j3^. 

76. There are six hypotheses with respect to the notes to be regarded as 
equally probable before the observed event. I. Three £5. II. Two £5, 
one £10. III. Two £6, one £20. IV. One £5, two £10. V. One £5, 
two £20. VI. One £6, one £10, one £20. The probability of the observed 
event on these hypotheses is respectively 



^ (S) '■ ©■• ©'• ©■• ay- 



Hence after the observed event the probabilities of the hypotheses are 

27 8 8 111 
respectively j^y j^, jg, 7^, jg, j^. The probable value of the con- 
tents in pounds is therefore jg 127x15 + 8x20 + 8x80 + 26 + 45 + 35 , 

that IS - . ^ . 
46 

77. There are two possible hypotheses, that the event took place, and 
that it did not. The probability of A'b assertion, ^'s assertion, and Cs 

3 4 1 116 

denial is on the first hypothesis 7 • 5 • 7 » ^'^^ on the second 7 • « • « • Hence 

12 ( 12 6 ) 12 

the probability of the first hypothesis is — + j — r + ^tA » that is Jq • 

3 4 

78. This is an example of Art. 754. Here p=gi P'^^k* »=9: thus 

3 1 

the odds for the truth are as = to -r-^ , that is as 96 to 1. 

5 loO 

79. Suppose that there are 13 witnesses, arid that p is the probability that 
each speaks the truth : let q be the A priori probability of the event asserted 
to have happened. Then by Arts. 762 and 753 the probability of the hypo- 
thesis that the event happened is to the probability of the hypothesis that 

10 
it did not happen as p^j is to (1 - g) (1 - p)^'. 1^1^=7? ^^ ^^^^^ ^ *^** ^^ 

IQI^q to 1 - 5 ; and this is the ratio of 10 to 1 if g= iQia^i ' 

80. As there are 4 suits of cards the chance, before the observed event, 
that the missing card is a spade is j ; and the chance that it is not a spade 
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3 * 12 11 

Is T . The chance of drawing two spades is , ' if the missing card is a 

13 . 12 

spade, and g., ' ^ if it is not. Hence after the obseired event the chanoe 
oi.oU 

that the missing card is a spade is 

1 12.11 (1 12.11 3 13.12J . 11 

4*51750* |4' 51.50 "^i'SLSo}* *^**"60* 

81. Let ns first find the chance that the persons do not meet. Let i 
denote the first person, and B the second. If they do not meet either A 
must reach jB's end before B starts, or B must reach 4's end before 4 starts: 

we shall shew that the chance of each event is .jtt rn r- -4 must 

2(a+c)(6 + c) 

arrive at ^'s end at some instant dxuring the last 6 + e minutes ; and B must 

leave his end at some instant during the first a + e minutes. Hence 

7 — . V /i: . \ is the chance that 4's arrival and B*% departure both occur 
(a + c; (0 + cj 

during the c minutes which are c^uiTnon to the two intervals ; and since one 

event is as likely to occur before as after the other 777 r-y, r is the chance 

2(a + c)(b + c) 
that A'a arrival occurs before 5's departure. Similarly we have the same 
chance that B'b arrival ^t A'b end occurs before A'b departure. H^ce 

finally the chance that they do meet is 1 - 



c« 



82. "We shall first sl^ew that when n odd numbers are multiplied toge- 

= J . An odd number must 

4 
end with 1, 3, 5, 7, or 9 : thus ^ is tl^e chance that it does not end with 5. 

Now in order that the product of n odd numbers may encj with a figure which 
is not 6 every one of the n factors must end with a figure which is not 5. The 

/4\* 
chance then is ( „ J . Hence the chance that the product does end witji fii ^s 

1 - f g j . Therefore we require that 1- (f ) should not be less than -; 

/4\" 1 

thus l-=\ must not be greater than ^ . 

^^*" (i)*=^*^^*i« (]^y = i- *^«^ «log^=log^J ^^erefore 
» aog 10 - log 8) = log ^, that is oj = ^^^^^ ^ . From the given value of log 2 

we find that x lies betvreen 3 and 4 : hence 4 is the least positiTe integral 

(4\** 1 

g j not greater than - . 



J 
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UV. 

1. Square; 2-2V(l-«*)=l-«*: therefore {y(l -«*) + !}«= 3; there- 
fore V(l -s^)=^y/S^l, Square again, and we find tlft yalue of fB*. 

2. From the first equation a^sa ^^^^"^' ; substitnte in the second equa- 
tion; thus y«(a-aj)=l*lfc!LL6n«; therefore ay« - ^-^^^!^L (y" - 6n) x, 

that is - ''^y-^^ «(»'-toa?. Thus either y«-6n=0 or-r^ = a;. If 
we take y*=6n we find from the second of the given equations ji^=an. IJ 
we take 2= — ^ atid substitute in either of the given equations we find that 
y is or is a root of the quadratic^* + (a— (-n)y+n5=0. 

3. Subtract the second equation from the first ; thds (j'-iX^+y+z) =c'-6-; 
two similar results can be obtained by sUbtrMbtiUg the third equation from 
the second, and the first from the third. Square and add; thus 

(«+y+«)«(*'+y*+«'-l/t-««-*y)=A*+5*+e«-fiV-\^a«-a'^6«. 

Substitute in this the value o! ^+y'-f-ji^ which we obtain by adding toge- 
tiier tibe three given equations, namely 

thus (a«+6«+c«)"-{3(y2+ai;+a:y)}'=4(a*+&*+c*)-4(6V+<J«tt»+a*J2). 

Hence we can obtain the value of yz+zx+xy; denote it by p. Then by 
adding the given equations we have 2(x+y+z)*-dp=a*+h*-^€^; thus the 
value of x+y+z can be obtained; denote it by q. Then the three results at 
the beginning of this solution become 

q{y-z)=e*-h\ q{x-y)-V^a\ q(z-x)^a*-c* ; 

so that OS, yj and t can be found. 

4. Square and multiply up; {a5*-4aj-8)'=8(x*+2a5+ll) ; therefore 
(a«-4«)«-16(a?«4aj) + 64 = 8(««+2x) + 88; therefore (a5*-4a!)«=24(a;-l)«. 
Extract the square root ; &c. 

5. By Art. 634 the number of solutions cannot differ by more than 1 from 

c c 

-r f that is from 7^77 in this case : hence c cannot he greater than 220. Since 

tw 20 

220 is divisible by 2 and by 5 we see by Case iv. of Art. 634 that the number of 

220 
solutions is -^rr - 1, that is 10 : hence c may be as great as 220. 

6. Multiply up in the given relation, and transpose ; thus 

(x-y)xy-^(a?''^z={a?~y*)anpi+(x-'^f^cyz*: 

divide by a;-y; fhusxy + yz-^-zx^xyzlx-hy+z)* Andif we*take any one of 
the proposed relations and simplify we shall find that it reduces to tne result 
just obtained, and is therefore true. 
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Expand tl^e two binomial expressions by the Binomial Theorem as far ap 
two terms, and add ; thas very approximately 

\nj 2n "*'iV+n"4n(iV+») ■** (Ar+n)^ ' 

The last two tena» ajre equ^ to |^f^ \~ -^^1 . that is to 

(iV + n)* iN-^n 4n J 

^ j^ /x7. \« ? therefore 

/2V\J N N+n (iV-n)* , 



|(?^+20oV95; thusthesavingis95-|r?^ + 200y that is 46- 



8. Let u^ denote the capital in pounds at the beginning of the a^ 
year. During tjie n^ year the income is "7^1 + 200; the expenditure is 

3«, 

400* 

Q-, 3Q7 

Therefore «n+i=^tt+^^~ ion * *^^^ may be written ^,^4.1-6000= j^ (tt^-6000). 

Thus if 6000 be subtracted from the numbers which express the capital 
in pounds at the ends of successive years the remainders form a series 

397 

ii^ Geometrical Progression haying the common ratio -r^. Therefore 
■ ■ ^ « 4(j0 

(397\* 
— ^) . Now whatever be the v^lue of tti-6000 

we can take n so large that the product of this into (77^) shall be as 

sni||ll ^ we please ; and bo m^j - 6000 will not differ sensibly from zero. 

(307x11 
2^ j . Put this equal to 2000 ; 

therefore f—A =g=jQ' Therefore ^^W^^'^og^Q'^ therefore 

loglO-logS X-31og2 ^,. .„ , , ,, , viii 

log 400 - log 397 2 + 2 log 2 - log 397 
less than 30, so that at the beginning of the 31st year the capital is a little 
more than £2000. 

a 1 1 f^ cx^V^ 1 car* , cV. 

Expand each term, and pick out the coefficient of ob*^, as in Example l. 13. 
Aj^ain, putting ^ for e we find that 1 -flB+ca5*e=c ( x J (»»+ l-»)i 
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^ioxe ■= —-3 =5 5^ / — rr— » pj — \; and by expanding 

l-of + ca:* m-1 I w-f 1 m-hl-aj 

th*t the coefficiMit of «• is jj^.^ (^) - ^ (^) . 



10. Let / denote the integral part of (l+V^)^ ^'^^ ^ ^^^ fractional 
part. By the Binomial Theorem 

[2 [3 

Now 1— V^ is a negative proper fraction, therefore (1-^2)* is a negative 
proper iraction ; denote it by -> i^"; thus 

- Lf \1 

By addition /+iy-.P^=2 + 2 ^ ^ 2 + .... Hence i''-F' m^st be zero; 

and 7-2 is equal to a series of terms every (>ne of which is divisible by 
2x X 2, that is by 4a^ 

11. Suppose that n integers are multiplied together. In each Integer 
the last figure may be 0, or 1, or 2, ... or 9 ; so that there are 10** cases in 
all. The favourable oases are those in which all the last figures are odd 
nambers, one or more being 5. Now there are 5^ cases in which the last 
figure is odd, and there are 4* cases among them in which no last figure 
is 5 ; thus there are 5* -4* cases in which all the last figures are odd num- 

bers, one or more of them being 5. Therefore the chance is . There- 

fore when n+1 integers are multiplied together the chance is — \QMrt\ — • 

this will be found to be less than , by bringing the fractious to a com* 

mon denominator. 

12. Suppose that the first purse contains a sovereigns and m shillings, 

and tiiat the second purse contains h sovereigns and n shillings. If a purse is 

1 _ 1 /> 

taken at random the chance of drawing out a sovereign is « — ; — + s t": — ; 

2 a + fTi * o + »i 

if all the coins are put into one purse the chance of drawing out a sovereign 
ifl — r : these chances are equal if 

(a+6-f»i+n){a(6+n)+6(a+w)}=2(a+6)(a+m)(6 + «). 

Bring all the terms to one side and simplify, and this reduces to 
^-an)(a+m-6~n)=:0; and thus the first part of the Example is esta- 
blished. 
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Again, siippose that o+» is greater than 6+n; the chance is in 
favour of the purse taken at random if <i»-a») («+«-& -n) is positive: 

this requires that an should be less than &m, and therefore — less than - ; 

and thus the second part of the Example is established. 



LV. 

2. See Arts 807, 308. 

8. Let X denote the radix ; then 16640 := 4aE* + ia^. 



4. (l-^V*=l+2-^+».(|y+4.(|y+ Subtract 2 from both 

sides; thus 2=8 Q)V4 QV 



1\» 

+ 



5. Let X denote the number of persons to be elected; then 2x+l de- 
notes the number of candidates: put n for 2a; +1. There are n ways in 

n In. — 1 \ 

which an elector may yote for one person, — ^-^ — -' ways in which be may 
vote for two persons, li ^^3^ ^ which he may vote for three 

persons, and so on. Thus 16 =»4 — ^ " + — ^ .^ " + ... to a; terms. 

If from the expansion of (1 + 1)^^^^ we subtract the first and the last terms the 
remainder is twice the above series of z terms; thus 15 =» (2*^^ - 2) ; there- 
fore 2*«^i=82=2'. Thus 2«+l=5. 

6. Let « represent the number of shillings, and y the number of francs ; 

then as+ oJ^=495; therefore 26«-f- 21^=26x495. One solution is as=495, 

y=0; the general solution is »=4i95-21t, y=26t. Thus including the zero 
solution there are 24 solutions, and excluding it there are 28. 

1 -f-2 + 2^ 

7. Add together the first two terms ; tiius we get -z — rr; — rr , tiiat is 

^ ^ (l+z)(l+zO 

1-r; — m — iT- Now annex the third term to this; thus we get 
(l+«)(l+«?) ^ 

l-Trr-TTT-r^rl 1-q — :; 1 > that is 1 - ,., . , ,, . ^.^^ — :Tr. Proceed in this 

(l+2l)(l + 2«) \ 1 + a*/* (l+2)(l + Z«)(l + 2*) 

way, and we obtam for the sum of n terms 1-7= — -r= — =; — yz — —r, where 

^ (l+2)(l + Z«)...(l+2«)' 

jp=2*, and q^2!^\ If we multiply both numerator and denominator of the_ 



(l-z)«P~^ 
fraction by 1 - s we get for the sum 1 - ^ .. ■ — • 
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8. l+2a!»-(x«+2«»)»l-a«-2«»{l-aj)=(l-a;)(l+«-2aj») 
= (l-a5)(l-a?+aj-aB^=(l-aj)*(l+aj+aB*+a;+aj^=(l-a;)*{(l+aj)«+«'}i 

this is neyer negatiye. 

9. JjBt a and b denote the two qnantities ; suppose n means are inserted 
between them. The m^ term of the a.p. is a+ — ^(&-a). The m^ 

term of the g.p. is a[-i • The former =i — :r-^ ^: the 

\aj n+1 

latter =(a»'-«+«6«-i)»H-i. these may be regarded respectively as the arith- 
metical mean and the geometrical mean of n + 1 quantities of which n - m + 2 
are equal to a» and tn-l are equal to 6; and therefore the former is Ihe 
f greater by Art. 681. 

! 

I 10. Let / denote the integral part of (2 + V^)', and F the fractional part 

By the Binomial Theorem 

/+i7=2«+a;2*"V3+^^~^^ 2*-*. 8+ ... 
Now (2 - V3)* is a proper fraction ; denote it by F' : thus 

2J"=2*-aj2»-V3+^^^^^2*-*. 8- ... 

By addition /+i!'+i!'=2«+i + 2^%lll2»-«. 3 + .. . Hence F^-F' must be 

equal to unity; and /+l-2*+i is equal to a series of terms every one of 
which is divisible by 2x x 2 x 8, that is by 12iE. 

11. Let a denote any prime number. By Art. 709 the highest power of 
a which is contained in |nifl/(-)+/(-^) + ...; and the highest power of a 

wMch is contained in (I^)«[g is (7 |/^|)+/r|) + ...|+/('^U/(^^^ 

We have to shew that the former power of a is at least as high as the latter. 
Suppose that a** is the highest power of a which is not greater than p. Then 

there are r terms in /(-)+/(^) + ...| and the product of q into the sum 

of these r terms cannot be greater than the sum of the first r terms of 

j(^+i(Jt^ + .., The (r+1)*^ term of the last series is /(-^i) , and 

this cannot be less than j?(-); for/(^j=/( ^^^ \ , and qa^ is not greater 

than 71, Similarly ll-^^\ is not less than / ( -^ j . And so on. Thus the 
reqmred result is established. 

T. K. N 
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18. The observed event ia the result of the experiment. The probability 
of this event on the hypothesis that the theory is true is p^ and on the hypo- 
thesis that the theoiy is false is (1 -p) q. Therefore after the observed event 
the probability of the first hypotliesis is P'7-{p+ (1 -p) q], 

14. Denote the bag with two sovereigns and a shilling by A^ and the bag 

with a sovereign and a shilling by £. The chance of drawing a sovereign 

2 1 

from A is- and from Bis ^z: hence, when a sovereign has been drawn the 
o ^ 

2 (2 1) 4 

chance that it came from ^^^ a'^h + ol* ^^^ ^ 7* ^^^ ^^^ chance that it 

1 (2 1) 8 

came from £ is o "^ jo "^ q[ * ^^^ ^^7* ^ ^^® second drawing be made 

4 
from the tame bag as before the chance is - that it now contains a sovereign 

3 

and a shilling, and = that it now contains a shilling ; therefore the chance of 

4 12 

drawing a sovereign is »^o* ^^^ ^ 7 • ^ ^^® second drawing be made 

4 
from the other bag the chance is - that it contains a sovereign and a shilling, 

3 

and - that it contains two sovereigns and a shilling ; therefore the chance of 

4 18 2 4 

drawing a sovereign is^^^o+ir^fi* ^^^ ^ n • ^^' ^^ expectation see the 

t d 7 o 7 

Algebra. 

15. There are two hypotheses; that the white bag contains the sove- 
reign and the four shilling pieces, or that it contains the two sovereigns and 
the three shilling pieces. The observed event is the drawing of a sovereign 
from the white bag, and a shilling from the red bag. The probability of this 

1 8 

event on the first hypothesis is - x - , and on the second hypothesis is 

t> 5 

2 4 

- X - . Hence after the observed event the probability of the hypotheses 
5 o ^ 

8 * 8 
are ry and jj respectively. The coins drawn being now put back we haye 

four cases which wiU be sufficiently described by referring as before to the 

3 

white bag ; the following are the probabilities : ^ that it has now a sovereign 

8 8 

and four shillipg pieces, ^ that it has now five shilling pieces, ^ that it has 

Q 

now two sovereigns and three shilling pieces, and ^sh ^^^^ ^^ ^^^ ^^^ ^ <^^^' 

leign and four shilling pieces. The probability of drawing a sovereign from 

313 8182 27 

the white bag is therefore ^ x - + ^xO+g^ x^+ ^ x g, that is jjj- 
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Similarly the probability of drawing a Bovereign from ti^e red bag is 
32338281., .. 39 

^><^+;^XT5 + Trj.X- + — -X -, that IS =-r:r • 

22 6 22 5^22 6 22 6* 110 

16. Out of n persons of the indiyidual^s age one will die every year: 

thus 9 , ,... are the respective probabilities of his living 

n n n 

1, 2, S, ... years. Therefore —^ , — ^ , -^ , ... are the present values 

of the payments to be made respectively at the end of 1, 2, 3, ... years during 
the life of the individual. The sum of this series is found from Art. ^73 by 
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1. Take the logarithm of the product ; thus we have an infinite series of 
which l^e n^ term is logu^; and we must examine whether this series is 
convergent: if it is convergent the logarithm of the product is finite, and 
so the product is finite. If the series of which the n^ term is logu^ is 
divergent and negative the logarithm of the product is negative and numeri- 
cally indefinitely great ; in this case the product is indefinitely small. 

2. Denote the given expression by P; then 
logP=xlog»+logji-^+log-J^+log^+... + log^-^ 

=aj log » ~ log (1 +«) - log f 1 + 1 j - log f 1 +1 j - ... - log Tl + ^V 

Nowlog»=logf^.j.g...-^^J=logj+logj+log2 + ...+log^^; 

and thus logP may be considered as a sum of n terms, the first term 
being - log (!+«), and for all values of r greater than 1 the r^ term being 

«log-Aj--log(l+-j , that is -ajlogf 1 — j-logf l+-j. Thus if a? is a 

negative integer we have in log P the term - log (0), so that log P is infinite. 
But if a; is not a negative integer every term in log P is finite, and for all 
values of r which are numerically greater than x we can expand the r*^ term, 

so ihat it becomes » ^i + i^ + A +...J » ^5 . _ + _ _ ...^ , that is 

aj+SB* 11 

-^-3-+ terms involving -§,-41 -..• Thus the r*^ term bears a finite ratio to 

-^ , and so the series which forms logP is convergent : see Arts. 771 and 562. 

N2 
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8. We may wnuddei %^ as the prodaoi of n laetaES, the {r+ 1)^ factor 

^>^B r^T^TTT^. thAtisi — dJ^ — If: denote this by r^,. Then 

lo8Vrt.i=logri + -j+logri+-j-logri+^j-logri + -V suppose r » 

large that ~ , - , and - are all proper fractions ; then by expanding we have 

log<^r+i= — ^^ ^^2r*^ +••• If 0+J3-7-1 IB positive logr^i 

bears a finite ratio to - ; and thus the series which forms log u^ is divergent 
and positive : therefore «^ increases indefinitely with n. 

4. Proceed as in Example 3. If a +/3- 7- 1=0 we see that logv^i 
bears a finite ratio to 3 ; therefore log u^ is finite when n increases indefi- 
nitely : therefore tc^ is finite when n inereases indefinitely. 

5. Proceed as in Example 8. Ifa+/9-7-lis negative the series which 
forms logu^ is divergent and negative ; tiierefore log«^ is negative and nn- 
merically increases indefinitely with n : therefore u^ is indefinitely small 
when n increases indefinitely. 

6. Here —-^ = 7 r— : thus by Art, 762 the series is convergent if z 

is less than unity, and divergent if x is greater than unity ; if a; is unity 
Art. 762 will not always decide. Put x=lf then 



\«ivfl J « + » i^« 



n 

if a is negative the series is convergent by Art. 766, and if a is positive the 
series is divergent by Art. 767. 

7. u„«X (n) = — ^^[-= — 4~ » *l^s is indefinitely great when n is ; for n" 

n ^ n" 

becomes unity since its logarithm, which is -logn, vanishes by Art. 769. 

n 

Hence the series of which u^ is the n^ term is divergent by Art. 771. 

•rr w« 2n-l 2n-2 1 ., , . . „_^ ._ 

8. Here — =-=- -.- -.-; thus by Art. 762 the series is conver- 

tt„+i 2»-3 2n-3 aj 

gent if X is less than unity, and divergent if x is greater than miitj. If 

1 X. f ^n i\ j(2n-l)(2n-2) J 6to«-7« ;,,, .„ 

x=lwehaven(^^-lj=n{ ^^^^3^, ^ ,i{ = .__; andthesene, 

is convergent by Art. 766. 
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«- »' n* 



Art. 776 we haye a— il - 1=0, and so the series is diyergent. 

•lA TT «n «** «* w'^+flf ... ^, 

10. Here — =- = - rr^rX- 77T» = -=n; — ; . ,,j_^ , : with the 

w«+i (»-l)^ (n+l)P »i'^+(i)-g)»P+«-i+... 

notation of Art. 776 we have a-A^l^^q-p-l; the series is convergent if 
q-p-liB positive, and divergent if g -j9— 1 is negative or zero. 

11. Suppose that from and alter some fixed value of n the value of 
nlog--^ is always greater than y, where y is positive and greater than 

unity. Then log — ?*- is greater than ^ , and therefore when n is large 

Enough log — ^ is greater than log ( 1 + - ] ; see Art. 687. Therefore when 
'*irfl \ «/ 

n is large enough -~^ is greater than 1+^ ; and therefore, as in Art. 766, 
the series of which the n^ term is te^ is convergent. 

12. Here from and after some fixed value of n the value of log — ^ is 

«n+l 

positive and not greater than - or is negative. In the former case log — ^ 

is less than log — r , hy Art. 688 ; and therefore — ^ is less than = ; 

in the latter case --^ is less than unity. Thus in both cases -S±l is less 

*n+l **«+» 

n+ 1 
than • Hence by Art&. 765 and 562 the series of which the n^ term is 



u^ is divergent 
13. Here 



u^i (a + nx-\-x)^^ J^^ a \ \ nx-^aj ' 

\ nx+xj 

therefore log-^= -log«-log ( 1 + ) -nlog ( 1+ ^ | 

1*^1 \ nx + xJ *V nx+aj 

- a g* nx nx* 

~~ ^^'"fw+i 2(nx+«)' "* na;+a 2(tMB+o)*"""* 



But =1 ; thus we have 

nx+a nx^a 

nlog — ^=n j-log»-l + — : — ^ — -— +77-; — : — r«+ — ( • 
*Wi ' tM5+o na+a; 2(na{+a)' ) 

If « is greater than e"^ then -log«-l is negative, and the series is diver- 
gent by Example 12. If x is less than e"^ then - log a; - 1 is positive, and the 
series is oonveigent hj Example 11. If x^e'^ tiien-logas-l^O; in this 
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case we have nlog— S- = -— — -^ + - — ---\- — '-— + ... ; and by taking n 

large enongli this approzimates as closely as we please to the value ^ : there- 
foie the series is divergent by Example 12. 

14. We have only to examine the case in which a(=l ; then 



u^ (n + a)(n+^) A^aWi^gV 



L Suppose that 7 - a - j9 is positive. 

Then a positive quantity h can be found greater than unity, such that 

when n is large enough — ^ shall be greater than 1 + - > For this will be 
secured if l^.!?^ +-1 is greater than f 1+-^ ^1 + ^^ +^^ , that is if 

7+I-0-/S- A is greater than i° P)-^o^p-y + J^; and this condition can 

n nr 

obviously be satisfied by taking n large enough. Now, by Art. 686, a posi- 
tive quantity p greater than unity can be found such that when n is large 

enough | ) is less than 1 + - . Hence when n is large enough —^ is 

\ » / » «*f 1 

greater than ( j . But, by Art. 562, the series of which the n* term is 

~p is convergent when p is positive and greater than unity; hence, by 
Art. 764, the series of which the n^ term is u^ is convergent. 
n. Suppose that 7 - o - /3 is zero. 

Then — ^ will be less than - — provided 1 +^^ — + ^^-J- is less tl""^ ^ 

( 1 + - j( 1+^— ^ + ^ j , that is provided ^ +^ is positive. Thus if a 
and p are of the same sign — ^ is less than ^ . But, by Art. 662, the 

series of which the n^ term is - is divergent ; hence by Art. 765 the series of 

which the n^ term is u^ is divergent. If a and p are not of the same sign. | 
take m a fixed positive integer so large that m+a/3 is positive. Then 

«^,^.,^ , (n+in+o)(fH-»+/S) /, . '»+o\ /, . »»+/»\ ' 



(l+^\ (l+!!t±?j 



li+1 

ing out will be seen to be less than , and so the series of which the 

n^ term is f^i^ is divergent. Hence the proposed series is divergent 
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HL Suppose that 7 - a - j3 is negative. 
Here — ^ is always less than it is for a series with the same yalnes of 

a and /3 in which 7 - a - /9 is zero ; that is --^ is q^lways less than the corre- 

spending ratio for a series which has been she'^m to be divergent in 11. : 
therefore, by Art. 765, the series of which the nth term is u^ is divergent. 

15. L Suppose that a-A-lia positive. 

Then a positive quantity h can be found greater than unity, such that 
when n is large enough — ^ shall be greater than . For this will be 

secured if 1+- + — + -i + ... is greater than ( 1+- )(l + - + — a + -a+— )♦ 

that isif a-^-^is greater than + 5-^ + ... ; and this con- 

n rr 

dition can obviously be satisfied by taking n large enough. Then continuing 
the investigation as in I. of the preceding solution, we see that the series of 
\rhich the nth term is v^ is conyergent. 

n. Suppose that a- ^i -1 is zero. 

Then — 2_ ^u be less than provided I+-+-5+-0+... is less than 

(l+-)(l + — + -^ + -a+... ), that is provided A+B-l>+ — — —+... 

is positive. Thus if A + B-h is' positive, the condition will obviously 
be satisfied when n is large enouglL Ji A-^B-h is not positive, take m 
a fixed positive integer so large that A + B-b + m is positive. Then 

^^nrhn^ ^-11 v« !«-« +i,«^ *IJ:_ provided 1 + —^ + ; v. 

n n + m {n-\- my 

, thatisif 1+-+ s- + 5 + ... 

is less than 1 1 + - ) J 1 + - + r— + a — +...[, that is if 

\ nj { n n> n* ) 

A+B~mA-(b^ma) is positive, that is if A+B-b-\-mia positive: and this 

by supposition is the case. Then, continuing the investigation as in II. 

of the preceding solution, we see that the proposed series is divergent. 

m. Suppose that a - ^ ~ 1 is negative. 

at 

Here — s_ jg always less than the corresponding ratio for a series with the 
^fi+i 

same values of 6, c,... A, B, C,... in which a-il -1 is zero; that is — 2_ ig 

always less than the corresponding ratio for a series which has been shewn 
to be divergent in IL : therefore by Art. 765 the series of which the nth teim 
is ti^ is divergent. 



will be less than —^^ provided 1 + ;^ , _ + TZTZr^"^'" ^ ^®^^ *^^^ 
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16. Here Po=» 



»*+-4»^+jB»^+... 



I. Suppose a^A positive. If /3+1 is greater than a the series is con- 
vergent, by Art. 766. If /9 + 1 is less than a the series is divergent, by Art. 767. 
If j3+ 1 = a the series is convergent if a - ui is greater than 1, and divergent if 
a- A is less than 1 ; but if o~^ =1 we use Art. 773; in this case we have 

and since -y is less than p we have 7+ 1 less than a, and therefore X(n)(P0-l) 
can be made as small as we please by taking n large enough, and the series is 
divergent. 

II. Suppose a- A negative. The series is divergent by Art 767. 

in. Suppose a-A=sO. Then P, becomes o — ^ — mi^ ^e 

must continue the process as in Case L 

17. The second series is less than -* of the first series, and therefoie if 
the first series is convergent so also is the second. 

If X be positive log (1 + x) is less than x ; see Art. 687. 

Thus log^^a±2^ iB less than ^ , 

loglVt^Ms less than-??-, 

log ^^+"^+^^^"g is less than "^ , 
and 80 on ; hence by addition log (uq +itx + «, + ... + «J - log «o is less than 

this shews that if the first series is divergent so also is the second. 

18. I. Suppose that from and after some fixed value of n the value of 
\^{n)(Pi-l) is always positive and greater than 7, where 7 is positive 

and greater than unity. Then P^ is greater than ^+p^\> therefore 
Pa is greater than l + rTT + > / .Tq / v » wid therefore — *- is greater than 

n^ . ^ . y 

^»^ nX(n) ^nX(n)X*(n) • 
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!<©* ^n= > / MN^/ o« » t^6^ —2-= !___/ J _-^__i{ , Now 

" nX{n){X»(«)}''' v„+i n X(n) ( \«(n) ) 

X{n+1) is less than ^WU+-T7-\h ^^^'^^^^^ X*(n+1) is less than 

X*(n) + X 1 1 + -r — } , and is therefore less than X*(n) + -t-t-t . Thus -^ is 
( n\(n)y nK(n) v^i 

less than (l + -)il+ ^, A \l+ ^, v>,/ A ; Mid therefore when n is 
\ ny( »X(n)SJ nX(n)X«(n)J 

large enongji — ^ is less than (l + --))l + -~7-[ 1+ \, ?^^., J ; pro- 

vided q be greater than j). Hence when n is large enough —5- is less than 
11 r '''^^ 

^+«+;5K;r)+,ix(;^^ 

Since y is greater than ilnity we may suppose that y is greater than r, and 
yet have p positive and greater than unity. Since y is greater than r wta 

have — ^ greater than — ^ . But, by Art. 770, the series of which the 

nth t^\B ., is oonverJlS-^hen p is positive and greater thar. unity , hence, 
by Art. 764, the series of which the nth term is u^ is convergent. 

* n. Suppose that from and after some fixed value of n the value of 
X'(n)(Pi-l) is never positive and greater than unity. Then Pi-1 is 

positive and not greater than rs — r or is negative. In both cases -^^ is less 

than l+- + -r-7-T + , , >.«, . 
n n\{n) n\{n)\^{n) 

Tx 1 *i, ^n n+lX(n + l)X«(n+l) -^ _, ,^ 

• nX(n;X*(it) v„+i n X(n) X'(n) ^ ^ 

is greater than X(n) 1^ + -TTT" 2~«xn{ ^^ "^^ ^®^* hence X«(»+l) is 
greater than X* (n) +X |l +-T7rx - 2n^\( \ \ » *^^ therefore greater than 
X*(n) + -r-7-x - -ST-Tx » "'^^e'l ** " 1"^® enough. Thus when ji is large enough 

is greater than (l+i) 1 1+^^ - 2;j^ 



^ 



*iH-i 



and therefor* greater than 1+J +j^j +iJx(;r^- 

Henoe when « Is large enouglh -^ is less than -^ • Btit, by Art. 770) 

the series of which the ig^ term is v^ is divergent; therefore, by Art 765, the 
series of which the nth term is u^i is divergent 
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IiYH. 

1. In Art. 795 put a=s5, 2i=l; tims we And that the yalae of the ex- 
pression is ^/24. 

2. By Arts. 794 and 795 the exp^ssion = (^/n« +!)« - (Jn^ - 1)«, that is 
n« + l-(n>-l), thati8 2. 

3. This may be shewn by induption. Assume that 2>a=^?«-i* '^^ 

Thus if the relation is tme up tp a certain v^ue of t( it is true for the next 
yalue ; and it can be shewn to be true when n = l, and when n=2 : therefore 
it is always true. ^ ^ , 

4. Here p^ is the coefficient of a^-^ in the expansion of -z ( 1 - = ) , 

1— ax \ 1 — ax J 

by Art. 796, that is in the expansion of + 7= ci + Ti :5+ — ; 

1 — CM! (1 — oajj' (1 — oac)* 

then expand each of these terms by the Binomial Theorem, and pick out the 
coefficient of a^~^ in each. Again q^ is the coefficient of a^~^ in the expan- 
sion of ■:; j—r, that is in the expansion of —rz '■ — -r-s: — ; so that 

L — ax — oor x\l — ax — ox') x 

q^^ is the coefficient of x^ in the expansion of -r r^ , that is in the 

expansion of = h tj r^ -i- rz rs+ .... We may observe that these 

l-oa: {l-axY (1-aa;)* 

formulsB for p^ and q^ will furnish a direct proof of the statement of 

Example 3. 

6. This may be shewn by induction. We have l>n=«(p»-i+P»-j)i 
«n=«(2n-i+?n-«); therefore p«+5»=» dan-i + Jn-i+Pn-a+yn-a)- Assume 

t^at JPn-j+5n-S= |»-1» and Pn-l+?n-l= [5; ^^©^ Pn + 9»=»* 1^+ [^= |«-H. 

Thus if the relation is true up to a certain value of n it is true for the next 
value ; and it can be shewn to be true when n=l, and when n=2 : therefore 
it is always true. 

6. We have l)n=a»Pn-i+^nP«-s=(^»fi-l);>n-i + ^iJ>n-j; therefore 

l»n-^ii+lPn-l = -(i'n-l-*nP*-3)- ^^^^^^ Pn-^n^xPn-l by «„, thuS «^ = -«^_i. 

Hence we see that u^,u^iU^i...u^ may be considered to form a Geometrical 
Progression in which the con^mon ratio is -1 ; therefore u^=uJi^-Vji^~^a^(-l)\ 
Sinularly w^ can shew that q^ - 6,H-i3n-i — (ffa ~ ^a2i) ( ~ ^)**' 

7. We have j>» = Of^Pn-x + &t»Pn-a = »X-i + {(n - 1)» + 1} p„^ ; 
therefore p^ - («* + 1) Pn-i = - { Pn-i - [(» - 1)* + 1] Pn-j}. 

Denote l>n-('**+l)l'n-i by «», tl^us ti„=-t«»_i. Hence we see that 
tt., u., U4, ... tin niay be considered to form a Geometrical Progression in 
which the common ratio is - 1 ; therefore «n = «j ( - 1)*"* = "i ( - 1}*** 

8. In Art. 799 suppose «o=l» «i=l» *'i=2, v,=3, ... and let n increase 
indefinitely. Then the series becomes equal to e~*, and the continued frac- 
tion has the form stated. 
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i 

I 9. In Art. 797 pnt x=s -3, t<o=l, tei=2, w,=3, ... and let n inorease in- 
I definitely. Then the series beoomes equal to log (1+1), that is to log 2, and 
i the oontinned fraction has the form stated, 

I 10. In Art. 801 put a=l, 5=0, 7=1, and change the skn of x; thus 

1 
we deduce an infinite oontinned fraction of the first class for - log(l+x) ; 

X 

every component has unity for denominator, the numerator of the first com- 

ponent is 1, of the second is ^x, and generally of the (2r)*>>is -r^ — z-^-^- , and 

Z ' ylr — Ij 2r 

of the (2r+ !)«» is ^ ^"^ , x . 
^ ' 2r(2r+l) 

LVIIL 

I 

1. From the first and second equations by subtraction we get x-y=hy-ax\ 
therefore aj (1 + a) =y (1 + h). Similarly from the second and third equations 
y (1 + 6) = z (1 + c) ; and from the third and fourth equations z (1 + c) = m (1 + d) . 
Thus as (1 + a) = y (1 + 6) = 2 (1 + c) = 1* (1 + c?) = ib say. Substitute in the first 

equation; thus we get ■= — = :; — =-4-- — +- — .^ and as = = 1-5 

. 1+a 1 + 6 1 + c l + (i 1+a 1 + a 

this is equivalent to the required result. 

2. -=y+25, ?=z+aj,-=af+y. Subtract the second equation from the 

first; thus-- |=y-a!; therefore ^ (^ "^ ") = ^ (\+ ^) , Similarly by subtract- 
a a 

ing the third equation from the second we get ^-^ — 1=^ — '—^. Thus 
= ^-^ — - = — — -^=* say. Substitute in the first equation ; thus we 

€k C 

X h e 

get z— — = - — = + . Clear of fractions and reduce ; thus a6+6<;+ca+2a6c=l. 

1 + a 1+6 1 + c 

. . _«^ Pa V^ , 

^^^ a(l-60)""(l + a)Ml-2>c)~l + 2a+a2-6c-2a6c-a26c > ^"^^ 

1 - 6c - 2a6c= ah + ca, so that -^7= — 7-7 reduces to j: — ; — s- — 5=- , that 

' a(l~6c) 2a + a*+a6 + ca-a*6c 

jfe9 1/' Z* 

is to-;; r =- . Similarly ^rrr- — \ ^^^ —n 1\ reduce to the same 

2+a+6 + c-a6c "^ 6(l-ca) c(l-a6) 

symmetrical expression. 

3. - + - = !+-; this may be regarded 9.S a quadratic for finding p in 
terms of x: solve it in the ordinary way, or use Art. 336, and we shall 

obtain ? = - or - . Similarly we get - = - or - . If we take | = - and 
b a X c a X h x 

-z= - ve get =dbc; therefore x=a; and therefore y=b and z=c. If we 

take T = - ancl- = - we also get a5=a, y=6, 2=c: likewise if -?($ take 
a c x 
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J = - and - = - we get z=<if y=6, «=c. If we take y = - and - = - we get 
ojBea oaca 

x'=a'; therefore a;=%a, y=i^» 2;=X;e, where Is is one of the cube roots of 

unity ; see Art. 360 : the last result includes all the others since unity is 

itself one of the cube roots of unity. Substitute in the last given equation ; 

thus ife* (a* + 6* + <?•) = - 2 («i6 + ftc + ca) ; this gives the required relation ; if we 

cube both sides it takes the form (o'+6'+c*)'= — 8 (a6+6c+ca)'. 

4. Square and add the given equations ; thus 

Multiply the given equations together ; thus 

fr y* or fc* y3 «« 

Hence, by subtraction, 4=a'+&'+e'-a6c. 

5. Multiply together ; x*y^z* (y '{■z){z+ x) (a5 + y) = o'ft'c', 

that is a26V{x«(y + 2)+y8(«+aJ) + s!«(« + y) + 2a?y4}=a3dV, 

that is a«6 V {a^ + 6' + c^ + 2abe] « aH^(^. 

6- ""I'^^t!"^! = 5fe^M g^^ ^ 3^g iherefore 
ar-iT-b^+y^ y-x 

therefore a*+&'=jc'+y» + 16iry (aj+y); also a'-^6'=(fl5-^y)'; therefore by 
addition d'={e'+6a2y + 9jcy*=aj(«+3y)*, similarly by subtraction 6*=^=^ (y+3fl:)*. 

Hence aT+67=a;i(a;+3y)+yJ(y + 3»)==(xi+yJ)'. Thus (fl:^+yi)»=A 

also a'-J'=(«+y)''-a^-y'=8a!y{«+y)=3a!ya» 

Thus a6-«j6='*^ X 66»+10 (^^Va^^^pOtt'+Sd*), 

therrfore 9a (a»-«»)=5 (a»-6«) (2o»+5»). 

8. By addition and subtraction 

therefore 2 (t±!^\K ? + » . and 2 C^::^*^ = ? - ?. 
Square and subtract , thus 4 ( ) " *( ~ — ) ~*' 

9. WeBh»llfindthata^=~ +^+^+^+^+^ + 8, and thiols 
eqilaltoY+l« 
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I 

10. From the first two equations we find x=: — ^ , and v= — ^: sab- 

a *^ 

! ititate in the third equation. 

11. Multiply the first equation by y. and the second by x, and add; 
thus a(a5*+y«)=yS+3icV, that is 0=3^+ ar'y. Similarly j8=ia5' + 8aBy«; 

therefore o+/3=(x+y)», and (a + /9)J=(ar+y)*. Similarly (a - ft*= (« - y)«. 

Add; thTis(a+j8)* + (a-/3)'=2(a:»+y2)=2. 

12. Multiply the three equations together, and extract the square root : 
thus (x+y)(y+z)(2+a?)=i8o&ca?5fz; therefore ^^±^l^±^l^^±f^^ ^.Bdbc; 

I that 16 - +^+^ +- + - + - +2=±8a6fl; therefore 
p X z y X z 

4c*-2+4a"-2 + 46«-2+2=i8aftc: then divide by 4. 

13. Suppose each of the given fractions equal to Js ; thus 

ajrsi ((*»+{»«), 2y=*(a» + y»), 4z=Jfe(a«+2') ; 

; multiply the first of these equations by y* - z\ the second by 2' - as*, and the 
third by 0^ - y*, and add ; it will be found that the sum on the right-hand 
side yanishes; thus «(y*-z') + 2y(2r"-a5') + 4z(iC*-y')=0. 

14. By addition and subtraction and division by 2 we get Zsfi-^y*=ax, 
3^+a5'=6y; multiply the former by y, and the latter by x; then by ad- 
dition and subtraction (aj+y)'=(a+6)ayi («-y)'=(6-o)ajy; therefore 

(aj+y)«={(a+6)c»}*, («-y)»={(a-6)c«}*; subtract; thus 

4c»=cJ{(a+5)*-(a-J)?}. 

15. a^=-, y'=-, /=-; substituting we get 

2 y as z ' y 0! 

square, multiply respectively by a, 5, e and add ; thus 

4(aa^+66'«+cO=^+-j.+_^ + --3^ + _+-^+6a6c; 
and by multiplication, 

8a'6V= — ^ + -3- + -—- + — J- + —^ + — f + 2flp5c : 
V y* ir z^ y^ x^ 

therefore 4 (oa" + W + cO - 6a6c = 8a'6 V - 2a6c ; 

therefore aa'^ + 66'« + cc'^ =ahcJt lai'd, 

16. There are 11 letters, among which a, t, and n each occur twice. 
Thus there are 8 distinct letters giving 8.7.6 permutations, that is, 336 
permutations. There are 7 x 3 permutations in which the letter a occurs 
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twice ; for any one of the other 7 letters may occupy the first, or the second, 
or the third place in the permutation. Similarly there are 7x3 permuta- 
tions in whidi the letter i occurs twice, and as many in which the letter n 
occurs twice. Thus the whole number of permutations = 336 + 63 = 399. 

18. Let us suppose for clearness that the m-1 walks are parallel to the 
length of the garden, and the n-1 walks parallel to the brecuith of the garden. 
The person in waUdng must pass between n pairs of beds in the direction oi 
the length of the garden, and between m pairs of beds in the direction of the 
breadth ; and the m+n portions of which his path may thus be snpx>osed to 
consist may occur ih. any order. Thus the number of ways is equal to the 
number of permutations of m+n things taken all together, in which, m are 
of one kind, and n are of another kind. 

21. p«=(flB^+y**-2ay)(y«+*«-2s!ai)^*+x^-22a;), 
S'=(«"+y'+2«y)(y»+2» + 2yz)(z»+aB* + 22a!); 

hence we see that jfi+^-27^= 

Soiiyz {05 (y* + 2«) + y (2» + X*) + z (aj» +y«)} = Sagrs (g" - 2ag^s) ; 
thus 16a;y25'-82'a5y2+i)«+g«-2r«=0. 

In the same manner we find that 

16x*y*2i* - Br^a^h* +f^^ + r^* - 2«" =0. 

From the quadratic in a:yz we get asyE= 7 (^ sfa ij2t^ - p^ ; 

from the quadratic in x'yV we get as'yV =2 (r'db a/2«^* -JP'j*) 5 
therefore 4 (r*± ^28^^-p^(f) =z{f± ^2r^-p^\ 

22. Since X=ax+aiXi + a^y Y=hx-{-hiXi+h^t Z=ex-k-e^x^ + c^^ 
we have X (Jbc^ '-\c)+T (coi -c^a)+Z (aftj - Orfi) 

And since aX+6r+cZ=0, aiZ+6ir+<JiZ=0, we have 
X Y Z 

T — T— = = -i i ; fl©6 ^^' 386. 

oci -b^e cot^- c^a (w-^ - a^ 
Substituting for Y and Z in the former result, we get 

y _ (6ci - \c) {gg (bc^ - \c) + &a (ca^ - c^a) + c, (oftj - Oift)} 

Similarly the values of Y and Z are known ; then by squaring and adding 
we obtain the required result. 

23. Suppose n= 2 ; then we have to shew that p + pia less than ?^ + r » 

and this is obvious since a, is 
then when the fraoticxns are 



M that «. ( J - i) is leeg than «! (1 - 1) : 
less than a^. Ihow let n have any value; 
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arranged so as to give the lectet stun, in any pair of fractions the greater 
denominator must come under the greater numerator by what has just been 
shewn : hence the arrangement which produces the least sum must be that 
which is given in the former part of the Example. 

In the same way the arrangement which produces the greatest sum must 
be that which is given in the latter part of the Example. 

24. f - J = ( ^ fr~ ) 5 *^® logarithm of this 

^.(«.6+26)|— +.(^-^j +...+- (^-^j +•+ 

thus we may put the logarithm in the form 

(S-a)" 






jn-l 



25. In the preceding Example suppose that the same quantity is added 
to a and to 6; then the logariUim is numerically diminishedt and as the 

logarithm is negative, the fraction ( r ] is increased. 
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1. X'-[2y + {dz-Sx-{x+y)}]+2x-{y+dz) 

=«-[2y+{3z-3a;-aj-y}] + 2aB-y-.3« 
=a!-[2y + 32-4aj-y] + 2»-y-8« 
=a;-2y-.82 + 4a!fy+2aj-y-32=7aJ-2y-62. 

ocK* - ftcaj'^ + c* 

3. Multiply the numerator by 7; 

7a53_4aB3- 21x^12 \ 35jBS + 14j^a-105a:- 42/ 5 

/ 35a^-20a^-105a;+ 60 V 
Z^ - 102 

Divide by 34; «»-3 \ 7ar»-4x«-21aj+12 / 7«-4 

JW -21a; V 

-4a^ +12 

-4a:« +12 

Thus ar*— 3 is the a.o.ic. 
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. Bx-a g+to _ (ag«a)(7as+9o)'l-(g+3a)(5a;+3a) _ 

6»+3a"^7g+9a" (5a;+8a)(7«+9a) *"*®- 

2a+x o-g (2a + g)«-(a-g)* . 

a*-»» 2a«+3ag + g« (2a+g)(a«-g») 

5. Multiply 1)7 15; 4g+l-5(5g-l)»15((B-2); ^. 

6. Multiply the seoond equation by 2 and add to the first ; fto. 

9 

7. Suppose that B overtakes ^4 in g hours; then B goes g x - miles ; and 

A goes {g+2i) X -J. miles : therefore -5- ~ T (*"*" *i)* 

8. Suppose g the number of guineas; then g +i8 ia the number of half- 
crowns ; th^refor^ 21g + ^ (^^ + ^) = 2<^* 



9. 



a*-f2a* -a+T (»'+«- ^ 



a« 



2a« + a J 



2a* -a + ^ 
2a» + a« 



2a« + 2a-^ )-o«-o + ^ 



10. (3-g)(3»-l)=^; 8g^-i^+3=0; &c. 

11. a- {2a- 3ft -[4a- 56- 6c- (7a- 86- 9c- lOd)]} 
= a-{2a-36-[4a-66-6c-7a + 86+9c+10cr|} 

= a-{2a-36-[-3o + 36+3c + 10d]}=a-{2a-36 + 3a-36-3c-l(W} 
=a-{5a-66-3c-10d}=a-5a+66+3c+10(i=-4a + 66 + 3c+l(W 
= -4 + 3 + 9 + 2 = 10. 

13. g'+5g + 6 \g" + 6g+8 



. \g" + 6g+8 / 1 
/g* + 5g + 6 V 



g+2 \x^-\-6x + 6 I g+3 

y g«+2g V 

3g+6 
3g + 6 

Thus g + 2 is the o.o.m. 

14. 12g* + Slog + 20a3 = (3g + 4a) (4g + 5a) ! thus (3g + 4a) (4g + 5a) may be 
taken for the common denominator. 

15. Clear of fractions; (g-2)(g-S) + 2(g«-l)(g-8)»8(g-l)(«-2); ^. 
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16. Add the equations and divide by 16; thus a;-y=5. Subtract the 
first equation from the second and divide by 2; thus x-^y^l7. Then add 
the two results ; &c. 

17. Let X denote the number of minutes after 9 o*clock. In x minutes 
the long hand will move over x divisions of the watch face ; and as the long 
hand moves twelve times as fast as the short hand, the short hand will meve 

over r^r divisions in x minutes. At 9 o'clock the short hand is 45 divisions 

in advance of the long hand; so that in the x minutes the long hand must 

pass over 45 more divisions than the short hand: therefore or ±==^ + 45; 

therefore 12x=a+640. 

18. Suppose that A alone could do the work in x days, and B alone in 

30 30 3 

y days; then A can do — of the work in 80 days; therefore — = 



X 



X 



5" 



„. ., , 10 10 2 

Similarly — + — = - . 
X y 5 



19, 



ix^''x{12y-4z) + 9y^-(yyz + 2^ ( 2a;-(3y-r) 
4x^ 



^ 



ix-{Sy-z) \-x{l2y-iz) + 0y^-Qyz-^^ 

y -x(12y-4z)-^{Sy-zy^ / 

20. 3(a;-3)-(a;-l)(a;-4) = (a!-l)(a;-3); &c. 

21. a - {3a - 56 - [7a - 96 - lie - (13a - 156 - 17c - 19^)]} 
= a~ {3a- 56- [7a- 96 - lie- 13a + 156+ 17c+19(?]} 

= a - {3a - 56 - [ - 6a -I 66 + 6c + 19d] = a - {3a - 56 + 6a - 66 - 6c - 19d] 
=a-{9a-116-6c-19d}=a-9a+116 + 6c + 19d=-8a + 116+6c+19fl? 
= -8 + 22 + 1 + 2 = 17. 

23. We shall find that as +2 is the g.o.m. of a:' -4 and a;2 + 10a!+16; and 
'x+2 divides a^-7x-lS; so it is the o. c. m. of the three expressions. 



24. 



2ic«-a;+2 1 .^^-l « , 

-h =7r-Tl » and ^r— 7- =2aj + l. 



4a^ + 3x + 2 2x + l' 2a5-l 

25. Multiply by 60 ; 20{a!-l) + 3(lla;-3)-6(3a;-9) = 130; &c. 

26. Multiply the first equation by 12 ; 7a!+ y=ll ; &c. 

27. Suppose that they meet x miles from Ely. The first person takes 
~ hours ; the second person walks in an hour — miles, that is 3| miles : he 

1 R — 'T O* Ifi — 9" 

therefore takes »7 ■ hours to walk 16 -ac miles. Thus -rr = q^ i that is 



9a; 3(16 -a;) 
40 "" 10 

T. K. 



3J 



? 



8^ 
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28. Suppose that there are x henches, and that y persons sit on each 
bench : then the whole number of persons is xy ; therefore a^=(as+10) (y—1), 
anday=(a5-15)(y + 2). Thus 10y-aj-10=0, and -16y+2aj-30=0. 



29. 



aJ«-4ar» + 6x*-8x? + 9a5«-4a5+4 [ a:»-2a:»+a;-2 



c 



205^-2x3 \ -4ar» + 6!B*-8a:» + 9»«-4a; + 4 



y 2a;*-4rg»+ x* 
2ai?^4a? + 2x-2 ^ -4«3 + 8x2-4x + 4 

4a;+4 



y -4ar» + 8x»- 



45 



30. lla"-9x=-T-; &c. 



1 x2 + 3x4 2 + 12 14 
2x3-1x4" 6-4 2~^' 



3«-2»=9-8=l, 



^(16 + 9 + 2)= •/27=3. 

3^- {^-'^)iro-'hm-ro-^-^' 



83. 



a^-115a;+24 \ 24a^-115a:? 



; 



24** 



-2760a; 



+ l(: 

+ 676 V 



24 



Divide by -115; 



Divide by 24 ; 



- 116a? + 2760a; -576 






-115a;+24 / x 
24«2 + 5x 



c 



24a;3.i20a; + 24 



jB?-6x + 



1 \a;« -24a;+5 / x+i 

yar»-6a;«+ a; V 



6a;«-25«+6 
5a;«-25« + 5 



Thus a:' - 5a; + 1 is the g. c. m. 

«, (l+a;)(l+a;) + (l-a;)(l-g;) + l+ay' _3( l+a;«) 



36. a!?-9a;«+27aj-27-3(a;'-6a;«+12«-8) + 3(a;»-3a5«+3a;-l)-x«=9-a;; 
that is -6=9 -a;. » 

36. Multiply the first equation by 5, and the second by 3, and subtract;, 
thus y=7; &a. 

37. Suppose that he bought x sheep of each kind ; then he spent 3a;+4j; 

7a; 
pounds, that is 7a; pounds. HaH hia money is -^ pounds ; thus he can. get« 

-^ sheep at £3 each, and -^ sheep at £4 each. Therefore -^ + -^=s 0x^-2, 

o Do 
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38. As 20 women are to receiye £60, each woman receives £3. Suppose 
that a man receives £>Xf and a child £y. Then 15x + 30y = 177 - 60, x+y=6. 



OQ a?xSy_y^ixly 



y' 



2x 



^ y 

X 

"y 


4^2x 

1 




^y 


-1 + 


2x^ 


y" 




-1 + 


2x^ 


y' 



40. 2aj(a;+l) + (aj-4)(4aj-3)=9(a;-4)(a;+l); &c, 

5x7-lx3 _35-3_32_ 83^«_27_25-2 

^^* 3x5-lx7"l6-7"T"^' 8-5-27-25-2, 

4/(49 + 16)= ^64=4. 

42. Each expression reduces to a (a* - 3aa; + 2a^. 

43. OB^-I \ir»-xHic3-x» + a;-l / a?-a;+l 

-ic* + a^ +a;-l 
-a!* +« 



«» -1 

X3 -1 



Thus ic'-l is the g.c.m.; and therefore a?* - »* fa'-ac'+x-l ia the l.o.m. 

^ g^ + 5g+6 a;«4-6a; + 5 (g+2)( g+3) (g+l) (g+5) ^ {a;+2)(g+l) 
• aj2 + 5a. ^ aJJ+3x -" x{x + b) ^ aj(a;+3) " «» 

45. Clear of fractions ; thus 

(3x- 1) (3aj-l) (6a5-l) + 4(x + l) (3iB-l) (6aj-l) + 9 (a;-|-l)(2a;-l) (6a;-l) 

= 36(a; + l)(2x-l)(3a5-l); 
this reduces to - 84aj + 12 = - 144a; + 36. 

46. Multiply the second equation by 8, and add to the first; thus 
58a: - 29y - 29 = ; divide by 29 ; 2a; - y — 1 = 0. Again, multiply the second 
equation by 3, and add to the third ; &c. 

47. Let X denote the number of gallons ; then the mixture is sold for 
12 (aj+80) shillings: therefore 12 (a;+80) = 15x80 (l + j^) • 

48. Suppose that A can do the work alone in x days, Bmy days, and 

^ ' A XV, 111 111 111 ^ ,,.,. 

^m^days; then - + -=^-, - + - = 15, y+.=20- ^7 ^^*^°^ 

02 
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2( +- + -) = ^; therefore -+-+- = — . Thus A, B and C together 
\x y z J o X y z 10 

can do — of the work in one day, and therefore can complete the work m 

10 days. 

49. ABSume* for the square root >/* + v'y; 

then as in Art. 301 we have x+y = a-Cy y/{xy)='s/{ab + hc-ac-h'^); 
therefore (a;-y)2=(a-c)«-4(a6 + 6c-ac-6*) = (26-a-c)«; &c. 

^^ , 3 16-4X-3 13-4a: „ 13-4a; 12-3a! 

50. 4-- = : = -: ; 3^- 



4- 



i-x" 4-aj "" 4-aj * 4-a5 ""13-40;* 

12 -3a ; _ 52 - 16a; - 12 + 3g _ 40 -13a ; ^ 
13-4a;"" 13-4a; "" 13-4a; ' 



„ 40-13X 39-12* _, 39-l?a; 

13 - 4ie 40 - 13a5 40 - I6x 

therefore. 13a:2 - 62a; + 39 = ; therefore a» - 4a; + 8 = 0. 

51. When the expression is worked ont the coefficient of x is 
a + b + c-\-a+b-c- (b + c-a)-rc + a-b, that is 4a; similarly we can find the 
coefficient of ^, and the coefficient of z, • 

52. (s-a+«-5)» = («-o)' + («-6)3 + 3(«-a)(»-6)(a-a + «-6); 
and «-o+«-6=2*-o-6 = c. 

63. a!*-2a;8y + 6xy-2ay5 + 4y* \x^-Sic^y-k-^y^-Bxf + 5y*( 1 

y a^-2a;»y-f 53:V^-2a;.y^4-4;v-^ \ 

- ar*y+ xY*- xy^+ y* 
Divide by -y; x'-x^+a^'-y' \ a;* - 2a;^ + 5xy - 2a:y* + 4y* / x — y 

— x^y + 4a;'''y* - xy^ + 4y* 

- ar*y+ a^y^- snf^+ y* 



3a;^« +3y* 

Divide by 3y-; «' + y' \ a;'-a5*y+a5y'-y' / x-y 

J 7? H-gy* V 

- xhj - y* 

Thns a;'+y''* is the a. cm. 

g^ (g-o)« + (a;-5)«-(a-5)« ^ 2a;«~2a»~2a:6 + 2aft ^ 2(a;-a>(x-ft) ^ 
(«-o)(a5-6) "" {«-a)(«-6) («-a)(ap— 6) "" 

65. 9x»-6jc+l+16cB*-16x+4=25x»-30x+9; &c. 

56. Clear of fractions, and simplify; thus we get x-y=6, x+y= ~3. 

57. Sappose that A conld complete the work alone in x days, B in y 
days, and C in t days. Since A^ B and C together can do a third of the 
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work in 3 days, - + - + - = s • Similarly -+- = -, and - = 5 . The last 

X y z 3 y z S z o 

equation finds 2, then the second finds y, and then the first finds x, 

58. Suppose that in going from A to B the person walks x miles np-hill, 
y miles on a level, and z miles down-hill ; then on returning he walks z miles 
up-hill, y miles on a level, and x miles down-hill. Thus 



3 "*"bi "*"3~i -^"60 "• '^' Sl^H "^ 3"^'* 
Also a;+y+z=7^. Add together the first and second equations; thus 
(«+2)(|+^j + ^=4J. Substitute for «+«; thus {^-y)li+^ = H' 
Clear of fractions ; &e. 

/en 6x»- x^\ 12«« 

^^' -2x^ -a^(6a^-a;«) 



6a;8-3aj^-3 12aJ«- 6x*+ 



1^1 
«* J 



12iB»-12ic«4-3a;* 
-3(6g»~3g»-3) 

12a« - 12a^ + 3aj* - 18ar* -I- ^x" + 9 

8a9- 12aj8+6«7-37a3 + 36a^_9a^ + 54aJ»_27aj«-27 / 2*»-aj2-3 
8^ V 

- 12«8 -I- 6a;7-37a:«+3(kc6-9a!* + 54»3- 27*^-27 

-X2a^-h6gy- gg 

- 36«» + 3tMc* - 9aj* -f 54«» - 27«"-» - 27 
-36xH36a^-9a:*-f54a^-27g«-27 

69. Clear of fractions; thus 

(«»-o«){»W'(a5"-6')+a*(m3-l)} = (a!«-6«){OT(x2-o»)-aw(m«-l)}; 

therefore (x* - a*) xft = - (x' - 6*)xa ; therefore x = or 6 (x* - a^ = - a (x* - 6*) : 
the latter gives x* (a -i- 6) = (a 4- 6) db. 



61. 24Jx-J(x-l)]jx-?(x-2)|jx-|(x-lJ)j 



2x-x-f-l 3x-2x + 4 4x-3x+4 
=24 ^ . g . ^ =(x-H)(x-i-4)(x-|.4). 

And (x+2)(x+3)(x-f4)-(x-|-l)(x-h4)(x+4) 
= (x+4){(x+2)(x-t-8)-(x^-l)(x+4)}=(^+4){x«-^5x-|.6-{x• + 5x-^4)M(«+4). 

^ o« ^_ x*+g*-2x'o» _ (x»~o«)« X a a^-a^ 
^^' aa"''x«" x«aa " x^a« ' a " x ^ ' 

Ux'-ay jV x«~o« (x* ~ g^)* xa __ (x«~aV 
i xV 1 • xtf "^ x*a* ^x^'-a^"" »?o» * 
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63. Multiply the first expression by 7 ; 

7a»-23icy + 6y« \ 35a:»-126xV+77ajy»-42y» / 6« 
/ 35a^ - 1 15x V + 30ay » V 

- lLr2y + 47ay-42y» 

Divide by -y, multiply by 7, and continue the division; 

77««-329ay + 294y«/ 11 
77a;^-253gy+ 66y« V 

- 76a;y + 228y« 
Divide by-76y; x-3y ) 7aj« - 23ajy + 6y« / 7« -& 



- 2ary + 6y* 

- 2xy + 6y« 



Thns a; - 3y is the o.CK. 



64. The fractions may be expressed with the common denominator 
a:^+x^ + l, and then added together. Or we may proceed thus: add together 

the first and second fractions; this gives ^ — - — . , — r^ —^ which 

ar+ar + 1 

JC* — 9?*+ 1 

reduces to -r — = — ^ ; then add this to the third fraction, and we obtain in 

or + JB* + 1 

., a:*-a;* + l 

the same way ^^^^^^. 

65. 4(.^3)-(x-6)0.-2)^a^-16-2(.-l)f.,5) ^^^^^^^^^ 

(x - b) (ac - 3) (« - 6) (« - 4) 

(«-6)(aj-4)(-jt«+12aj-24) = (a5-6)(a;-3)(-«3 + 12a;-28); 
that is (a»-9a;+20)(-a;' + 12«-24>=(x«-9a;+18)(-a;3+12x-26), 
therefore («« -9a;)(-«3 + i2aj) + 20 (-a;2 + 12a;) -24 (ai»-9a;) -20 x 24 

= (x«-9«)(-a;«+r2a;) + 18(-ar»+12x)-26(x9-9«)-18x26; 
therefore 2 (-ai»+12a;) + 2(a:'-9a;)=20x24-18x26; &c. 

66. Olear of fractions and simplify ; then the equations become 

hx — ay—Oj 2bx — ay=ab. 

67. Let X denote the number of pounds he gave for the house ; then the 

4kX 26a; 

total outlay in pounds was x+j^, that is -»v-» His loss owing to the 

V * J- *-• 1- J * 26* 5 -^ --^„ 26aj 26a! 5 

house standmg empty is reckoned at -^^ x t^ . Then 1192 —^=- - -o^x-rj: 

lOsB 

is the gain ; and therefore this==7r7r. 

68. Suppose that at the first division x votes were given for the resolution 

and y against it; thena5-y=-y; and a5-10-(y + 10) = l. 

9 
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69. Transpose a nd sqnare ; aj--2 sfxa+a^x+a-l-^ ijh[x+a-l)+h; 

tlieref ore Jxa = Jb{x + a-b) ; square ; xa = b{x + a- b); therefore 
X (a — 6) =6 (a -6). 

70. This equation can be solved in the ordinary way. Or we may write 
it thus: (x-2)(x-B)=f2+-j M+iV and thus it is obvious that one 

solution is given by 05-2=2 + — , that is a5=4^. And as the sum of the 

7fi 
roots is 5, the other root is — . See Art. 336. 

71. ^{(2 + 6-3)25}+4^{(3 + 6)(25-24)}+4/{(6-2)(5-3)} ' 

= 4/53+^8+^8=5 + 2 + 2=9. 

72. Each expression = ac (y« + 2?) + y (2*+ ar») + 2 (ar» + 3^«)+2a^2. 

73. Multiply the first expression by 4 ; 

4x8 - 15x« - 38a;+ 65 ) 20x3 - 76x« + 220a;- 1700 / 5 

y 20ar»-75g«-190x+ 325 V 

-ar' + 410x-2025 

Change the signs of the new divisor ; 

a?-410x+2025 \ 4x3- 15x9- 38x + 65 / 4x 



> \4x3- 15x9- 38X + 65 / ^ 
y 4x3 _ 1640x2 + 8100X V 



1625x3 -8138X + 65 
Divide by 13 and continue the division ; 

125x2- 626x+ 5 / 125 

125x8 - 51250X + 253125 V 

50624X - 253120 > 
Divide by 60624 ; aj - 6 \ x« - 410x + 2025 ( x - 405 



) \x«-410x + 2025 ( a 
y x ^— 5x \ 

-405X + 2025 
-405X + 2025 



Thus X - 5 is the a. 0.1c. 

74. Take for the common denominator (a-J) (6-c) (c-a), then the 
numerator is (c-6)6c(x-a)2+(a-c)ca (x-6)2 + (6-a) a6(x-c)^ that is 
a5^{(c - b) bc + {a-c) ca + {b- a) a6}, that is a^{a-b) (b-c) {c-aj. 

75. Square; (x-a)«+2a6+6*=(x-a)9+26(x-a) + 6«; 
tlieref ore 2a& =2b(x-a); therefore x = 2a. 

76. ax+cy+bz=ht cx+by+az=hj bx+ay+cz=hf where h stands for 
<»*+63+c*-3a6c. Subtract the second equation from the first, and the 
tlurd from the second; thus 

• (a-c)x+(c-6)y+(6-a)2=0, (c-6)a;+(6-a)y+((J-c)2=0. 
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Hence 



(c-6)(a-c)-(6-a)«"'(6-a)(c-6)-(o-c)«""(a-c)(6-a)-(c-6)«' 
by Art. 885. It will be found that each of these three denominators 
reduces to aft+ftc+ca-o'-ft'-c*, so that x=y=z. Hence substitnting in 
one of the given equations we have (a + 6 + c) a; = a^ + 6' + c^ - 3a5c ; divide by 
tt + 6 + c; tlierefore a5=o'+6'+c*-6c-m-a6. 

77. Denote the length of the circuit by a miles ; then A walks 8a miles 
in half an hour, that is at the rate of 6a miles in an hour ; similarly B walks 
at the rate of 9a miles in an hour. And at the end of half an hour we may 

consider that A. ia ^ miles in advance of B, Suppose that B overtakes A in 

X hours; then 9axa=- + 6axa5, thus8afl5=^; therefore af=^. 

78. Suppose that a mackerel cost x pence on the first day, and y pence 

240 
on the second day ; then ^^^ is the number of dozens which could be bought 

12 
for a sovereign on the first day, and — is the number of mackerel which 

12 240 

could be bought for a shilling on the second day. Therefore — =2 x ^^ , and 

10x+ 10^=26. 

79. We know that {p + q)^ =i>' + g' + Spq {p+q). Thus we get 

a?=a+ Va*+^+«- nA?+6^+ 3a; ^ (a + /s/^*T3») i^(a- J^T¥), 
that is a:»=2a+3a; 4^(a« - a« - ft^), that is «»=2a-3a*. • 

80. Transpose and cube ; thus 

ar» + 8a:« + 16aj-l=(a: + 3)»=ar* + 9a5? + 27aj+27; therefore a:? + lias +28=0. 

81. This can be shewn by actual multiplication. 

82. This can be shewn by actual development of the expression 
X^+Y*+2P-TZ-ZX-XY. 

88. Multiply the first expression by 8 ; 

8«*-13a»» + 5oV-3a8a5+3a* \ 66«*-80aa?+24a^-82a»a;+82a* / 7 

y 56g* - 91ag»+ 35aV - 21a3a;-h 21a * \. 

llaar» - llaV - llo»a;+ llfl?" 

Divide by 11a; a!»-aar»-a»aj+a» \8aj*-18aa«+ 5a«x«- 8a«« + 3a* / 8aF-5a 

y Sx^- Saa^^ 8a V+ 8aSa; y 

- 6a«* + 13a8»^-lla3a; + 3a* 

- 6aa!3+ 5ttV+ 5cfix-6a!^ 

8aV-16oSa; + 8a*" 

Divide by 8a'; a^-2aa5+o« J a?- aa?- o'« + a' / a;+o 

y ac* - 2aa;* + a^ac \ 

aa5^-2a*« + a* 
aa5*-2a*a; + a* 

Thus «'-2aaf+a" is the o.cm. 
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84. The common denominator is the product of all the denominators ; 
and the example may be worked in the ordinary way. Or we may proceed 

1 1 2aj 2aj 2a; 4»8 4iB3 4«* Sx^ 

• \-x 1 + a: l-a«* 1-x* l + r» 1-ar*' F^ H-a^^l-scS' 

l-a;8 ""1 + 0:8 -i>a:i6- 

85. Clear of fractions. Or we may proceed thus : 

2»+;r-5 — s 5 = 2xH t; therefore 



therefore (as + 1) (2a; + 1) = 2x* + 2a5 + 3 ; &o. 

86. Multiply the first equation by 6c + ca + a6, and the second by 
a + 6+<j, and subtract; thus (a* - ftc) a; + (6*-^ -ca)y + (c'- 06)2=0. Combine 
this with the third given equation ; thus by Art. 385, 

X y z 



(6 + c)A~(c + a)A"'(a+6)A* 

where A stands for a^ + 6* + c* - 6c - ca - oft. Thus we have simply 

X y z ^ 

r — = -^— = — r =a; say. 
6+c + 0+6 

Substitute in the first given equation and we find that X;=2s • 

a 

87. Suppose the amount of ordinary stock to be x pounds. Thus the 
dividend paid to the shareholders in pounds is T^ + fflj ^ ^00000 ; this 

therefore must be equal to rrr^r /« -1-400000). 

88. Suppose that the man walks x miles an hour up-hill, y miles an 
hour on level ground, and t miles an hour down-hiU. Then - + - + -=344, 

f. A K 

+ - + -=4. And when he walks half way to B and back again he walks 
X y z " ° 

5 miles up-hill, then 2 J miles on level ground, then 2 J miles again on level 

e r er 

ground, and finally 6 miles down-hill: thus -4.-+-=3^i. Subtract the 

X y z ^"^ 

112 

first equation from the second ; ^ Tr ' -^^y multiply the second 

equation by 5, and the third by 4, and subtract ; — + -=4| ; &c. 

•V Z 

( 1 )i_ J l61-Vl9360 )i_ i 161-^/19360 )^ 

hei+A/meoi Ui6i)'-i936o5 ( esei J 

= i |l61- Vl«36oj = i |ll-^j : see Art. 301. 
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90. a(x+l-e) + hfyi-\-a^e)=2{x+a-e){x+b-c); therefore 

2«'+x(a+6-4c)= -2c'+(a+6)c; therefore 
a. g(a+5-4c) . f a + h-Ac\ *_ ^ . (a+h)c , (a + 6>4c)' (a-l-J)« 
*+ 2 "^V 4 ;--^+— 2"+ 16 16 ' 

therefore «+ - . — =±—7- : &o. 

4 4 

91. 8a;-[5y-{2a;-(3a-3y) + 22-(ac-2y-z)}] 
= 3a5-[6y-{2a;-3a + 3y + 22-a;+2y + 2}] 
=3x-[5y-{x + 5y}] = 3a6-[6y-»-6y] = 3«+a5 
= 4a;=20. 

92. These results may be established by working out the expressions. 
Or thus : by Example 81if|) + 5+r=0we have p*+q*-\-r^=2q^f^+2r^^+2p*q*i 
and thus of course each of them is equal to half the sum of the two, thiat is 

to s(|)*+2* + r* + 25V2+2ry+2j5V)» t^^a* ^ ^ oip' + f + r^*- Then if 

we suppose ^=a5-y, q=y-Zy r=z-x, we have p + q + r=0; and 
jp'+5'+r^=2(x*+y'+2*-yz-ffl5-a5y): thus the results are established. 

93. «?+(m-3)x»-(2m'+3m)a;+6i»» \ «»+(5TO-3)a;«+(6wi«-15m)«-18m« / 1 

/ ar>-f (m-3)ap»-(2TO«+ Sm)x-\- 6m« V 

4ma;2+(8m''-12»i)«-24«»* 

Divide by 4m; x' + (2m - 3) as - 6m \ a5'+(m-3)a^-(2m* + 3m)x + 6m' / x-w 

y x» + (2m~3)x*-6mx V 

- mx* - (2m* - 3m) x+ 6m* 

- mx* - (2m' - 3m) x + 6m' 

Thus x' + (2m - 3) x > 6m is the o. cm. ; that is (x - 3) (x + 2m). 

94. The given fraction =-s^ — ^r — :r^, 'r — ^ — [ ; the denominator 

^ a'(c-6) + 6*(a-c) + c*(6-a) 

is known to be equal to (a - 6) (6 - e) (c - a). The numerator is equal to 
(a-6)(6-c)(c-o)(a+6+c); this may be shewn by actual work, or by the 
method of Art. 808. 

95. Clear of fractions ; thus we get 4 (x - 1)^ ■= 0. 

96. Put u for the value of x-a, y-h, z-c; thus x=u+a, y=»+6, 
z^u+c: substitute in the first equation, and we get 

(t*+a)'' + (tt+6)' + (M+c)8=3(tt + a)(tt + 6)(« + c); 

this reduces to 3tt (a'+ft'+c* - 6c- ca- a6)=3a6c- a'- 6' - c^ ; 

therefore n = _ (a + 6 + c). 

o 

97. Let X denote the number of sixpences, y the number of shillings, 
and 2 the number of half-crowns. Then x+y+z= 102, x=2y= 6z, 



I 
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98. Suppose that the distance from A to B is x miles, and that the dis^ 
tance from BtoOiBy miles. Then qy + 7 is the number of hours the per- 

son takes to walk; and this is equal to -^. And it is also equal to 
y 05 14 _, 2a; V 4(a5 + y) Ay x 14 ., , Ax x 14 

therefore as= 14 ; &o, 

99. z3+r2+z"-3xrz=(z+r+z)(x»+F«+z«- tz-zx-xy). 

Now X+ y+Z=(a + 6 + c)(a5+y + 2); hence by the aid of Example 82 the 
required result follows. 

101. (4aj + 2)*-(2a;+4)*=(3a;-l)*-(x-3)*. 

Now (4a;+2)*-(2x+4)*={(4aj + 2)a + (2a:+4)«}{(4fl5+2)«-(2a5 + 4)«} 
= {(4aj + 2)» + (2x + 4)2}{4a; + 2 + 2ic+4}{4a5 + 2-2a-4} 
= {(4a5 + 2)« + (2« + 4)2} 12 (« + 1) (a; - 1). 
Similarly (3x-l)*-(a;-3)*={(3a;-l)« + (a;-3)«}8 (x+1) (x-l). 
Hence we have either (x + 1) (a? - 1) =0, or 

12 {(4aj + 2)3 + (2aj + 4)2} = 8 {{3a; - Vf + (x - 3)'} ; 
the latter reduces to ar^ + 3a! + 1 = 0. 

102. Let X denote the middle number ; then (a; - 1) « (a; + 1) = 15a; ; there- 
fore ai*-l = 15. 

103. The second equation gives 2(a;+y)=a^; thus a5y=18; substitute 
9-35 for y, &c. 

104. We have given that x=pyz and y=q{x+z)f where p and q are cer- 
tain constant quantities: therefore x=ipqz{x + z). Now put x=2 and z=2; 

thus we obtain pq=2» Hence the relation between x and z is 4x=z(x + z). 

If we put 06=9 we shall find z=S or - 12. 



;. ¥(2-17x|)=9x-|=- 



106. 



"^■?i'-(-iri-f('-«. 



and 



U 14 28 

~ 3 



^H)^4 



107. 




132 |2n.-2 2n(2n-l 182 

"oi" ^ I I n 'y therefore -. — Vw — -^\ = -1^ ; 
85 n |n-2 * (»-l)(»+l) 35 



therefore 86n(2n-l)=66(w«-l) ; therefore 4n«-36»+66=0. The only 
admissible root of this quadratic is 6. 
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108. (2-l)« = l«»=l. 

in 

109. By Art. 528 the general form of the coefficient is ^— 



\p\q \rls\i,.. 

where 2> + 9+r+< + ^f...=n; and in the present case none of the quantities 
2), J, r, ... is to be greater than unity, so that the coefficient is \n. 

110. (I'OS)' is to lie between 1000 and 10000, so that its logarithm mnst 
lie between 3 and 4. Now 

108 2^ 3' 

log (l-08)*=»logj^=aj log -j^=a; (2 log2 + 3 logs -2)=a;x -0334239. 

3 

Thus X may have any integral yalue not less than -„,,^,.., ^ and not greater 

4. 

than - - .Q Q • It will be found that x must lie between 90 and 119, both 

inclusive. 

111. Square ; 

a(6 + aj - o) + 6 (x+ a - 6) + 2 {06 (6 +05- a) (aj + a- 6)}i =05 (a+ 6-05) ; 

therefore «' - (a - 6)' = - 2 {oi (6 + « - o) (oj + a -6)}i ; 
square ; {x« - (a - 6)'}« = 4a6 {2? -(a- 1)-} ; 

therefore a;* - (a - 6)«=0 or «* - (a - J)*=4a6 ; 

therefore x^={a-b)* or (a+ft)^. 

112. ^ + ?="^/ = <^?^-2; nowa+/5=-^ ai3=^ see Art. 335: 
p a ap ap a <* 

thus « + - = 2. And - x - = 1. Hence the required equation is 

p OL ac p ^ 



-(S-) 



r 

113. The first equation gives a5'+y*=s«y; thus a;*+y*=20; therefore 
«' + y* - 2a[y = 20 - 16 ; extract the square root ; &c. 

114. (aj-2)(a;-l) = (aj-4)(a:+3). 

115. Let d be the common difference; then the terms are 18-4{{, 
18-3d, ... 18 + 3d, 18 + 4d: therefore the sum =9 x 18=162. 



116. The common ratio 

1 . 1 1 + V2 (1+V2)(3-^2V2) 



=V2-1. 



3 + 2V2*l+V2 3 + 2V2 (3 + 2 V2) (3 - 2V2) 
The sum to n terms 

1 (v/2- 1)^-1 1 1~(V2-1)* ^ 1-(V2-1)" 

1 + n/2 V2-1-1 '°lrV2* 2-V2 V2 

117. First consider those cases in which the Uui sign is potUine* In 
these cases every negative sign has a positive sign after it. Thus we may 
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consider that there are n inseparable pairs, each composed of a negative sign 
followed by a positive sign ; and p-n single positive signs besides. The 

\p 
number of these cases is - — j=^ — by Art. 497. Next consider those cases in 

n \p-n 

which the last sign is negative. In these cases every negative sign, except 
the last, has a positive sign after it. Thus we may consider that there ave 
Q- 1 inseparable pairs, each composed of a negative sign followed by a posi- 
tive sign; and o-n + l single positive signs besides. The number of these 

cases is ■=-^= =- , Then the sum of the two numbers 



n-1 p-n + \' 



\V ( n ) (p+i)[p |y> + i 



\n \p-n \ p-n + 1) (p-n + l)\n p-n |n |^- n-f 1* 



118. First suppose r not greater than m ; then the coefficient required 

is that which arises from the expansion of ^ jz — '-^ , that is from 

\l-xy 

the expansion of (»i-m + l)a;(l-a;)"'^: the coefficient is therefore n-m + l. 

Next suppose r oetween m + 1 and n + 1) both inclusive; then besides 

»-m+l we have to find the coefficient which arises from the expansion of 

- -= rx, that is from the expansion of -a5'»*+i(l-a;)"2; that is-(r-?M) 

(1 - xy 

by Art. 621: therefore the whole coefficient is n-TO+l-(r-m), that is 

n-r+1. Last suppose r greater than n+1; then besides the n-r-i-1 just 

obtained, we have to find the coefficient which arises from the expansion of 

n r«, that is from the expansion of a;**+*(l-a;)~^: this is r-n-1 by 

[l-xy 

Art. 521: therefore the whole coefficient is n— r+l+r-n— 1, that is 0. 

119. V(»' + l)-«=!v(»'+l)-»}^g±{}i^=;^^^„: and this 

is greater than -^ z , and therefore greater than 777 rr . Hence the pio- 

^ 2n + l* ^ 2 (n+1) 

posed series is greater than o1o + q + 4 + ---!; ^^^ is therefore divergent by 
Art. 562. 

120. Log ^7^ = - 13 log 1-05 = - 1 3 X -0211893 = - -2754609 

= - 1 + -7245391 =log -5303214. 
LogTj:^= - 20 log 1-05 = - 20 X -0211893= - -423786 
a -l + -576214=:log -3768894. 
Then ^ | -6303214 --37688941 =20 x- 153432 =3 06864. 
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121. Transpose and sqnare ; thus 

therefore (4+5aj- «»)'J (ac' + Sx- 4)i =0 ; 

therefore either 4 + 5a5-»*=0ora:*-t-3a5-4=0. 

122. Let p denote one root and 2^ the other; thus a^+&/3 + c=0, and 
4a/3* + 26/3 + c = : therefore by subtraction 3a^ +6/3 = 0; therefore /3 = - — . 

Substitnte this value for 13; thus - — ;; — Hc=0; therefore 2&^=9ac. 

9a Sa 

^M I ^g IT 

123. -rr = ^; therefore (x + y)* + 5 (ae+y)= 84; hence we obtain 

1 1 x+ V 
a!+w=7 or- 12. Again - + - = -— ^ ; therefore aw=12 ; &c. 
^ « y 12 i^ ' 

124. Let X, y, z denote the three parts; then ^ = ^ = -^; &nd 

4 o 

a5+y+«=lll. Thusa;=-=-, y=— = — . Substitute; ^ + ^+2=111; &c. 

U D O O u 

125. See Art. 454. Both Talues of n must be positive integers. Thus the 
6 am and the difference of the roots must be both even integers, or both 

odd integers. Therefore — j- — must be a positive integer ; and ( -r- - 1 ) + -r 

must be a positive integer, and a perfect square ; moreover the two integers 
must both be even, or both be odd, and the square of the first integer greater 
than the second integer. 

126. We have to find the sum of n terms of the series - h — -1 — = + ... ; 

a ar aar 

i-1 
,, lr» 1-** 

the sum= 



a 1 aii^~^ (1 - r) * 



r- 



irtff TXT • A-L' A XI- 1? A • *w.n(m» — l)...(m»— »+l) 
127. We can give n things to the first person in — ^ '-r-^ ■ 

ways. Then we have mn - n things left, and so we can give n tLings to the 

. . (mn-n) (m»i-n-l)...(mn— 2n + l) . , ,-_ 

next person m ^ — 1 — - — i ways. And so on. The 

product of all these numbers is the whole number of ways in which mn 
things can be distributed among m persons. 

= 2'» (1 -«)"»- ii2*-i (1 -»)-« +^i^^llV-« (1 -«)-! + ... 
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Expand each term, and pick out the coefficient of a:"^"^; thus by Art. 621 
obtain — ^^ ^^ - »2'* -^ (» + r) + — ^-^ — ^ 2*^ ; it will be found 



we 



2 



that this reduces to 2**"^ {(n + 2r) (n + 2r + 2) + n}. 

129. As in Art. 529 we have 

g+2r+3«=4, p + q + r+8=S, 
The coefficient is 

j L- [2 + [2 * 

I that is 12 + 27 - 36, that is 3. 



1 
1 




1 


2 



2 

1 


1 





n« 



130. The n*^ term of the series is t— . Now it is easily seen that 

n3=n(ji-l)(»-2) + 3n(n-l) + n; and therefore this term may be written 
13 1 



thus: 



i ^ + s + T r . If we apply this transformation to eyery 

»-3n — 2n-l "^ 



term for which n is not less than 3 we obtain 

. 28 ^ , ^Jl 1 1 



that is 



6 I1 + I+T2+T3+T4+ |» tliatisSe. 



131. The equation may be written thus : 

V(a-3)(x-5) + V(a;-3)(»+6) = V(« " 3) (4a; - 6). 

Therefore either x - 3 = 0, or -y/(a; - 5) + V(« + 5) =■ V(4a; - 6) . Square the last ; 
2x + 2>/(«* - 25) = 4a; - 6 ; therefore a; - 3 = V(«* - 25). Square, &c. 

132. Let a and /3 denote the roots ; then a + B=-: if a and fi haye the 

'^ a '^ 

same signs this sign is that of - , and if a and p haye different signs the 

ct 

sign of the numerically greater of the two is the sign of - . Similarly 

vv 

-+ — =-: and so the sign of - is the same as that of the numerically 
ape c 

greater of the two - and - , that is the same as that of the numerically 

a p 

less of the two a and /3. 

133. Put ao-a=ty y-b=u, z-c=v; substitute for a?, y, and z ; thus we 

get t+u+v=0, -+r+-=0, <'+fi'+t;2+2to+2tt6+2w=0. From the first 

a c 
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and second equations, by Art. 885, we have — — =— — =-— — =i Bay; 

e 6 a e b a 
substitnte in the last equation ; thus 



i^l^XzS-^^'- 



a)',(a^'j,,|«^,M^,cJ^)|=0. 



6V ' cV 

therefore ib =0, or A = - 2o6<? -5-^ — ,^ . ,«/ /a . ^/ jr. • 

' o* (6 -cr + o^^c-flj^ + c* (0-6)" 

134. Suppose that ^i takes x half-crowns, y shillings, and z sixpences ; 
and that B takes t half-crowns, u shillings, and v sixpences ; then 

6a;+2y+2=5e + 2tt+«; -35— = -4—^ = ^=* say; 

aj+y+2=60, <+M + i;=60, ie=« + 2. 

Thus X 4 < = 3ifc, y + « = 2X;, « + 1> = i ; therefore «4 y +2+^+1*+ v = 6i; ; or 120 = 6t, 
80 that ik = 20. Hencex+<=60, anda;-t=2; therefore a;=31, £=29; &c. 

135. We have -=a-h(p-l)6, -=a-H(g-l)6. Hence, by subtraction, 

=(p-q)b; therefore is — . Substitute the value of b; thus 

q P ^ ^^ m 

1 «— 1 1 n 1 

-=a+^ — ; therefore a= — . Thus the sum of n tenns=s (n + 1) — ; and 

this =^^^75 — if n=p2. 

136. Wehave&=-jr-» ^=-7^» -+- = - + -. 

2 '^ a + 7 7 a c a 

Hence Q>Bf = ^ ^ / J . But ^ = ; therefore ' - = ^^ ; 

therefore ^^^±^ = — . Thus (6)3)« = oc 07. 
(a + 7)^ ay 

137. Take any 2 of the ^3 consonants; put either at the beginning and 
the other at the end of the word; this gives 6 cases. The remaining* 6 
letters can undergo 16 permutations. Therefore the required number is 6 16. 

138. We have (l-{-xf^=aQ + a^x-{-a^^'\-a^-^ , 






thus aa^-ai*-Ha«*-a.'-h... is the term which does not contain « in the 
-n -1 "-J 

product of (1 + «)*• and ( 1 - - I • 

/. ,^ /, l\a* (aj+l)«»(«-l)*» (g'-l)»* 
Isow (l+a5)>»x^l--j =^ ^ L.=:L__Z_. 

The term which does not contain x is the coefficient of x*^ in the expansion 

(-ir|2n 

of («•- 1)**; and this ifl — 1 — r~. 

\n\n 
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139. The »«» term is -jr- . Now ^n is less than 2 ; for (1+1)«= l+n+'... , 

so that 2* is greater than n, and therefore 2 greater than !^n. Thus every 

1 

term of the series is greater than ^ ; and the series is divergent by Art. 557. 

140. We have from the given equation y = log (1 + a;) ; therefore ^ = 1 + « ; 
therefore aj=e>'-l=y+n>+l^+ 

1 19 

141. aj'-8a5+7-V(«'-3aj+7) + j=20J; therefore V(«'-3ic+7)- 2==*= 2* 

The root ^ (pt?- Sac + 7) = - 4 does not strictly apply : take ^ («*-3a5+7) = 5 ; &c. 

142. Suppose that x men stand in the front rank of the solid square ; 
then 0^ is the whole number of men. In a hollow square 24 +a; men stand 
in the front rank ; and as a hollow square is four deep the number of men in 
it is (24+a5)»-{24+fl5-8)». Thus «»=4{{24+a;)a-(16 + a;)«}=4(40+2«)8. 
Therefore a^ - 6^= 1280. The only admissible root of this quadratic is 80. 

143. 6iB*-rry-12y*=0. Put y=ta; thus (6-v-12t>»)a?=0. The solu* 

2 3 

tion 35=0 will not apply; take then 6-v-12»»=0 : this gives v=- or --^ . 

o 4 

Then substitute in the second equation successively y=-Q and y=- -2-. 

144. Let V denote any number greater than 20. Then when the train 
moves at the rate of « miles per hour instead of 20 miles per hour, the 
increase of the receipts is ^ (v - 20), and the increase of the expenses is 
9(1; -20)*, where p and 9 are certain constant quantities: thus the profit is 
l>(v-20)-9(v-20)^ This profit also vanishes when v=40: thus 
20p-400g=0; therefore ^=20?. Hence the profit is q {20(«-20)-(t;-20)«}, 
that is 9{60i;-i;S-800}, that is 2{100-(t;-30)3}. Hence the profit is 
greatest when v = 30. 

145. Let M{1'S) stand for a multiple of 13. Then 

10=13-3, 100=if(13)-4, 1000=Ji'(13)-l. 

Hence 10* =10 xl03=JIf (l3)+3, 

10»=10«xlO»=Jlf(13) + 4, 

10«=10»xlO«=Jf (13)+1, 

107=10 xlO«=if (13)-3, 
and so on. 

Thus 2)o+10»l'8+10*p« + ...=3f(13)+jPo-jP8+P6--. 

10pi+10*p4+107p7 + ...=Af(13)-3(2)i-^4+^-...), 

lOVs + 10*P5 + lOSps + . . . = if (13) - 4 (pa - ps + jps - . . .). 

Hence finally the proposed number 

=ir(l3)+Po-;)3+i>e-...-.3(pi-|)4+|v-..0-*(Pa-P5+l'«-'..) 
T. K. P 
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146. Let «=o+ar+ar«+...+ar*-\ 

r*-l (— r)*-l 1+r* 

then #=a — =-» «'=a^ — - — =— e=a-; , sinoe n is odd: 

r-1 -r-l 1+r ' 

therefore tf's — ^^_^ ' , and this is equal to the sum of n tezms of the 
series o* + oV* + aV*+... 

147. Denote the straight lines by the numbers 1, 2, 3,...n. Make a 
polygon of fi sides in the following way : the intersection of 1 and 2, of 
2 and 8,... of n-1 and n, of n and 1. Thus there is one and only one 
segment on each straight line. And we see that we must take one segment 
on each straight line, for otherwise there would be more than one segment 
on some straight line or straight lines. In this way we see that the 
Example is equivalent to 12 of Chapter xxxiv. 

148. 4i=2f , 8^=-2tt, IG^V^sA, ... thos the expression is equal to 2 
raised to the power denoted by 7+g + Yg+ 55 +..., that is by 7 (l-o) • 
that is by 1. 

149. As in Art. 529 we haye 

g + 2r + 3« + 4«=4, i) + 2 + r+«+ <= -3. 

The coefficient is 

(-8)(-i)+(-3)(-4)(-3)+i::?^)(-i)« 

(-.3)(--4)(-5) .. , (-8)(-4)(-5)(-.6) 
+ [2 ^'"•^^"*" [4 • 

that is 3 - 86 + 6 + 30 + 15, that is 18. 

150. Let the bases be a, ar, ar",...or*^i; let the quantities be 
A^, Ai, A^i.,.Af^i; and let x be the common logarithm. Then 

^o=a*. A=(ar)*, ii,= (ar«)* ^=(ar>)*... 

Thus the ratio of A^ to Aq^ of A^ to ^1,... is equal to r*; so that x is the 
logarithm of this ratio to the base r. 
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151. 
therefore 
therefore 



2a:+l 



13 



8x+l 

11 

2a5+3~2a5+l 
4x^20 



2a;+3 
12 3 



«-!• 



3aj+l X'V 
3a?- 15 

(2» + 3)(2a! + l) "■ (8a?+l)(x-l) • 



thus either 85=5 or 4{3« + l)(«-l)=8(2aj + 3)(2»+l); the latter reduces to 
82x+13s0, 
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152. The former part of the Example is contained in Art. 884. Now it 
is obyions that the equation is satisfied when 2= a, and when x^b^ and 
when x=e; hence the equation mast be an idmtiiy. This ol course can be 
verified by simphfying the left-huid member. 

163, By division |^^^2^ =6; put y=ta; thus l + »«=6(l-»«)t;»: 
hence t;* = ^ or ^ • Then from the first given equation ic* (1 + v^ = 6v ; &o, 

154. Suppose that bell metal contains x per cent, of copper, and therefore 
100 -a; i>er cent, of tin. Suppose that the mass which is fused together 
eontains y per cent, of hionze, and therefore 100 - y per cent, of bell, metal. 

Then from considering the quantity of copper, zinc, and tin, respectively 
in the mass, we have 

y 91_ 100 -y a; _ 88 
100*100"^ 100 'lOO^lOO' 

_y_ _6__45_ 
100 "100 ""100* 

_y Z^ 100-y 100 -a; _ 7| / 

100* 100"^ 100 • 100 "lOO* 

From two of these equations the third will follow ; for by adding the three 
we obtain an identity. The second equation gives y=81^; and substituting 
in the first equation we get Of =75. 

155. Let P denote the sum of the products of the first n natural num- 
bers taken two and two together. By Art. 225 we have 

{1 + 2+3+ ...+n}»=l« + 2«+8«+...+n« + 2P, 
tt^tiH jn(^j'^n(n + l)(2n + l)^^^^ 

. Hence P=!5!(^.!^(^^ 

(n-l)n(n+l)(3n + 2) 
- 24 • 

156. Let the numbers of the first set be denoted by a, ar^ ai^,x; then 

since the last three are in h.p. we have 3 = — 5 — ; thus a5=;r — . 

or ar* ar* x 2-r 

Again, let the numbers of the second set be denoted by a, ar,ytz; then, as 
before, y=^ — ; and arz=:y^; thus »=;j5 — r« , "We have then to shew that 

J — 7» [a — T) 

-rr — is less than -^ — r?, that is, that r (2 - r) is less than 1: this is evident 
2 — r (2-r)' ^ ' 

for l-r(2-r) = (l-r)3. 

P2 
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157. If there were no restrietion the number of different anangements 
would be 17. But we must exclude all the cases in which the bine and the 
green come together. There are [6 snch cases in which the bine is before 
the green, and 16 in which the green Is before the blue. Xherefore the le- 
qnized nnmber is 17-216. 



158. Let (5V2+7)«=n+o. Kow (5V2 + 7)(5v/2-7)=s50-49=l: 
hence 5 y2 - 7 is a positive proper fraction. Therefore (5 \/2 - 7)** is a posi- 
tiye fraction ; and it must be equal to a because (5 ^2 + 7)*^ - (5 V^ - 7)"* is 
obTiously an integer. Hence a (n + o) = (5 >/2 - 7)"' (6 1/2 +7)'* = (50 - 49)*= 1. 



159. As in Art 529 we haye 



3 



2+2r+3»+4<=4, ^+s'+r+«+<= -s- 



The coefficient is 

-|»*(-|)(-Dl-K-*H^^ 

.LIiyi(J,,,3 



3» 



that is -^+30+^ 



315 816 ., .. ^ 
- -^ + -g- , that IS 0. 
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We may easily verify this result. 1 - 2*+ 3a;'- 43;* + ... = (1 +»)"*; thus we 

require the coefficient of x* in {{1+«)~'}"5| that is in (1+ar)': it is obTious 
that this coefficient is 0. 

160. Let p denote the number of the population at the beginning of a 
month ; then at the end of that month the number is jp + -ff^r - ^ , that is 



6p 4p 2401 

*+2iOO -2400'**^'" 2400 ''• 



At the end of the second month the num- 



/2401\* 

(,2400; p- 

Similarly at the end of t!fe n^ month the number of the population is 
/2401\« 

(,2400 j^ 

/2401V o XI- t /2401\» 

(2400)^=2^' 

2401 



V * *!, 1 X. • ,1. . 2401 2401 ., . . 

ber of the population in like manner is 5777:7. x jrrj^ p, that is 

2400 ^40U 



Suppose that the population is doubled in n months; then 

(2401 \" 
^aKr) =2. Take logarithms ; thus 



n log^r— Tr=log2, that is n (log 2401 -log 2400)= log 2, 



2400 



that is 
therefore 



n=s 



»{log7*-log(3 X 2» X 100)}=lpg2 ; 
log 2 -3010300 



4 log 7 - log 3 - 3 log 2 - 2 -0001807 



==1666 nearly. 
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161. Here s^+ls2(««+4a:?+6x'+4«+l); therefore by transposiiion 
**+8fl5»+12aj»+8aj+l=0; divide by »»; thus aJ»+-5+8 Taj+i j +12 = 0; 

that is («+-] +8 f «+-j+10=0. By solving this qoadratio we obtain 

x+-= - 4db V6 ; hence x can be fonnd. 

X 

162. Suppose that in the first race A ran at the rate of x miles an 

2 2 2 

hour, and £ at the rate of y miles an honr. Then = ?a i ft^d 

X y oU 

^-"^^W ^^®^°'® 60(y-a;)=ay, and 60(a5-y+4)=;(^-2)(a;+2); 
snbtract ; thus 120 (x - y + 2) = - 2 (jc - y + 2) ; therefore as - y + 2 =0 ; &c. 

163.. Simplify the second equation ; thus 2a^+4y=0; therefore either 

y=0 or «=-2. Substitute y=0 in the first equation and we obtain 

8 19 

»= - jj : substitute «= -2 in the first equation, and we obtain y=j. 

164. By Art. 884 we obtain -—^^Igi—— =»+y+,; that is 

- — r=a!+y+«. Thus either «+y+«=0 or a5+y+«=^. Taking the 

former we get x-0, y=0, «=0. Taking the latter we get a;=-(y+2f+l), 
y=^-(z+x), «==2(«+y-l): these lead to x=-, y=g, «=-g. 

166. Let 3f(101) stand for a multiple of 101. Then 10* =101-1, 
10»=3f(101)-10, 10*=Jf(101) + l, 10«=3f(101) + 10; and so on. Thus 
2)o + lQpi + 102pj + 108j)8+...=if(101) + po + 10pi-l>a^lOp8+l)4 + 10p5-... 

166, We have a=-;r— , c= — ,; therefore c (a +6) = (6+ c)6: therefore 

ac=l^. And 2a=6+c=6+— -^; therefore (2^-6)(a+6)=2a6; therefore 

&'+ia-2a'=0; therefore h=a or- 2a. If &=a then also c=a; if 5= -2a 
then e=4a. 

167. Take any two straight lines of the first set, and any straight line 

out of the other two sets; thus we get — ^-^ — -{n+p) triangles. In like 

manner take any two straight lines of the second set, and any straight line 
out of the other two sets ; and also take any two straight lines qt the third 
set, and any straight line out of the other two sets. And finally take one 
stedg^t line from each set ; this gives mnp triangles. 
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168. {l-x)-*{l-»y*=:{l~xY*^\ Expand each. Bide and piek out tlie 
coefficient of a^\ On the left-hand side we shall have to take the coeffi- 
cient from the product 

|l + 2a;+8a8"+...+(r+l)aj + ...| |l-n«+*ii^-ia^-...| ; 

hence the coefficient is easily seen to be the quantity denoted by a^ Thus 
a^ must be equal to the coefficient of af~^ in the expansion of {l-x}*~*. 
Hence 0^=0 if r-1 is greater than n-2, and «,.= (- l)»-*=(-l)" if 
r - l=n - 2. If r- 1 is less than a- 2 we have 0^=1 - l)**~'an^ by Art 508. 

169. As in Art. 529 we have 

7 

The coefficient is 1> 9 r < 

7 4 1 7 4 1 

7 4 1/ 2\ 
3-3 -3 1 -3; 

+iiii^XJ}2^(_s) 

7.6.2* 7.28 



7 4 
8 



that is 



+ 
28 56 
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38 



, that is - 



40726 
38 



170. Let X denote the required logarithm; then (26)*=50, that is 
/"ION** 100 
5**= 60 ; that is ( "o" j = -o" • T*^® *^® logarithms to the base 10 j therefore 

2,(logl0-log2)=logl00-log2; a.^.^^j^^^^^^^^t,mL 



171. «+ ar* = («f - 1 + aj-t) (ni +aj-i). Thus we have either xi +«-i=0, 
or 1= (aji-1 +«-?). The former giTes»t+l=0, so that a5=(-l)f=(-l)J' 

The latter gives acl-l+arirr— , so that a;i--7-ajl+l=0, whence we get 

4 4 

a§5=4 or 7; therefore x=4i or (7) ==*=8 or ±^. 

172. (o+i5)«=~, (o-/3)«=(a+^)«-4o/3=^-— . Hence the required 
equation is x»-^-^--j«+-,(^^--j=0. 
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173. 64 (aj»-y*)=(a!+9y)»; therefore 146y»+18a^-63iB^=0. Put y=fa;; 

3 21 

then 1461;* + 18i; - 63 = ; this gives v = ^ or - sq • ^® second given equa- 
tion may be written thus : (aj* - as + y)* - («* - a + y) = 606 ; from this quadratic 
we obtain a^ - x + y = 23 or - 22. Substitute successively in these equations 

3aj , 21 

y=-andy=--a!. 

174. Suppose that A could reap the field alone in x days, ^ in y days, 

and (7 in 2 days. Then since the whole field is reaped by A workmg for 

12 12 f> a: 2 

12 days, B for 12 days, and O for 6 days — + — + -=1. Also - = « • Since 

% y z y o 

11 

A and C together reap - + - of the field in one day, they could reap the 

X z 

whole field in days ; similarly B and C together could reap the whole 

JC + S 

field in J^ days: therefore -^ : J^ :: 7 : 8; thus — = ^. Sub- 
y+a x+z y+z aj+a y-i-z 

Bx 
stitute -;r- for y in the last equation, and simplify; thus we get 3x=5z. Then 

substitute for y and z in the first equation. Hence we obtain a; =30, y =45, 

a=18 ; therefore - + - + -=5, so that when they all work together they 

X y z u 

reap ^ of the field in one day, and therefore reap the whole field in 9 days. 

175. By the method of Art. 443 we can shew that any number of ounces 
may be weighed if we have two of each of the following weights : 1 oz., 5 oz., 
6*oz., 5* oz., 6*oz.,... If we do not require to go beyond 312 oz. we shall not 

' require any weight beyond the two of 5' oz. ; for the least weight whi(^ 
would require us to use a weight of 6* oz. is 6* - 2 . 5' - 2 . 6' - 2 . 6 - 2 ounces, 
that is 313 ounces. 

176. Let the numbers be a, ar, or*, ar*; then a(l + r + r* + r') = 15, 

a«(l + r» + r* + r«)=85i that is a (l + r)(l+r2) = 15, a* (1 + r^^l + r*)=85. 

d+r)*(l4-r^) 46 
Square the first equation and divide it by the second ; thus -^ — / ^ . — '='nn • 

1+r* 17 

therefore 17 (1 + 2r + 2r« + 2r8 + r*) = 46 (1 + r*) ; therefore 

28(l+r*)-34(r + r3)-34r»=0; 

divide by r«, therefore 28 Tr* + i'\ - 34 ^r + iV 34=0 ; 

therefore 2s(r-\--\ - 34 rr+-^-.90=0; 

16 9 

therefore r+- = ^ or --. The latter gives impossible values for'r; the 

former gives r= 2 or ^ , and taking either of these we find that the numbers 
are 1, 2, 4, 8. 



216 laSCKLLANEOUS EXAMPLES. 

177. Snppoee that ibe p men go to their side of the table; on this side 
there are n-p phices left; iheae can be filled np by any of the 2»-i>-9 men 

|2ii->-g 
who Mdll sit on either side, and thns n-p men ean be taken in 



n-pln-q 



ways. The remaining men win go to the other side. And In permutations 
can be made of the men on each side. Thns the whole nnmbir of ways is 

[n[n|2»-p-g 
|»-p|n-g 

178 i = = — TTt . Hence we require the coefficient of ac*' 

' 9a« + 6aa;+4a« 27a»-8a^ ^ 

in the expansion of -2^^ (^1-2^ j : this coefficient is ^^^ (^2^J . 

179. Suppose that (uj* is less than h\ then ic^ is less than J^. Hence 
from and after a certain term the series is less than a Geometrical Progression 
beginning with that term and having the common ratio k. Therefore if 1: be 
less than nnity the series is conrergent. 

^^8 (^ - ;^)"*= ** l^TTi + 2(;^ +^^ 

"" lMO["*"2(n + l)«"'"3(ii+l)» ■**•"{ 
1 1 1 

-•^■^2(mT)'*" 3(n+l)« '*"4(n+l)» ■*"••• 

?iTl?"**"*l 



= 1- 



)»+1^2(»+l)« 8(1 
1 1 



2(» + l) 2.8(n + l)« 3.4(»+l)» 

Hence we see that as n increases this logarithm continually increases ; and 
therefore (1+-J continually increases with n. 

181. It is obyious that a; = 1 is a root of this equation. And we may mite 
the equation thus; 9««-l=4«3(3a:-l), that is (3aj-l)(3a:+l)=4«'{3a:-l), 
so that another root is giyen by das- 1=0. Hence if we bring all the teims 
of4he equation to one side we are sure that (os-l) (3fls-l) will divide the 
terms: see Art. 332. On trial we find that the equation may be mitten 

thus: («-l) (3a-l) (2a;+l)'=0, so that the roots are 1, 5, and -5. 

9 a 
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182. Snppose that on the first occasion the ages oi A^ B, C are a, ar, 

or*, respectively ; and let x denote the number of- pounds divided on each 

ax 
occasion. On the first occasion A gets — — —-5 pounds ; and on the 

second occasion he gets . g / — r g . ^^ ■ g potinds ; thus 

a+o + or+o + ar"+o 

la(l+r+f^ + 15 " a(l+r+r2)( *=^'^J- 

And or* + 6 = 2 (a + 5) ; therefore a (r* - 2) = 5. Divide the first equation by 
the second; thus 5 (\^^^^), 15^ = 7, that is -3^-^--^= 7, that is 

(r+2)(r-l) ^y ^ hence ^^=7, and therefore r=^^. Therefore a =20. And 

(r — 1} f — 1 « 

then we find a;=1045. 

183. aj+y-(icy)J=61, a;M(«^+y^)= 78; therefore (a;i+yJ)a=^; 

subtract the first equation from this and we get 8(i(^)^»-^— ^-61. From 

{xy)t 

this quadratic we obtain («y)«=86 or --^. The latter gives impossible 

o 

values : take the former and combine it with the first given equation ; hence 

we get 05=81, 16; y=16, 81. 

184. x=q/+hz=cy+b{hx+ay); therefore x{l-h*)=y(c+ah). Again 
y=az-\-cx=a{bx+ay) + cx; therefore y (l-a^=x(e+ab). Multiply cross- 

SB i/^ 

wise ; thus «' (1 - 6') =y' (1 - a') ; therefore ^ = iLffl ' Similarly we can 



a« 



shew that each of these fractions also = = — -. . Also by multiplying two 

former results we get iey (l-a*) (l-5')=icy (c+a6)* ; therefore (1-a*) (l-6*)=(c+o5)' ; 
theref ore 1 = a* + 6^ + c^ + 2a5c. 

185. Let a denote the last digit of any number ; then the cube of the 
number is equal to a' together with some multiple of the radix ; and thus 
the cube ends with the same digit as a? ends with. Now suppose the radix 
to be nine ; then 0*, S'* and 6^ end with the digit ; 1', 4' and 7' end with 
the digit 1 ; and 2^, 53 and 8^ end with the digit 8. Thus the last digit 
must be or 1 or 8. 

186. By Art. 227, we see that 

+ 6 (cdc + 6£fe + 6<» + 6aQ ; 
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and a Buuilar result holds forthe cube of any multinomial. Hence we haye 

a»(l+r+r»+f»+...)»=8a(l+r+r*+r"+...)a'(l+r«+f^+r» + ...) 

-2a»(l+r»+f*+r»+...)+6P, 

where P stands for the required product. Thus 

-(fb)•-"^i-.I^-."**''^ 

_i 18 
I* 3P== — -4 we mnst have 7= r= =■ 7= — r-jz — -=r ; therefore 1 +r=3 (1 - r); 

.hence r^. 

187. Suppose that tc^ denotes the nmnber of gallons of wine in the 
second yessel at the end of n operations ; then a- u^^ is the nmnber of gal- 
lons of wine in the first vessel. Take c gallons from each ; the e gallons 

taken from the first contain -{a-uj gallons of wine, and the e gallons taken 

c ^_ 

from the second contain r u^ gallons of wine. Thus the nmnber of gallons 

of wine in the second vessel at the end of this operation will be 

c c ^ c c\ 
«^j+-{a-tij-r«ta» *^ ^® denote by i^^j, so that f«^i=c+( 1 &)**»• 

We may write this result thus : ^^1--^= ^l-^_|^^u^--^^ , or 

"iirH - ?=l^('*n - ?)» "where ji stands for 1 sr and g- for — -, . Thus we see 

that Vi~9, ^-9» «,-9, ... form a Geometrical Progression of which the 
common ratio is jp. Therefore «r-3=(«i-2)jP'*~^=(<^~?)l''*~^ ^°' «i=c. 
_, a6/o6\_, _ ab ,^ . ab ah -fob 
Thug «-= — r + {c -^)o»^i;andc rr=(l-l>) — i rT=— ^j^ J 

therefore ^t^-^;^ ^-f)^ 

188. iZ^ = -±- + 



l-a:»-l_aj^l+»+«*' 

thus (l+2x)(l-«»)-i=(l-«ri+j^(l + j^)"\ 

Expand both sides and pick out the coefficient of jb'"+* on both sides. On 
the left-hand side it is 0. On the right-hand side it is 1 from (l-x)"^; 

while -^^ (l + rr-) = t- 7: ^+Ti ^- — » ^^^ «ach of tiiese 

l+«\ l+at/ 1+aj (l+jc)* (l+x)8 ' 
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must be expanded and the coefficient of a?"^ picked oni : see Example L. 13. 
In the identity thus obtained multiply by (-1)* and transpose, and the 
required resnlt follows. 

189. Here^!^==?^^=r-2_.. The value of fl+iV when n is 

indefinitely great is e'l see Art. 562. Thus the series is convergent if « is 

/ 1\* 
less than e by Aft. 659. By Example 180 the value of ( 1-+-) increases 

with n ; and thus i ^^ is always greater than unity for any assigned 

value of n however large ; hence the series is divergent if «=« by Art. 560. 
And a fortiori if as is greater than e the series is divergent. 

^^' l-x-^+x^ ' iUxni-xr ThuB the logarithm of thiaexpres- 

3 1 

Hence the coefficient of a;** is - if n be even and - if n be odd. 

» n 

191. l + 2x»+a:*=2aaj(l-aB^; divideby re": thus 3+2+a5*=2a( — x\\ 
that is (fls--) + 2a [a?-- 1+4=0. By solving this quadratic we obtain 
X- -= - a+ yj{a* - 4) ; hence x can be foxmd. 

X 

192. If x—y=z the expression vanishes. If a;=^ the expression be- 
comes z^(z-x)^; similarly it is necessarily positive if ^=z or if z=x; If 
X, fft z are all different, suppose this to be their algebraical descending order 
of magnitude so that x-y and y-2 are positive. Thus a^ix-y) {x-x) is 
positive ; and s?{z-x){z- y) is positive, for the factors z—y and z-x are both 
negative : but ^' (y- z) (y- x) is negative. Now either o^ or z^ is greater than 
^; and x^z is greater than x-y^ and greater than y~z; so that at least- 
one of the two a? (x - y) (x—z) and ^{z-xj (z- y) is numerically greater than 
^(y -^MV" ^)* Thus the whole expression is positive. 

193. The equations may be written thus : 

(x« + l)(y« + l)=m«ajy, n«(ai?+l)y=aj(y«+l) ; 

hence, by multiplication, n*(x'+l)'(3^+l)y=»i*ic*y(y*+l). The solution 
y=0 is inapplicable ; y>+l=3 gives impossible values. Take n'(fl^+l)'=:mV; 

therefore ac" + 1 = ± — : hence we can find x. And since (a^+l)(y'+l) = m'xy 

we get by substitution ak - (y* + 1) = mV; therefore «• + 1 = ± mny : hence 
we can find y. 
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194. Pat iE=X;(l-&r), y=1k(L + av)^ B^2:(l+aM^, and snbstitate in 
each equation. The first becomes 2r(a-f-(+c+a&cv')=0. The second be- 
comes ib* (1 + abtP) {a-^b+c+ abcB^ =■ 0. Hence both equations ore satisfied if 

195. The m^ gronp begins with the { (m - 1) g + 1 }**» term of the deriTed 

Arithmetical Progression, thftt la with ^ -go'^'g?"*'^'^"^^^*?' *"^ ^ 
the smn of the terms in the gronp is 

that is a +()!»— 1)5. 

196. Let «^ denote the rfi^ term; then «„=o(ttn-i+«»-s); therefore 
u^ - t«^_j = - ^ (<*»-i - ^i-s) • T^ shews that the series u^-u^, «} - % 

«^ -«,,... is a Geometrical Progression with the common ratio --. There- 

(1\*"' / 1\"-' 

_-J ={&-«) (-gj . Thus t«g-«i=6-a, 

tt,-tij|={6-o) ^-gj. i«4-^=(^-«)(-2) » - «»-w^-i=(&-«)f-2J . 
Hence, by addition, ««-«i»(6-o) jl+r-^j + f-g) + +(- g) 



197. First suppose two things a and h. The permutations are a5 and So. 

Hence we form —, r- and ryr- — r; their sum =(-+r ) i=-t« 

o(a-i-6) 6(6 + a) \a oj a-{-b do 

Next suppose three things a, 6, and e. Consider those permutations in 

which c stands last ; they are oJc and bae» Hence we form — - — ttt — j — r 

•^ a(a+6)(a+6+c) 

and =-^ r-;r r I their sum is —r-, t — r by the first ease. Similarly 

6(6+a)(6 + a-|-c)* ab{a+b-^c) *' "^ "' 

1 

we get T—; — x — 7 ^om the permutations in which a stands last, and 
° bc(a+b+c) 

— ; r — . from the permutations in which h stands last; Hence the whole 

ca(a + 6+c) ' 

Bum=3— -r—— (-V + 7- + — )—__, Similarly haying thuB proved the 
a + b + €\ab be eaj abe ./or 

theorem for three things we can prove it ioxfcur: and so on* 



,n-J, 
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198. The expression on the left-hand side is easily seen to be the 
tenn which does not inyolve y in the expansion of (1+y)** ( ^ +- ) : ^ow this 



-( 



l+aB+y+ 




= (!+«)• jl+n«+!t<!^> «•+...[. 



where z stands for , " . We have now to find the term which does not 

contain y in the expansion of z, s*, sfl, .... We easily see that there is no 

2x 
such a term in «, «*, «", .... In g' the term is /= r^; in «* the term is 

199 „^.i^ ^heret.=(''^^"^'-!^~ri+J_r'-^- 

hence when n is taken large enough i;^ approaches as closely as we please to 

the valae e-1. Hence u^ may be considered to be equal to ( — =- j when n 

1 . 
is large enough ; and as — r is less than unity the series becomes a Geo- 

metrical Progression in which the common ratio is less than unity, and is 
therefore convergent. 

200. By the method of Art. 549 the series is equal to the product of 
[n+3 into the coefficient of aj**^ in the expansion of 

f x» a? x^ Y 

this coefficient is the same as that of a^ in the expansion of 

AsinArt.629, 3+2r+ 3«=8, |)+g+r+«=n. 



The coefficient is 

1 ^ , .V 1 1 . n(»-l)(»-2) 



iff' 



that is 



n^ n(n-l) n(n~l)(n-2) 
24"^ 12 "*■ 48 



n-1 






1 



1 




n-2 


1 
3 


71-3 



mu £ XI. • I . o 5 » . »(»-!) . n (n-1) (n-2)) 
Therefore the senes= |n+3 j^j + ^-^ ^ + — ^ -^ -> . 

201. By actual multiplication we obtain for the result of the first part of 
the Example l-x-x^+x^+ntfi+xf-sfi-afi'-x^^+x^+x^^-a^'*. Now if we 
multiply out (1 - aJ^ (1 - a;^ (1 - as^)..., it is obTious that as far as x^^ inclusive 
the product will be 1 - a^ - a;'' - aj8 - a^ - of^o - aj^i - «'«. Multiply this into the 
former result, and we obtain as far as a^' inclusive 1 - ce - a;* + s^ + a;^ -> a;^'. 
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202. It is easy to shew bj actual multiplication, or hy the method of 
Art 808, that (o-6)«+(6-tf)»+(c-a)»=-8(6-a)(c-6){a-c); 

hence (a»-6»)»+(&«-c»)«+(c«-a«)»»=-S(&»-a«)(c»-6«)(a*-c«). 

Diyide the latter by the former, and the required result follows. 

' 4 

203. We have to shew that B^^ is not less than 50 where -K=^+?5o' 

Nowlogi2iw=iooiogJ?=1001og^=100(logl04-2)=100(logl3 + log8-2) 

100 
=100 (log 13 + 3 log 2 -2) =1-7033. Also log 60 =log-^ =2 -log 2= 1-69897. 

Thus logi2^<^ is greater than log 50; and therefore B}^ is greater than 50, 

204. Let X denote the Talae of the continued fraction =— ■= ...; 

1+ p+ 1+ JP+ 

then x= 4 = -^ ; therefore «'+jjx— p=0; therefore 

l4._i- p+l+«B 
P+x 

*=o ( ""-P+ <yj>'+4p) ; therefore 2«+jp = ijp^+^p : this is the required result 

205. Let X denote the nxmiber of weights of 9 lbs., and y the number of 
weights of Ulbs.; then 9a; +14^ =2240. One solution is a; =0, ^=160; the 
general solution is jb= 14<, y = 160 - 9t ; thus t may have any value from to 
17 both inclusive. Therefore there are 18 solutions. 



206. Assume 7; — 7rm — r%9 = :; — cTL + n — rr?; therefore 



A Bx+0 

(l-2aj)(l-aj)«'"l-2aj'*"(l-a;) 
1=A (l~a;)» + (Bx^C) (l-2a5). Since this is to be identically true we may give 

any value to a: ; suppose then »=«• *^^ •*^'=T» ^ *^* ,4=4. Therefore 

l_4(l-a;)«=(Baj+C)(l-2aj), that is (2aj- 3) (l-2a;) = (fe + (7)(l-2!B); 
therefore 2a; - 3 = ^x + C7 ; therefore £=2, and C7= - 3. Thus 

\ =_i_+_?^lzi=4(l-2a;W+(2a;-3)(l-a;)-^ 

(l-2«)(l-a;)» l-2a;^(l-a;)« ^ ^' ^^ ^^ ^ 

Hence the coefficient of x^ in the expansion is 4.2*+2n-3(n+l)y thai iB 

207. IMvide both the proposed expressions by l-a;; we have then to 

t. .,. l+x+a:2+. ..+»** . , ., l+a;+ai*+...+a^i ^« +t.„* „^ 

shew that ^= is less than , or that nr 

n+1 n 

is less than 1 +a;+ a;*+ ... +s^~^ : and this is obvious, for each of the n terms 

on the rig^t-hand side is greater than o^. 

208. It is obvious that the expression »* - 4n' + 5n* - 2» vanishes when 
n=l ; therefore n- 1 is a factor of the expression, by Art. 332; and n is also 
a factor. Divide the expression by n (»- 1), and we obtain the other footer: 
in this way we find that the expression = (n - 2) (n - !)'«»• I^ow one of the 
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three factorg n- 2, n- 1, and n, is diTisible by 8 ; if n be eyen both n and 
n - 2 are diTisible by 2 ; and if n be odd (n - 1)* is divisible by 4. Thus the 
expression is divisible by 3 x 4, that is by 12. 

209. The nnmber of ways in which 5 connten can be drawn is the nTim« 

110 
ber of the combinations of 10 things taken 5 at a time, that is .',-, . The 

nnmber of ways in which the 3 marked counters can be drawnamong the 
5 drawn is the nnmber of combinations of 7 things taken 2 at a time, that 

17 
is rkTk • Hence the chance of drawing the 3 marked counters is 

LzLi 

ms'^TsTs ' *^**"' s 9 10 ' *^^*^ 12* Hence the value of the expec- 
tation is Y5-of a shilling. 

210. The n^ term=i ^ — = — s ( ) = — :. ( 1- - ) . Now 

n* »-l V It / n-1 \ nj 

M — J can be brought as near to er^ as we please by taking n large 

enough : see Art. 552. Thus the series bears a finite ratio to the divergent 

series k + o+i+*"'> ^^ ^ therefore itself divergent. 
2 o 4 

211. Let. Oi, a^, ... a^ denote the n quantities. Then 

2n 

(ai+aj+... + cO*= — =-(aia, + aia,+ ... + aja,+ ...). 

Put for the square on the left-hand side its developed form, multiply by 
n~ 1, and bring all the terms to the left-hand side : thus we get 

(«i-ai)'+(«i-«8)*+- + K-««)*+-=0. 
Therefore ai-a,=0, 01-03=0,... Oj-Oj=0, ... 

212. Put X for h-e and y forc-o; then x+y=-{a-h). Hence the 
first expression becomes 25 {{x + yy-c^- y^} {(x +y)^-a?- y'}, that is 
25 (flE^ + osy + y*)' 7ay (af -I- y) x Saty [x+y): see Example iv. 45 . The • second ex- 
pression becomes 21 {(«-hy)'^ -«*-/}', that is 21 {5 {x+y) (x^+ay+y')ixy\K 

213. Suppose that the expectation of life ia x years. By Art. 595 we 

h»ye 1812t=160i^\here JJ=l+4=|j therefore ^.i|g*=l-JJ-«; 

*v . =— 1 9064 6986 ., , „ 16000 80000 „ 
therefore S-'=l- j^^^^j^^; therefore JP=.g^=jjg^. Thua 

, 21 , 8-0000 ., , log 8 -log 1-1872 •4026974 ... . 

»l°820=toSFi8^; therefore «= iog8+iog7-log2-l = ^^ii89-3-*^" 
ahnost exactly 19. 
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2U. -- — =1+ ^ " "l+";g — 7; thus eveiy quotient is imity. 

A A y/O + 1 

Henoe Pr=l'r-i+i>r-f Thus P4=l»i+l>j» J'«=Pb+P4» — l'jt=l>i«-i+lWt; 
therefore by addition V^te — Pi + Pa +-P5 +iV + • • • +Pa»-i • 
Similarly 9r^9r-i+9r-t» ^^* 

215. Let » denote the numerator, and y the denominator; then 

6«+lly=1031. Divide by 5 ; thns aB+2y+^^=206; therefore ^^ most 

be an integer, say =^ Thns ysl +5t, and s=204 - IK. As the fraction u 
to be a proper fraction we must have 1 + 5^ greater than 204 -IK; this 
requires t to be greater than 12. Hence we find that t may have any Tslne 
between 13 and 18 botii indusiye. 

216. By Art. 648 we know that , . .,, ^ *■ — 7-- — -rr is identieaOy 

^ (x+l)(aB+2)...(x+n + l) 

equalto j^ + -^ +... + — ■^, where A^, A^,..,A^^ are certain 
constants. Clear of fractions; thus 

[« = ii(«+2)(»+3)...(a5+»+l)+-4,(x+l)(ac+8)...(a;+n+l) 
+ i8(x+l)(x+2)(x+4)...(x+«+l) + ... 

Now since this is an identity it is true for all values of x ; put -Ifor «; 
thus every term on the right-hand side vanishes, except that which involves 
il^; and we get {n = ^i n, so that ili=l. A^^dn in the identity put -2 
for X ; thus every term on the right-hand side yanishes, except that which 
involves -4,: and we get |n= -il, In-l, so that A^=-f^ Bimihuly 
nln. — V\ 

ilj= — j: — '-, And so on. The theorem may also be demonstrated \fj 
induction in the manner of Example 286. 

217. Put — for p, where m and n are positive integers. We have to 



shew that [a'\-'b)^a^ is less than • Suppose that there are m qnan- 

titles each equal to a -{-5, and n-m quantities each equal to a; then their 
arithmetical mean is — ^ — ^ —^ that is ; and their geome- 

1_ «» n— m 

tricalmeanis {(a-i-5)"*a*^~~**}**, tiiat is (a+&)**a " : the latter is less than 
the former by Art. 681. 

218. We have 3*-l=81-l=80; therefore 3'»+*-8«=r80-3*; thusifthe 
digit in the tens' place of 3** is even so also is the digit in the tens' place of 
3<H4. But if n=l, or 2, or 3, or 4, the digit in the tens' place of 8* is even; 
therefore it is even for every value of n. Any power of 9 is some power of 3; 
and therefore the same statement is true for powers of 9. The statement is 
also true for powers of 7 ; it may be estabUshed in the same way as for 
powers of 3, observing that 7^-1=2400. 



i 
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Again, 6"+^ - 6*= 6* (5 - 1) =20 . 6*~^ ; thus if the digit in the tens' place 
of 5* is even, so also is the digit in the tens* place of 6*+^. But if n=l, or 2, 
the digit in the tens* place of 5** is even ; therefore it is even for every value 
of n. And 6"+^ - 6* = 6* (6 - 1) = 30 . 6»-i ; and hence we may shew that the 
digit in the tens' place of 6* is odd for every value of n. 

219. There are three possible hypotheses, (1) that all the balls are black, 
(2) that two of the balls are black, (8) that one ball is black. Hence, 
assuming that before the observed event the three hypotheses were equally 
probable, the probability of the first hypothesis after the observed event is 

^■^1^ + 1 + Al'*^*"*"!- 

220. By Art. 794 the continued fraction y + ^ — 5—— . . . = V(y* + 1) ; ^^^^ 

«=\/(y' + 1) ; ^y ^^- 795 the continued fraction x - 5^-— ^ — ... =z^(oi?-X) : 
since x=y/(^+ 1) it follows that y=V(a*- 1). 

221. Clear of fractions and bring all the terms to one side ; then it will 
be found that the given relation may be written thus: 

(a+6-c)(a-5 + d)(-a+6+c)=0. 

Therefore one of the three factors must be zero. Suppose a+h^e=0; then 

h*+(^-a^ (a+6)« + 6*-a« a + b + h-a 



2bc 26 (a +6) 26 



= 1, 



Bumlarly —^^^^1; ^* -"2^6 2^ =-^- 

222. Suppose t the value of each of the equal quantities ; then 

a^^a^-t, f=b^-t, 3^=(?-t\ 
anci substituting we get 

^{62-<)(c«-0+ V(c*-0(a*-0 + sj{(i^-t){¥-t)^ U 
Transpose and square ; 

= e2-2«V(a*-0(ft'-<)+(a'-0P*-^)- 
Therefore 2c« ^/(6« -«)(««-<) = a«6« - 6V - aV + 2(^U 

Square again; &o. 

1 — 72-* 1 - "Rr^ a 

223. By Art. 695 we have|)= VV » q=-^^\^QrQtoiQ^^l^R-^\ 

JtC—jL Ji— JL JP 

therefore (J2-l)|)+^=2, that is rp+- = 2. 

T.K. Q 
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224. >y/(«' + y)=«+>y/(^' + y)-«-^+ V(wX)4-a6 ' 
V(ya« + 2a6) + a& _^ . y/{ll'a* + 2ab)-ab _^ . h 



^y(W+2a^ + a6_^ V(ftV-f 2o5 )-a5 2a 

Thus it is obyions that the qnotients are a, &, 2a, ft, 2a,... 

226. By Art. 837 the proposed expresaion is eqnal to 2 (as - a){x - /3), where 
a and p are the roots of the egucUion 2»'-(21y + l)x-lly* + 84y-3=0. 

These roots wiU be found to be ^^^"^^'^^^^^^'^^ that is Uy- land -|+|- 

Hence the proposed expression 

=2(»-lly+l)^»+|-|^=(«-lly+l)(2a5+y-3). 

226. By Art. 658 the recurring series can be transformed into two 
Geometrical Progressions, one arising from the expansion of and the 

ft ^ 35 

s 

other from the expansion of -r-— , where il andB are constants, and a and /3 

are the roots of the equation l-px-gpi^=0. In order that these Geometrical 
Progressions may be both convergent x must be numerically less than 
both a and fi. 

for if we clear of fractions and bring all the terms to the left-hand side we 
obtain a series of positive quantities 2)iiJj(ai-aj)*+PLPs (01-03)*+... 

j^^ Pi 3 + Pt<^f^'"+Pn^n ig ter than <h + «a+--H«n for if ^3 ^ie„ ^f 

fractions and bring all the terms to the left-hand side we obtain a series of 
positive quantities (jj^ -p,) (a^ - aj) + (Pi — Pj) (oj - aj) + . . . Hence the required 
result follows. 

228. We may suppose that o=6p+a, h=5q+Pf c=5r+y; where />, 5, r 
ore integers, and a, /3, 7 represent or :bl or ±2. Thus 

Therefore 7^ - jS^ - a« is either or divisible by 5. Now a*, ^, 7* mnst be 
or 1 or 4; and on trial we shall find it impossible to have 7^-/3*- a* equal 
to or divisible by 5 unless at least one of the three a, /3, 7 is 0. Thus one 
of the three a, &, c is divisible by 5. 

229. Suppose, for example, that the number is to have 4 digits ; then the 
number is equally likely to be any one of the numbers which lie between 9999 
and 1000 both inclusive. Now beginning with 9999 and descending to 1000 
we see immediately that one number out of every nine is divisible by 9. 
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230. This can be yerified for the cases n=l and n=:2, and can be shewn 
to be nniyersaliy true by induction For 

jc* + y* = (a; + y) («*"* + y*~^) - xy («*"* + y*"*) ; 

let as = 3 + V^) and y = 3 - yjb ; then a(" + y^ is the integer next greater than a;** : 
see Art. 626. Nowas+y is divisible by 2, and acy=4: thus if «*~^ + y*"* is 
diyiflible by 2!^\ and «*-«+^-« by 2»-«, then «»+y" is divisible by 2\ 

231. Let a^ + ax + /3 denote the common quadratic factor ; and suppose that 
ac»+jM:»+ga5+r=(«*+ox+/3)(ji5+7), and JB?+2)'a!»+5'a!+r'=(a:"+oa!+^)(a;+y). 
Then equating the coefficients in these identities we get 

l»=a + 7, 3=a7+/3, r=/S7; 
p'=o + y, 2' = ay+i8, r'=j8y. 

Hence p-l>'=7-7', 2-?'=a(7-70. ••-*^=/3(7-7'); 

p'r -2)1^=0/3(7-70, 2V-^=]8»(7-70. 
Thus the proposed expressions are equal, for each of them is equal to j3. , 

232. It follows from the results in the preceding solution that 

r-r' ii^ ^* r-r' j8^^ ^* 

233. Since the present value of an annuity of £100 on the life of a 

person aged 21 is £2150, the present value of the annuity for the child would 

2150 
be £^r ^ the child were certain to reach the age of 21 years. But as only 

6 children out of 10 reach the age of 21 years the present value is 
^6 2160 ^T T> i . 3 , , , 2160 , /.„ 100\ „, , ^.^^ 

^io^"^' ^"^"^ioo* *^"^ iog-;ft2r=i^g(^*3x-2-j - 2iiogi-03 

= 2 +log43- log 2- 21 log 1-03 ==3 0628= log 1166. Therefore the present 
value = £^ X 1166 = £693. 

234- x/(-'-s)=»-iV(*'-9-^''-'^ 

- . (2»-l) a-n 
yJinW - na) + «a - ii ' 

y/{n^a^ ~na) + na-n _^ y/[n^a^ - na) -a ( n-1) __ ^ a 

(2w-l)a-» (2» - 1) d - n " V(»*<»* - na) + a (n - 1) ' 

V( fi»o*-ng) + a(n-l) ^^ _ j^. ^ V(n'^a« - na) - a (n - 1) 
a ^ a 

~ V(»**** - *^^) + "* ~ * ' 

By proceeding in this way we shall find that the first five quotients ave 
a - 1, 1, 2 (»- 1), 1, 2 (a-1) ; of which all, except the first, recur. 

Q2 
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235. Let X denote the digit in the tens' place, and y the digit in the 
imita* place; then the number is lOx+y: hence 10y+x^^{10x+y)~l; 

therefore 19y-&B+2=>0. Diyide by 8; thus 2y-as+-^^=0; therefore 

^J" must be an integer, say =# : thus dy+2=8f. DiTide by 8; Urn 
o 

y=2<+ ^ ~ ^ ; therefore -^ must be an integer, say =< : thus «=3«+l. 

Therefore y=8<+2, and x=^19t+5. Since x and y most each be less than 
10, the o^ly admissible solution is «=5, and y=2. 

236. This may be sheivn by induction. It is obviously true when n=l, 
whatever be the Talue of x provided neither a; + 1 nor x+2 vanishes. Assniue 
then that it is true for a certain value of n provided no denominator vanishes. 
Change x into x+ 1, assuming also that x+n+2 does not vanish. Thus 

1 n n(n-l) 1 

«+ 1 ■ («+ 1) (a;+ 2) ■•■ («+ 1) («+ 2) (x+ 3) 

. 1 n n(n-l) 

and 



x+2 (x+2)(«+3) (« + 2)(x+8)(x+4) 
Subtract the second result from the first : thus 
1 2n 8n(n-l) 



"x+n + 1' 

1 




x + n+2' 
1 


1 


~x+n+l 
1 


« + n+2 



(x+l)(x + 2) (xtl)(x+2)(x+3)^(x + l)...(x + 4) * 

Again, subtract this from the first result : thus 

1 n+1 (n + l)n 

x + 1" (x+l)(x+2)'^(x + l)(x+2)(x+8)""*^x+n + 2' 

This is what we should get by changing n into n+ 1 in the first result : 
thus if the theorem is true for a specific value of n it is true for the next 
value. Hence as it is true when n=l, it is universally true. 

The theorem may also be demonstrated in the manner of Example 216; 

as we may assume that the expression on the left-hand side is identically 

AAA 
equal to — ^- + — -^ + ... + — ''^ where i, , J. ... 4^, are constants. 
x+1 x+2 x+n + 1 ♦ * ^"** 

n-l 

237. We have to shew that :p*-l is greater than n(x-l)x * ; divide 

by x-1; then we have to shew that — ■ '-^ — is greater than 

n 

n-l 

X ' • The left-hand member is the arithmetical mean of a set of n quan- 
tities, and the right-hand member is the geometrical mean of the same : the 
former is the greater by Art. 681. 

238. All these statements can be verified by trial for low powers and 
shewn to be universally true by induction. 

For 48 - 4 = 60 ; thus 4'»+» - 4*= 60 . 4*-i ; therefore the digit in the tens' 
place of 4"^ is even or odd according ^s that in the tens' place of 4' i? fiVi^P 
pr odd. 
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Also 2»-2=80; thus 2*+* -2* =30.2^-1; therefore the digit in the tens* 
place of 2**^ is eyeo or odd according as that in the tens* place of 2** is even 
or odd. We suppose that n is not less than 4. 

And 8« - 8 = 32760 ; thus 8*+* - 8* = 32760 . 8»-i ; therefore the digit in the 
tens' place of 8^''^ is even or odd according as that in the tens' place of 8*^ is 
even or odd. 

239. The chance that the digit taken is 2 is ^ ; and if the digit is 2 the 

o 

chance is ^ that the digit in the tens* place of the power is odd : thus there is 

a chance of ^r^ relative to 2. Similarly there is a chance of :r^ relative to 4 
16 16 

and to 8. And hy Example 218 there is a chance ^ relative to 6. By 

Example 218 the chance is zero relative to 8, 5, 7, or 9. Thus on the whole 
thechanceisi + l + i + |,thatisA. 

240 Here « _ 2n^ + 3n + 2 . «, ^ (n-t-4H2rt« + 3H+2) 

*"• ^ *~(fi + l)(« + 2)(n + 3)* «^i l(ti + l){2(»+l)-* + 3(« + l) + 2} 

,11 
^ (n-H4)(2»«+3n-f2) 2n»4-ll<i» + 14n + 8 ^ "'' 2 ^ +7n + 4 
(n+l)(2n« + 7n + 7)" 2rt» + 9n« + 14n + 7 "TTTTZT^' 

Thus with the notation of Art. 776 we have a- i4 - 1^0; and the series 
is divergent. 

Or we may proceed thus : By the method of Art. 647 we have 

2n» + 3n + 2 ^^ / ^ 8 11 \ 

(n+l)(n + 2)(»+3)""2 \fi + l" » + 2"*"»+3/* 
ahd hy transforming every term we &nd that the proposed series 

11 « /I 1 1 1 \ 

and is therefore divergent by Art. 562. 

241. Here aj=2 {<h + h)t *^<1 *«= "x^ » ti^cw'^w a,6,=Oj&i; thus the 

theorem is true when n=2. We shall now shew by induction that it is uni- 
versally true. Assume that for any value of n we have a^&n=^^i* ^^^ 

«Wi=o(«i + &J» and 6^i=--l^; therefore 
^ Oj + a, 



'* 



This shews that if the theorem is true for a specific value of .it it i» true for 
the next value. Hence as it is true when n=2, it is universally true. 



230 MISCELLANEOUS EXAMPLES. 

242. Add the first and tbe second equations; thus a^-\-y*^a^- &'=1 
therefore x - ](= ^ y/{a* + 6^: sunihurly y -• «= ± V(^' + <^)i and z-x= ^ V(^+a')< 
Therefore, hy ^addition, we soe that the equations are inconsistent xmless 
iV(a*+6^)±V(ft^ + c")±>/(c^+a*) = 0. If this relation does hold the three 
given equations are equivalent to two, and are therefore insufficient to find 
the values of the three unknown quantities. 

243. Let P denote the original capital ; then the person spends eyeiy 
year 2Pr, when r= r^^: and we have to determine n so that P may be the 
present worth of an annuity of 2iV continued for n years. Thns 
P=2Pr ^""^* ; therefore 1--R-*=|; therefore ^=2, that is (l+r)«=2; 

T o 

therrfore iilogJ-^=.log2; therefore »=j-^^J^— ^ = 18 nearly. 



^ v^(-'-^^)=-V("^^')- 



4a + 2 



V(9o»+12a+6)+3a' 
PutiVfor9a«+12<i+6. 

4a+2 4a + 2 ^^+^ + 2' 

^+a + 2 Ji7-3a _ 6 

-"2a+l "^ 2(,+l "^V^+3a' 

JW+Ba , JN-Sa 2a+l 

-^^ — 5 =a+ 5 =0 + —— = , 

6 6 ,JN+Sa 

2a + l ■*■ 2a + l ■^V^+a+2' 

ViV+a+2 ^ ^/i7-3a ^ 3 

4a + 2 "*■ 4a + 2 ^ ^+Sa' 

the quotients will now recur. 

245. Suppose that the farmer bought x sheep and y bullocks; then 
y + 5y=25; therefore Sx+10y=Q0. Divide by 3; thus a8+3y+?^=16; 

therefore ^^^ must be an integer, say =e : thus y=2+3<, and «=10-1W. 
o 

Either x^lO, and y=2; or a;=sO, and y=S. 

246. If each term on the left-hand side is expanded the whole coeflBicient 

of x'^Ube fonndtobe (-^tl^ 11 + 4^ +^^^i%=^+...| «4 

lrl»-r(j» m(m-l) m(m-l)(i»-2) ) 
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In X 

the coefficient of obT on the right-hand side is (- 1)**! — H — . . We 

[r In-r m-n+r 

have to shew that these are equal. Put n-r^s; thus Ve have to shew that* 

- + — ; =-. + —, TTT 2rr + ... = . This mav be shewn 4)y induc- 

m m{m-l) f» («i - 1) (m - 2) to -a 

tion. It is obTionsIy true when 8=1, whatever be the value of m provided 

neither m nor m - 1 vanishes. Assume then that it is tme for a certain 

value of 8 provided no denominator vanishes. Change m into, m-1 

assuming also that m - « - 1 does not vanish. Thus 

1 « »(»-l) 1 



m m(m-l) m{m -1) (m-2) '" - m-8* 

1 8 8(8-1) 1 

m-l'^(m-l){m-2)^ (m-l)(m-2)(m-d)^ m-8-1' 

Subtract the first result from the second: thus 

1 28 3«(«-l) 1 



m{m-l)^m{m-l){m-2) ^m(j»-l) (m-2)(m-3)^ m-8-1 m-8' 

add this to the first result ; thus 

1 . a + 1 {8+1)8 __ 1 

~- T : rr + zn Tn tt^ +•.. — ' 



m m{m-l) m(m-l)(«i — 2) '" m-«-l* 

This is what we should get by changing 8 into «+ 1 in the first result : thus 
if the theorem is true for a specific value of 8 it is true for the next value. 
Hence as it is true when <=1, it is universally true. 

247. Transfer all the terms to the left-hand side ; then omitting those 
which cancel we have a series in which each term is of the form 
(oP . IP) ^a^ _ 19) : these terms are positive, for both factors are positive, or 
both negative. 

248. By Fermat*s Theorem iV*"^ = l + hn where h is some integer ; raise 
both sides to the power n*^^ ; then on the left-hand side we have N^ ; and 
on the right-hand side we have by expansion l+pnT, where p is some 
integer. 

249. There are six hypotheses with respect to the notes to be regarded 
as equally probable before the observed event. (1) Three of £5. (2) Two 
of £6, one of £20. (3) Two of £6, one of £10. (4) One of £6, two of £10. 
(5) One of £5, two of £20. (6) One of £5, one of £10, one of £20. The 

2 2 

probability of the observed event on these hypotheses is respectively 1, » > » * 

- , ^ , ^ . Hence after the observed event the probabilities are respectively 

o O tj 

3 2 2 111 

10* 10* 10' 10' 10' 10 • ^® ^^^^ ^' *^® ^®^ ^™^ ^ pounds is 

therefore « ^ jo P^3x5 + 2 x304-2x 20-H26-h45-h35 | , that is, —, that 

25 

ia — , that is SJ. 
o 
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250. 



4 

-12 



1 + 0+ 8-12+ 4 
4 + 16+28-128-832 
-12-48- 84 + 884 + 2496 



1 + 4+ 7-82-208-448 



^ «* + 8a"-12a5 + 4 , , „„«•,«.>«. 448a;-i - 2496x-« 
^^ x^-4x+12 =»'-H^+7-82x-i-208«-'- ^.^^^^ 

261. The first equation may be written : x^{y-l)-{-x{y-l) -4(y -1) =0. 
Thus either y-l=0 or aE'y+x-4=0. Take y=l and substitute in the 
eeoond equation ; thus we find «=1. Then take x^y+x-^^O; the second 
equation is a^^+a;(y-3i^) + l = 0: substituting for o^y from the formei 
equation we have (4-x)j^+aj(y-8y*) + l=0; therefore 4^* (1- 05)+ ay +1=0; 

therefore 4y3 (1 - «) + - = ; therefore y* = — rr . And y = — ^ ; therefore 

X 35 (X — i) X 

^IzfYa ^ ; therefore (4-a;)«(a:-l)=a?; therefore 16 -24a5+ 93^=0; 
\ ac» / «(as-l) 

4 8 

therefore x=^ : and then y=^ • 

252. We hare Oi-^a^Oi^at a,-ai=ai-o+d, a,-a,=ai-a+2(i,... 

4* 14* 1 1 

«,-a^i=Oi-a+(r- l)ci; therefore, by addition, ar-a=r{ai-'a) + — o~~^ 
And as o^^^ ia the same as 5 we get & - a = (n + 1) [a^ - a) + — ~ — ; therefore 
04-0= — ^ " 9 <2: ^s determines o^-a, and then a,, Oj, ... become known. 

We thus find that a*=a^--^^ "%- 1 and that a-=6- j— --T + -H-f J '^'^ ^ 

» + l 2 (»+l 2 > 

suppose 5 greater than a : then in order that o^, a,, ...a^ may lie between a 

6 — a lid 
and 6 we must have o^ greater than a, and a„ less than 5 ; thus ——r - -r 

and — ^ + -tr must both be positiye, so that d mudt lie between — ^^Ar, 
n + 1 2 '^ n(n+l) 

and ; ^,. 
n(n+l) 

3 

253. The value of r is here ^ . Suppose that the terminable annuity 

jS £4 per annum; then 100=? + - (l-i2-»«) ; therefore 12=-(l-i2-*>). 

SI ^ 91 

therefore ui = 12x— X j^^j^m ' ^^^ '^"^+'"~^+88*^88' *^^®'«'"* 

logirw=-301ogj^= -80(logl3 + log7- log 11 - 3 log 2) = --48680 
r= - 1 + -66320 = log -3668. Thus -4 = 12 x ~ x j— :^gg§ = '646 nearly. 

254. When >/(»'+ 1) ^ converted into a continued fraction evezy quo- 
tient after the first is 2a; thus P«=2ap^_i+|),^_,, ?«=2a^-_i + 9^_,. The 
series (1) of Art. 614 becomes 0, a, a, a, ... ; and the series (2) beoomee 
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1,1,1,...: therefore by that Article (o'-l-l)3',j=a|),+i>n-i» l>»=^7n+9n-i' 
From the first of these four equations Pn-i= o "* » change n into n + 1, 

and snbstitnte in the third equation: thus {a^ + 1) gft= *^^ ^ "^ +Pn-i * 
therefore 2 (a'+ l)g^ = p,j+i + p,^i. Again, from the second equation 
g,t-i= Q * > change n into n+1 and substitute in the fourth equation: 

thus p^=:feLZ^s=l+g^_j; therefore 2p,,=5r,^i + g'„_i. 

255. Suppose that the boy bought x apples, y pears, and z peaches; then 
a:+y+2=12, and ^+y+22=12. By subtraction -^-2=0: substitute for « 

in either equation ; thus -^ + ^=12. Hence ^ must be an integer; say =<; 

therefore a;=5e, y=12-9«, and «=4i. K <=0 we get a5=0, y=12, z=0 ; if 
<=1 we get 35=5, y=3, 2=4. 

256. Assume , . = i + — — ; therefore 

a+&c=iii f 1 — |+5(l-ca;). Since this is to be identically true we may 

give any value to a?, suppose then a!=^ : thus a+ -=-4 f 1--^J, so that 

c ((tC "f* ft) 
i= — ^ — -jp. Again, suppose that aj=fc: thus a + 6c=^(l-c*), so that 

D « + ^ rm. a + hx d + hc 1 . e(ac+h) 1 - ^, 

B= 5 . Thus . I , = ^ ^ — - -^ — :^ ■= ; and there- 

1-c^ ,^ v/-a5\ l-c"-aj l-crl-c* 



(i-.)(i-g ^-'•i-? 



fore the coefficient of ai" in the expansion is -^ — \ — ^ c*. 

1-c^ c** 1-c^ 

257. Consider the h numbers 1», 2«, 3', ... ji'; their arithmetical mean 

is '-^ , that is ^^ ^ ; their geometrical mean is 

1 1 

{1«. 2' .8*... n'p, that is {[«)••; the fonner is the greater by Art. 681. Again 

consider the n numbers 1^, 2^, 8', ... n' ; and proceed as before. 

258. By Format's Theorem JV*~^ = l + hn where h is some integer ; raise 
both sides to the power n: thus iV^**=(l + ifen)"=l + p«* where p is some 
integer. Therefore (i\^ + 1) (N^ - 1) = pn*. Now iV*" + 1 and iV^*" - 1 cannoi 
both be diyisible by n ; for if they could, their difference, which is 2, would 
be divisible by n : and this is impossible except n=2. Thus when n is not 
equal to 2, we see that A'"*+ 1 or N^ - 1 must be divisible by n*. Moreover if 
n=2 then N must be an odd number, so that JV"*+1 and N^-1 are both 
even ; and therefore one of them must be divisible by 4, that is by 2^. 
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259. It ifl an* eyen chance whether the nmnber taken is odd or eren; in 
the former case the digit in the units' place of the sqoare is odd, and in the 
latter case it is eyen. 

Again, 0', !•, 2', 8', 6*, ?•, 8* and 9* may all be considered to have m 

eyen digit in the tens* place ; and 4* and 6' ^aye an odd digit. Also, N and 

k being any integer, N* and {N+ lOk)^ haye both an eyen digit or both an 

odd digit in the tens' place ; so that it is sufficient to consider the cases 

2 1 ' 

()•, 1*, 2*, ... 9'. Hence we see that :rfr or = is the chance that the digit in 

lU o 

the tens* place of the square is odd. 

Similarly with respect to the digit in the next place it will be sufficient to 

consider the case's 0«, 1«, 2«, ...(99)*: moreoyer since (50 + a)«- (5O-a)*=200a 

the Jesuits for the numbers between 61 and 99, both inclusiye, are respec- 

tiyely the same as those for the numbers from 49 to 1, both inclusive. On 

trial it will be found that there are 59 cfhses in which the digit is even, 

41 
and 41 cases in wliich the digit is odd. Pence we s^e that j-r^: is the chance 

that the digit in the hundreds' place of the square is odd. 

260. Suppose that the expression =1+AiX+Aji^+A^-^ ... , where 
Ai, A^t A^, ... do not contain oc Change x into ex ; tnen we can infer tiiat 

1 + C5C 

.r— — (l+AjCx+A^(M-i-A^<:^si?+...)^l+AiX+A^*-\-,.. Clear of fractionB; 
then equate the coefficients of ac^: Hkxis A^^ + A^^ff^Af-Aj^iC; therefore 

^r-i(c+0='^r(l-0; so that ^r- ^^it^^^ -^t^i' '^^^^ ^^ determine 

in succession eyery coefficient: thus A^ denotes 1; therefore ^^= ^ ' ; 
c(l + c) (^(l + lXl + c) 

^'-Tr^'*^"* (i-c)(i-c«) * "^^»^°^ 

261. a*fo»/3«+/3*=(a»+/3»)«-o»/5«={(o+ft«-2oj3}»-a«/3« 

^/^ 2cy fcy_h^ 4^ 8c» 

262. Let a be the first term, and b the common difference of the cor- 
responding Arithmetical Progression; then -=a+(m — 1)6, — =o+(»-l)6; 

hence we get a=&=— . Let x denote the r^ tenn of the h.p., then 

-=o+(r-l)J= — ; therefore 05= — . 
X mn r 

263. Lot «„ denote the n^ term; then «,»= \/«»-i *tn-s » therefore 
log«^=2(logt«„_i+log«^,). Let logi«^=v,»; thus r,,= 2K-i+VH-2). Hence, 

as in Example 196, we find that «h=*i + q K-^i) 1^- { - s ) f ; and so 
when n is large enough we have v^ differing as little as we please from 
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fc + 5 (v,-vj, that is from —^ — ^: thus when n is very large we may put 

log,^=il2£^!J2!if =iog(j..a)i. BO that «,=,{&•«)*. 

264. Suppose that on diyiding i by a we have a quotient p and a 

remainder r; then &=^i)a+r. Therefore r is greater than --; assume 

o ^ jp + 1 

a la'., «' a(p+l)-fe a-r a-r , . a ^ 

r=~rT+i:/» *^^ 1:7= ~r7 — . i\ =1-; — rT^ = -i — where q, stands for 

a' 1 of' 
|)+1. In the same manner we can put ^7 in the form + 77? where 

b"=bq-^^q^, and a'' is less than a^-r. Proceeding in this way we obtain the 
required form. If 6=7 and a=5 we have gi = 2, q^ — Bj ^8=4, q^=7» 

265. Suppose that x coins of the first kind and y of the second are taken, 

then 1^+ ?7u^=108; therefore 90a;+74y= 12000; therefore 45a;+37y=6000. 

2 I4x — 3) 4x - 3 

Divide by 87; thus ap+y+ «.„ '^ = 162; therefore -_ must be an 

ot 61 

4 + 3 
integer, say =«; thus 4ic=3 +37«. Divide by 4; thus ap=9a+-j- ; therefore 

•+3 

"J— must be an integer, say =^; thus «=4«-3. Therefore a!=37t-27 and 

y=195 -45^ The solutions are obtained by putting t=l, 2, 3, or 4; so that 
we have »=10, jr = 156; a5=47, y=105; a=84, y=60; 05=121, y = 15. 
The first solution gives the largest number of vioins, and the smallest value 
ia money; the last solution gives the smallest numl^r of poinSj^ and the 
largest value in money. 

266. We have |>n=2ap«-i+p„-j, 5,j=2a<7^_i + 5„_^; l^us 

?» _ ?2!zl - 2^ (Pn-l g n-8 - Vn-% gn-l) 

80 that the factor 2a, occurs in the numerator. This is true whether n is 
even or odd; there is however a difference between these two cases. We 
have 9i=l; h^ce the relation 9n=^^n-i + 9n-s shews in succession that 
fist 961 97> ••' ^® ^^^ divisible by 2(i: on the other baud q^=.2a.t and the same 
relation shews in succession that 94* 9(> ^g* ••• ^^ divisible by 2a. Moreover 
Pn-\ 9»-«~l'n-2?n-i ^^ numerically equal tq \|nity; so that when the fraction 
is reduced to its lowest terms if n is even the numerator is 1, but if n is odd 
the numerator is 2a. 

267. Let n be the number of terms: "we have to shew that — ^ — 5 ■ is 

greater than ^ '-^ — - — -', or that nfl+r*^*) is greater than 

n 

2(l+r+r* + ...+r*"'^). Now the right-hand member maybe arranged into 

ft pairs of the form r"^^ + ^m-v^ -^here m takes in succession all the integral 

values from 1 to n inclusive. And l-i-r**"^ is greater than t^-i + r**-«*; 

for 1 +r*~^ - (r**-! + r**"**) = (1 - r"»"^) (1 - r**"**), and the two factors are both 

positive or both negative. 
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268. It was fibewn in Example 228 that one of the three a, &, e is 
dirisible by 5 ; and in a similar manner we can shew that either a or & most 
be divisible by 8. Now it is impossible that a and 6 can both be odd ; for 
then a^4 6* would be divisible by 2 bat not by 4, whereas c* is divisible by 4 
if e is even, and is not divisible by 2 if e is odd. Hence either a and 6 are 
both even, or one of the two is even and the other odd. If a and h are even 
then c is even, and abc is divisible by 8. If a is odd and 6 even, then c is 
odd; let o=2p+l and 6=2^+1; then 

6«=(22+l)*-(2p + l)»=43r(g+l)-42)(p + l); 

thus V is divisible by 8, therefore h most be divisible by 4. Thus In this 
case o&c is divisible by 4. Therefore in both cases abc is divisible by 5 x 3 x 4. 
If a is a prime number greater than 8 it cannot be divisible by 3 or by 4; so 
that h must be divisible by both 3 and by 4, and therefore divisible by 3 x4. 

2 

269. The chance of drawing two specified numbers is ^. : hence the 

fii^n — x.) 
o 

expectation in shillings is — rr x P, where P denotes the product of the 

first n natural numbers taken two and two together. Hence by Example 155 

., , * XI. 1 x- • I. -IT • 2 (n-l)n(n + l)(3»+2) 

the value of the expectation in shillings is ^ ^ ' 



that is 



n(»-l) 24 

(n + DfBn + g) 



12 

270. Let p^ denote the probability that the individual will die daring the 
7^ year ; let q^ denote the probability that he will be alive at the end of ibe 
r^ year. Suppose £,x the payment to be made immediately and repeated. 
Then the present value of £P to be received at the death of the individual is 

'^(^'^ ^'^^'^*" ) * *^^ ^^ present value of all the payments is 

*(^'*"ft'*"'l*"^ffS+-*)* *^®86 *wo present values then must be equal 
Moreover we have l>r=9f-i-9f* observing that q^ is equivalent to 1, and 

271. Let each of the fractions =1;; then 2;log£ = a;(y + 2 — x), and 
ib log y =ty (z + X - 2^) ; multiply the former by y, and the latter by as, and add ; 

thus y logaj+a!logy=-~; therefore y*** =«"*". Similarly fl^z* and y*^ 
may each be shewn equal to the same. 

272. Transpose the first equation aod squAre ; thus 

(x^ + a^)(y»-i-6«) = (g« + y)(y« + a«)-2 (a + 6)V(g«-fy )(y« + a«)-Ka-h6)^ 
therefore (ar»-y«)(a»-6»)-2(a+6)V(«'+**)(y' + a*)+(a+ft)*^0. 
But a*-y'=(a:+y) (aB-y) = (a + 6)(af-y); th erefore dividin g by (a + ft)' and 
transposing we get (x - y) (a - 6) ^ (o + §)« = 2 is/<a?*+6')(y'+a*). The left-hand 
member of the last equation = 1^ - y) (a - () 4- (sb + y) (a + 5) = 2 (xa + y6) 
therefore a5a+y6=\/(flj*+6*)(y^ + o*) ; square thus 2iyaZ»=a!y +«*&•; thei» 
fore (sey - ab)* ~ ; therefore oey = 06. Combine this with as+ y =^ a + &• 



JdSCELLAKEOUS EXAHPLES. 237 

273. Let Q^ denote one of the sqnare nmnberfl, and y the coiresponding 

qaotient; then 0^=7^+4; therefore y= — =— =^ ^ , Thns either 

«+2 or x-2 mast be divisible by 1, so that we mnst have x=lt^2^ where t 
IB an integer; and y=^li^^it. 

274. We have p^ = ^ap^^^ + p„_,. Thus jj^ +l)2flf + Pj*' + ... is a recurring 
series ; and its sum by the method of Art. 656 is — y^^ — _^ . Hence p^ 
ia the coefficient of a^^ in the expansion of this expression. Moreover 

Ot *)* X 

Fi = <»» JPa = 2a"+l ; hence the expression beoomes ^ — 5 — ^— ^ . Now by Art 337 

we have 1 - 2ax - ob^ = - (« - o) (ac - /3) where a and /3 are the roots of the equa- 
tion a:* + 2aar- 1=0, so that a+/3s-2<f. Hence the expression becomes 

since a^=- 1. Hence the ooe|5cient of a;'»-\ or ^^, is -^ (j3" + o^) (- Ij^'S 
ihat is I {( - a)« + ( - p)% that is ^ {(a + J^^?Tl)'' + (a - ^/?Tl)"}. 

Similarly g„ is the coefficient of a*"* in the expansion of ^^ j^* — T^ • 

'^^ ^ "^ /f^ (rfc - ifsi) = <"«>** '« ^^^ ?«='t^^"'^-''") 

275. Assume ^-^_^j-,^-_- = y-^ + ^-^^ ; then 

l + 7»-a:«=il (l-|-3#+(5«j+C^(l-10a?). 

Since this is to be identically trae we may give any value to x; suppose 

1 7 1 IfiQ 

then »=Tq J thus 1 + Jq - Tqq = 100 -^^ ^o that il = 1. Therefore 

1 + 7a; - «« - (1 + 3fl5)«= (5ar+ O (1 - lOx), 
that is jc (1 - 10a;) = {Bx + (7) (1 - 10a;) ; therefore x=Bx+C; therefore B = l 

Hence the coefficient of a?» in the expansion is 10**+ » ( - 3)**""^, 

276. Assume that IS -4p + q, 80=18p + 42; hence we obtain j9=4, 
7=2 : and these values verify 356=80^ + 182. Assume that S^Bp + 2g ^r, 
yd = Sp + Bq + 2r, 30 = 13p + 8g+3r, hence we obt^l)=0, 2=3, r=2 : and 
these values verify ^ 5 = 30p + 13^ + 8r . 
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< 

277.' L If m=l the inequality becomes an equality. II. If ni=2 we 
have to shew that (»-l) (a*+6'+c"+...+A*) is greater than 2(a6-|-ac+...+6c+...): 
this coincides with Eiuimpie u. 20. III. If i»=8 we have to shew that 

(n-l)(»-2)(a» + fc»+c* + . ..+ifc>) is greater than 2.3. (aic + a6d + ... + 6cd+...). 
The right-hand jRemher =2 (oA+bB-i-eC +,..) where A denotes the pro- 
duct of all the letters except a, taken two together ; B denotes the product 
of all the letters except b, ti&en two together ; and so on. For instance, the 
term <ibe will occur in aA, in bB, and in <;C7; so that it will occur 3 times on 
the whole. Now hy II. we know that 2A is less than (n - 2) times the sum 
of the squares of all the letters except a ; so that if we denote the sum of 
the squares of all the letters hy 2. we have 2A less than Z^ - a' : similarly 
2B is less than 3, - b\ 2(7 is less than 2, - <^, and so on. Thus the right* 
hand member is less than (n - 2) {a (2, - a-) + 6(2, - b'^) +c (2, - c*) + ...}, that 
is the right-hand member is less than (n-2) {3^22-^3}, ^^^^^ ^1 stands for 
a + 6 + c+... + it, and 2, for a' + 6* + €* + ... +X^'. And 2i2g is less thannS, 
by Example 247; therefore finally the right-hand member is less than 
(ti-I) (n-2)23. IV. Suppose m=4. This case is established by the aid 
of III. and Example 247, in the same way as ILL was established by the aid 
of II. and Example 247. And so on. 

278. By Fermat*s Theorem a*~^ — 1 is a multiple of n. Now either a or 
a*~^ - 1 must be an even number, and so be a multiple of 2 ; hence since n 
is not equal to 2 we have a{a^~^ - 1) a multiple of 2», that is a** - a is a mul- 
tiple of 2n. Therefore a^ and a must end with the same digit when ex- 
pressed in the scale whose radix is 2n. 

279. There are four hypotheses with respect to the coins to be regarded 
as equally probable befor'e the observed event. (1) 5 shillings. (2) 4 shil- 
lings and 1 sovereign. (3) 3 shillings and 2 sovereigns. (4) 2 shillings and 
3 sovereigns. The probability of the observed event on these hypotheses is 

6 3 1 

respectively h tk* Yh * Tri * ^^^^^ after the observed event the probabili- 
ties of the hypotheses are respectively ^ , ^^r , ^ , ^ . Now on the fiist 

hypothesis there are 3 shillings left in the bag, and so the value of a draw 
is 2 shillings. On the second hypothesis there are 2 shillings and 1 sove- 

2 + 2 X 21 

reign left in the bag, and the value of a draw is 5 shillings, that is 

3 

44 

-r- shillings. On the third hypothesis there are 1 shilling and 2 sovereigns 

2 X 20 4- 2 X 21 

left in the bag, and the value of a draw is ^ shillings, that is 

«/ 

82 

- - shillings. On the last hypotiiesis there are 3 sovereigns left in the 

o 

bag, and the value of a draw is 40 shillings. Hence the whole value of 
*v, A • viT - 10 „ 6 44 3 82 1 ,^ , , . 
another draw m shillmgs is 20^ "*"20 ^ ¥ "^20 ^ T '*'20^ ' 

~ |lO + 44 + 41 + 20| , that is ^ , that is 11 J. 
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2B0. As in Example 246 we ean shew that 

-_?— g n(n-l) a^ 

■"m+»"*""TO+»-l"*" 1.2 (i» + w-2) "•■••• 

« Change the sign of x, and snbtract ; thus we obtain the repaired result. 

281. Let fr^^^^ =y ; then as* - 2* - 3 = « 0a:« + 2aj + 1) ; therefore 

2ar + 2aj+l 

X* (2?/ - 1) + 2ac (y + 1) + y + 3 = ; by sdl ving this quadratic we obtain 

X = ^^ !;— ? — s hence w must lie between 1 and- 4 in order 

2y-l 

that X may be real. 

282. Square the first equation; thus x-¥y=a-2{xyp; square again; 

thus a?+f^=a*-4a (xy) ^ + Sa^- Transpose the second equation and square ; 

thus 05* + y* = 6' - 2i CSkey)^ + 2a5y. Hence, by using the former result we have 

1 1 I a^ — h^ 

' a*-4a(a^)^+2a:y=6*-26(2a5y)7+2»y; therefore (ay)° = ^^_^^ . Square 

the first equation, and subtract four times the last; thus {x^-yv 

4(a»-&«) 2h*-ahyJ2 ^. A. i ^ A ^ ., , 

= a~T-^— Hi— /o=~s , To * Smce 052 +y5 and x^-y^ are thus known 

4a-2ov2 2a-6v2 

we can find x* and y^, and thence x and y. 

283. We have ^ =- , ^ - -v — -- ; and so on : thus we shall find that if 

qi a q* aJb + l 

n is even Pn=^n'-i+Pn-v ^'^^ *^** if n is odd Pn=<'^Pn-i+Pn-i' Suppose 
n even; then Pn=bPn-i+Pn-if l>i^i=ap*+l>n-i» Pw^^^Pn^i+Pni ^^ from 

the fijrst of these equations 2?^_i=^^^—^^^^; therefore ^n+i = aPn, + "h'^^ * 

therefore Pn^=abp^+Pn-p^.^+p^; that is i),^ = (a5 + 2)p^-p„_5. And 
we shall find that this relation also holds when n is odd. Thus we see that 
Px+p^+p^+ ... is a recv/rring series; and its sum by the method of 

Art. 656 ia Pi+P^+{P.-M'f+^)}fHPi-Pi(<'l>+^))'^ ^ Hence p« fa 

the coefficient of x"~^ in the expansion of this expression. Moreover 
2>i=l, Pi=hf P3=a6+1, p^=db^+2b; hence the expression becomes 
1 + bx-x^ 

l'-{ab + 2)x^+x^' 

Similarly we proceed with respect to q^, observing that qi=a, 9',=a5 + 1, 
q^=a^b + 2a, q^=a^b^ + Sab + l. 



Thus 
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284. r — --r — Q, , . . = .. .,., — V ; aggmne that fbu 

-4l^ + ^^; *li«^ l + 6x-«»=(^*+5)(«*-Ai) + {(7«+D)(x»-X). 

As this is to be identically true we ma^ equate the coefficients of the 
Tarioos powers of x ; thns 

therefore il=c-^. -P=^^, (7=-^—. 2)=-^. 

l + te-g* _ 1 ( 5X+1-X bx+1- fi ) 
l-{a6 + 2)x«+aJ*"*X-Ai I aj*-X " »--/* i 

^fTiLl 1-Xx> " ' l-^« > «mceX^=l. 
Hence the coeflSpient of »^-i= — ft* -A**); "id the coefficient of «** 

A~"/i 

= ^^ |x*+Ml-f*)-M*+*(l-X)| =^ |x"+i-/**+i-X*+/i*|. Thefonnar 

coefficient =Psn* <^<^ ^® latter =i>a«^x 1^7 Example 283. 

In like manner we find that 

a + (a6+l)g-aB» 1^ ( oXH-(X-l)Xa? a/t+(/n-l)/tf; ) 

l-(tt6 + 2)jc« + »* X-fil 1-Xx2 -- i_^ j- 

Hence the coefficient of ^-^=- (X«» - u^) ; and the coefficient of «"*"^ 

X-/i 

=s T— j X» (X - 1) - fi» (/t - 1) I . pie former coefficient - jj^^, and the latter 

-ffan ^y Example 283. 

285. Let X denote the digit in the tens' place of the second number, and 
y the digit in the units' place ; then the second number is lOx+y. The fint 
number =xy and also =2(10flf+y)-100. Therefore xy = 2{10x-i'y)-lWii 

thusa;(20-y)=100-2y, therefore a: =-jrjr^ ^=2 +:r;r . Therefore 20-3f 

*' 20 -y 20 -y 

must be a divisor of 60; and neither x nor y oan be greater than 9; henee 

we shall obtain as the only admissible solutions 20 - y s= 12, so that y =8 and 

x—7; or 20-y = 15, so that y=5 and 2;=6. Thus the numbers are 56 

and 78, or 30 and 65. 

286. Let Xr denote the probability that a person of the given age will be 
alive at the end of r years; then x/* is the probability that the m persons of 
the given age will be alive at the end of r years : therefore if B be the 

annual payment A^^B (^ "*"^ "*"%■*"••• )' ^^^ 1-ar^ is the pro- 
bability that a person of the given age will be dead at the end of r years; 
therefore (1 - Xr)* is ths prpbability that t}^ n persons will all be dead at the 
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end of r years ; and therefore 1 - (1 -aJr)* ^ *^® probability that they will not 
all be dead. Hence the value of the annuity to continue as long as there is 
a Burvivor out of the n persons is 

( l-.(l-fl^)n l-(l-x,)n l-q-a^)" , ) 
^\ R ■*" ^S + ^ +"•[• 

Expand the binomials; thus we get a set of terms of which the general 

formifl -(-l)-^ "<"-^>"|^-''+^) |^+|%^ + ...|, and from what 

has been shewn above this is - ( - 1)*"— ^ '-^ -A^, 

vH 

287. Jix^y^z are all equal the expression vanishes ; if two of them are 
equal the expression is obviously positive ; if they are all unequal let y be 
that wMch is algebraically intermediate between the other two. Let 
6*=(a+c)^-\, so that X is necessarily positive. Substitute for h^ and the 
expression becomes {a (y - ac) +c (y - e)}* - X (y - a:) (y - «) : this is positive since 
y—x and y - 2 are of different signs. 

288. Every number is of one of the forms ^n, 5n±l, 5n±2. Now 
the square of 5» is 25n'; the square of 5»dbl is of the form 6p+l; the 
square of 5n:t2 is of the form 5g+4, that is of the form 5(9+l)-l. 
Hence every square number is of one of the forms Sw, 5j»+ 1, 5w- 1. 

Now n» - n=» (»* - 1) =n (n- 1) (n+1) (»^+l). The product (»-l) n («+ 1) 
is divisible by 13. If neither n - 1, nor n, norn+1 is divisible by 6, then 

n is of the form 5m +2 or 6m- 2; and then n^-\-l is divisible by 5. If n 
be odd then n- 1, n+1, and n^+ 1 are all oven ; and either n- 1 orn + 1 is 
divisible by 4: thus (» - 1) (» + 1) (n^ + 1) is divisible by 2x4x2, that is by 
16. Hence n (n - 1) \n + 1) (n^ + 1) is divisible by 16 x 3 x 6, that is by 240. 

289. There are n hypotheses which are to be regarded as equally proba- 
ble before the observed event ; namely that all the balls are black, that all 
but one are black, that sJl but two are black, and so on. The probability of 
the observed event on these hypotheses is respectively 



'■C-i-T.C-i-7' •••©■■ 



Hence after the observed event the probabilities of the hypotheses are re- 
spectively -=•, ^ — W^> — a"~» — ■«, where /S stands for 

n«+(n-l)«+(n-2)'+... + l«, that is for !!l(!^±iH2n + l) ^ 

The probability that a third draw will give a black ball is 

«'„l, ('»-l)% .»-l,(''-2)V^«-2, VI 

5XI+— g— x-^+-^— x^-+ + 5X„. tnat IS 

^j„»H.(„_l).+ („_2).+ ... + l»j, th.ti«„^|'ii»^)f. thatis£±«. 

T. K. R 
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1 fiP 

290. Put «= - , thus we get — . Now, by Art. 642, 

y y* 

y-i+aogy)«+22^V...+w:!i-'+ 

It ig obvions that by taking n large enough ^ can be made greater than any 

assigned multiple of nP, In. fact if r be greater than p the single term 

(loK vYn^ ^ 

- ^ '^ - can be made greater than any assigned multiple of ni*. Thus -- 



is inai 



efinitely small when n is indefinitely larga 

291. We have «= t— ^ ; therefore l+a!^2aj" ; therefore l-as^-a^ (l-«)=aO. 

Dividing by 1 - x we get 1 + z - o^ = ; and by solving this quadratic we have 

05= — ^^. Again y*=,-^; therefore 1+^*882^; therefore 

3 l + jr 

l-y-y(l-y*)=0. Dividing by 1-y we get l-y(l+y)=«0; and solving 

this quadratic we have y= — q~^^ * ^^^ a; +y is not to be ssero we must 

take the upper sign for both x and y or the lower sign for both. Hence 

_y«= tT^—t y= o-^^» *= — ir^» ^= — o^ • thus these fottt terms 

A a i i 

are in Arithmetical Progression, the common difference being 1. The sum 
of the four terms is ± 2 \/5 ; and it will be found that as* +y' fldsos :fe2 V^- 

292. Proceed as in Art. 473. 

Let «=lV+3V»+6V+... + (2»-l)«r"; then 

«r= 12ra + 3V + ... + (27i-8)'i*+(2»-l)»f^i; 

therefore by subtraction 

»(l-r)=r+8r{r+2r»+3r»+... + (»-l)r^^}-(2«-l)VH->; 

Then, by Example xxxi. 18 we have « (1 - r) 

and it will be found that this reduces to 

|j-i^[]r(l+6r+r3)-{(2n-l)(l-r)+2}«r«+i-4r»«"]. 



293. Here ?!tW = /'^±iyr=^l + 2A_'\ r; this can be bronght as 

noar to r as we please hj taking n large enougn : thus if r is less than, anitt 
the series is convergent by Art. 559. Now when n is made indefinitely great 
r»+« is indefinitely small; and so is {(2»-l)<r-l)+2Pr»+S as wo see by 
Example 290. Hence the sum of the series continued to infinity is 
r(l+6r+f^) 



I 
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294. If V7 is converted into a continued fraction the quotients are 

2, 1, 1, 1, 4, 1, 1, 1, 4,... ; the first two convergents preceding those formed with 

8 127 

the quotient 4 are ^ and -j^-. Thus a; =8, and y=3 is one solution; and 

07=127, and ^=48 is another. 

295. Since the first quotient is 5 we have N=25+x, where x is either 

1 
1 or 2 ; for since the second quotient is 5 we have V-^ less than 5+-=, and 



therefore JN'less than 27+o^. Thus a/25 +a;= 5+^^25+0; -5 =5 +-7 -^ . 

25 ^ ^ JW+X+B 

Then ^ =6+ a proper fraction, hy supposition. If we put for x 

X 

in succession 1 and 2, we find that the greatest integer in ^ is 

X 

respectively 10 and 5 : thus a5=2 is the only admissible value, and iV=»27. 

ar' + 2a' 

296. We have to shew that if a; is positive is greater than 

X 

a» + 2a' .. .„ 1. * J xv . «' + 2a' ^ „ (« - a)3 (a; + 2a) , . , . 

— — : now it will be found that — 3a* =i i_i_l — /, which is 

a XX 

necessarily positive : this establishes the theorem. 

297. Suppose the steamer to move at the rate of v miles per hour : then 

2000 
the voyage lasts hours. The number of tons of coal consumed in an 

hour is At^i where A is some constant; but when v=15 the amount is 1*5 

1 v^ 

tons : therefore A (15)8= 1-5, so that A =2250 * ^®^®® 2250 ^^^^ ^^ ^^ ^^ 

IS?;* 
consumed per hour; and the cost of these in shiUings is Hoko* Therefore 

the whole cost for the voyage is (2260'^'*'^) ^*^^^^8S| that is 

16 («*+ ) . By Example 296 the least cost is when «»=1000, that is 

when v=10, and it is 4800 shillings. 

298. Since the number is odd and has an even digit in the tens* place it 
will be of the form 20p+qi where p is some integer, and q stands for 1, 3, 5, 
7, or 9. If this be raised to the power n the result consists of ^+ a mtdti- 
ple of 20. Thus the digit in the tens' place will be even provided the digit 
in the tens' place of g** is even ; and this is known to be the case : see 
Example 218. 

299. The sum of the coefficients of the even powers of as in the expansion 
of (af+oc^+o!*)* gives the number of cases in which the sum of the numbers 
drawn is even; and a similar result is true for the odd powers of x. Now 
{x+x^+a?)^={x+{x?y+4a?{x+oi?)^+Qoc/^{x+a?)^+Aafi{x+a^)-^a^, Hence the 
sum of the even coefficients is (1 + 1)^ + 6 (1 + 1)' + 1, that is 41 ; and the sum 
of the odd coefficients is 4 (1 + 1)^ + 4 (1 + 1), that is 40. 
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800. This may be demonstrated by indaction. We can easily Teiify 
that it holds when n=l, or when n=2. Let^ denote the value of the con- 
tinued fraction when n components are used. Then, by Art. 781, we haye 
2 

csb a .--vMMiM^ . We shall now shew that we may always take 

<fmAA 2 

Ill (-1)*«+^ 

5,=n+l andp.=(n+l)5'^ where 8^ denotes 172-273 +371" - •^ n(n+l) * 
For assume that these relations hold np to p^ and q^ indnsiye; then 

5»fi 2 + n »+2 '^*"^(i»+l)(»+2) "+i' 

Hence we may take l>n^i=(»+2)<9,^i and qi^i=n-¥%; so that the rela- 
tions which hold np to p^ and q^ hold also when n is changed into n + 1. 
Thus they hold muTersally. And 

*=l-2-(2-3) + 8-4-(i-6)+" 
thus when n is infinite we have 8=2 log 2 - 1. 



THE END. 



•>< 
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